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Emergent spacetime!
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quantum spacetime as a (background-independent) quantum many-body system

extraction of spacetime and cosmology similar to typical problem in condensed matter theory 
(from atoms to macroscopic effective continuum physics)
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quantum gravity: 

quantum theory of spin networks 

effective continuum physics: 

(Q)FT for gravity+matter

here:



Quantum Gravity: 

kinematical states and quantum dynamics



Quantum Gravity states: spin network states

Quantization of Systems with Constraints
Two dynamical models for full LQG

Outlook and Work in Progress

Hamiltonian formulation of GR
Relational Formalism: Observables & Evolution

Basis of Hkin

Spin network functions [Ashtekar, Isham, Lewandowski, Rovelli, Smolin ’90]
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Kristina Giesel Dynamics of LQG
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where  
(�,J

(ab)
(ij) ,◆i)

(Gab
ij ) identifies a spin network functional labelled by a closed graph � with rep-

resentations J (ab)
(ij) associated to the di↵erent edges linking two vertices i and j, and intertwiners ◆i

associated to its vertices; gia (resp. gjb) (with a, b = 1, ..., d) are group elements being the argu-
ments of the field associated to the vertex i (resp. j), so that a pair of indices (a, b) denotes each
of the edges connecting two vertices i and j. The bosonic statistics implies a symmetrisation of
 with respect to permutations of the vertex labels. These observables act on the Fock vacuum
creating a spin network state associated to a graph �.

GFT as 2nd quantised reformulation of the LQG kinematics - We now discuss in more
detail in what sense GFT provides a 2nd quantised formalism for spin networks and how one can
link (a certain version of) canonical LQG and GFT directly, without passing through the spin foam
formulation, but providing in turn a clear link between the latter and canonical LQG. More details
can be found in [16] .

By ‘LQG kinematical Hilbert space’ we intend, here, a Hilbert space constructed out
of states associated to closed graphs and such that, for each graph �, we have H� =

L
2
⇣
G

E
/G

V
, dµ =

QE
e=1 dµ

Haar
e

⌘
(here G = SU(2)), where e are the links of the graph (E is their

total number), with a graph-based scalar product defined the Haar measure on each link µ
Haar
e .

The same Hilbert space can be represented also in the flux basis, via the non-commutative Fourier
transform [21, 22], in terms of functions of Lie algebra elements, that are the natural ‘momen-
tum’ variables for the classical LQG phase space on a given graph: [T ⇤

G]⇥E (before constraints).
The union for all graphs of such Hilbert spaces is, of course, not a Hilbert space. In the LQG
and spin foam literature, one finds di↵erent ways in which these graph-based Hilbert spaces can
be organised to define the Hilbert space of the theory. One is to simply consider the direct sum
over all possible graphs: H1

LQG = ��H� . Another, corresponding to the canonical construction
in the continuum, is to define appropriate equivalence classes for states over di↵erent graphs and
then take the projective limit of infinitely refined graphs: H2

LQG = lim�!1

[�H�

⇡
. Of course, the

two spaces are very di↵erent. The GFT Hilbert space can be understood as a di↵erent proposal
to define a Hilbert space out of a union of the graph-based Hilbert spaces, by ‘decomposing them
into elementary building blocks’.

The basic idea is to consider any wave function in H� , where � is a graph with V nodes, as an

element of HV = L
2
⇣
(G⇥d

/G)⇥V
, dµ =

QV
v=1

Qd
i=1 dµ

v
Haar,i

⌘
, satisfying special restrictions. The

latter space can be understood as the space of V spin network vertices, each possessing d outgoing
open links, and the extra restrictions enforce the gluing of suitable pairs of such open links to form
the links of the graph �. In group space, these extra restrictions are conditions of invariance under
the group action, which can be enforced through projectors. A function  � can be obtained from
a wavefunction �V 2 HV as

 �(G
ab
ij ) =

Y

[(ia),(jb)]

Z

G
d↵

ab
ij �V (. . . , gia ↵

ab
ij , . . . , gjb↵

ab
ij , . . .) =  �(gia(gjb)

�1) , (5)

with the same notation as in 4. This defines an embedding of elements of H� into HV . The same
construction can be phrased in the flux and spin representations. Moreover, the scalar product of
two quantum states in HV associated to the same graph agrees with the one computed in H� (i.e.
the scalar product in HV , once restricted by gluing conditions associated to the graph �, reduces
to the one in H�). This means that H� is embedded faithfully in HV . Obviously HV also contains
states associated to open graphs, that is graphs with some links ending up in 1-valent vertices, i.e.
with links of open spin network vertices not glued to any other.

The physical picture behind HV is that of a ‘many-atom’ Hilbert space, with each ‘quantum
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In the last section, we discuss the more general case in which we superpose quantum states with di↵erent spin
assignments, and the isometry condition in this case.

We conclude with a summary of the results and an outlook to future developments.

I. Quantum gravity entanglement graphs

A. GFT quanta: fundamental simplices dual to spin network vertices

We consider quantum geometric GFT models [27] in which field quanta are (d � 1)-simplices, dual to d-valent
vertices having edges decorated by SU(2) variables, which are invariant under global SU(2) action (gauge symmetry).
Each edge is identified by a colour i = 1, ..., d and denoted by ei. The quantum geometry state of a d-valent vertex is
thus described by a function f(g1, ..., gd), where gi 2 SU(2) is the group variable attached to the i-th edge ei, which
is gauge invariant: f(g1, ..., gd) = f(hg1, ..., hgd), with h 2 SU(2).

By the Peter–Weyl theorem a function on (d copies of) a compact group G can be decomposed into irreducible
representations of the latter. For G = SU(2) this yields

f(g1, ..., gd) =
X

j1,...,jd

X

m1,...,md

X

n1,...,nd

f j1...jd
m1...mdn1...nd

Y

i

djiD
ji
mini

(gi), (1)

where ji 2 N/2 are irreducible representations of SU(2), the indices mi (ni) label a basis in the vector space carrying
the ji representation V ji (its dual V ji⇤), having dimension dj ..= 2j + 1, and Dji

mini
(gi) is the matrix representing

the group element gi. Therefore, in the spin network basis the edge ei carries the representation spin ji and the
related magnetic numbers mi and ni, which can be though of as associated to the edge endpoints (or, equivalently,
to “semi-edges”). After imposing the gauge invariance at each vertex, the vertex function takes the form

f(g1, ..., gd) =
X

jn◆

f j
n◆  

j
n◆(g), (2)

where we use the notations j ..= j1...jd and n ..= n1...nd, the index ◆ is the intertwiner quantum number and  j
n◆(g)

is the spin network basis function:

 j
n◆(g)

..=
X

p1...pd

Cj1...jd
p1...pd◆

Y

i

p
djiD

ji
pini

(gi), (3)

with Cj1...jd
p1...pd◆ 2 Inv

�
V j1 ⌦ ...⌦ V jd

�
=.. Hj1...jd the intertwiner operator. We denote by Dj1...jd (or, when using the

short notation j = j1...jd for the edge spins, Dj) the dimension of the intertwiner space Hj1...jd . We refer to the cited
references on group field theory models and canonical loop quantum gravity for further details.

B. Graph states and their degrees of freedom

Two vertices are glued by entangling (semi-)edge degrees of freedom. In particular, given two vertices v and w,
connecting them along their i-th edges evi and ewi corresponds to project their state into a maximally entangled state
of evi and ewi (for simplicity, we restrict the attention to a given edge spin j):

|evwi i ..=
1p
dj

X

n

|jni ⌦ |jni 2 V jvi =j
⌦ V jwi =j (4)

where evwi denotes the link connecting v and w, carrying the edge colour i. From this perspective, GFT states
associated to graphs can be seen as generalised tensor network structures: (symmetric) projected entangled pair
states (PEPS) [57–60], with single-vertex tensors of the form f j

n◆ defined in Eq. (2). Since connectivity is determined
by entanglement relations, we refer to such quantum gravity states also as entanglement graphs.

The connectivity of a network/graph is encoded in its adjacency matrix A [61] whose entries register the presence
or absence of links between vertices: Avw = 1 if vertices v and w are connected by a link, and Avw = 0 otherwise.
This encoding of network connectivity can be generalised to include the information of which (magnetic) indices of
the vertex tensors are contracted: the components Avw are promoted to d⇥d matrices (where d is the rank of tensors
attached to the vertices), with the generic component (Avw)ij equal to 1 if vertices v and w are connected along the

for given graph, basis of:
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B. Graph states and their degrees of freedom

Two vertices are glued by entangling (semi-)edge degrees of freedom. In particular, given two vertices v and w,
connecting them along their i-th edges evi and ewi corresponds to project their state into a maximally entangled state
of evi and ewi (for simplicity, we restrict the attention to a given edge spin j):
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where evwi denotes the link connecting v and w, carrying the edge colour i. From this perspective, GFT states
associated to graphs can be seen as generalised tensor network structures: (symmetric) projected entangled pair
states (PEPS) [57–60], with single-vertex tensors of the form f j

n◆ defined in Eq. (2). Since connectivity is determined
by entanglement relations, we refer to such quantum gravity states also as entanglement graphs.

The connectivity of a network/graph is encoded in its adjacency matrix A [61] whose entries register the presence
or absence of links between vertices: Avw = 1 if vertices v and w are connected by a link, and Avw = 0 otherwise.
This encoding of network connectivity can be generalised to include the information of which (magnetic) indices of
the vertex tensors are contracted: the components Avw are promoted to d⇥d matrices (where d is the rank of tensors
attached to the vertices), with the generic component (Avw)ij equal to 1 if vertices v and w are connected along the
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i-th and j-th indices, respectively, and 0 otherwise. In the following, we assume that vertices can be connected only
along edges of the same colour2. In terms of encoding of graphs into adjacency matrices, this implies (Avw)ij = 0 for
all i 6= j; we define aivw

..= (Avw)ii, and denote by L the set of internal links of the graph: L = {evwi |aivw = 1}.
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v
d and ◆v are the quantum numbers of vertex v, and |jn◆i are spin network basis states

with hg|jn◆i ..=  j
n◆(g) defined in Eq. (3); the Kronecker deltas impose maximal entanglement between semi-edges,

as a result of the projection of the V -particle state |'i into the link states defined in Eq. (4). The resulting graph
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'{j2�}
� {n2@�}{◆1...◆V } = '{j1...jV }

{n1...nV }{◆1...◆V }

Y

ai
vw=1

�jvi ,jwi �nv
i ,n

w
i

(6)

where @� denotes the set of boundary edges (seen as a subset of the edge set of �). Note that, in general, the V -
particle wave-function ' does not factorize over single-vertex states (though it can be expanded in the basis of open
spin network vertices). In the special case in which ' features such a factorization, its spin network expansion takes
the following form:
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(fv)
jv

nv◆v (7)

where (fv)
jv

nv◆v is the wave-function associated to vertex v. In our analysis we will focus on graph states constructed
out of many-body wave-functions having this particular form; however, for the present discussion we do not assume
any specific form of ', which is therefore completely generic. Let us now focus on the degrees of freedom of a graph
state '� ; they are the following:

a. spins jvi and magnetic-numbers nv
i associated to the boundary edges evi 2 @�;

b. spins jvi associated to the internal links evwi 2 L;

c. intertwiner quantum numbers ◆1, ..., ◆V associated to the vertices.

The set a corresponds to the boundary degrees of freedom, while the sets b and c identify the bulk degrees of freedom;
in particular, the set b contains information on the combinatorial structure of the bulk and the dimension of the
internal links, while c can be interpreted as a set of “internal” degrees of freedom anchored to the vertices. From
the simplicial-geometry perspective, in fact, the intertwiner labels determine the volume of the simplices dual to the
graph vertices, while the spin labels determine information about areas of surfaces, dual to the graph edges, which
can be in the bulk or in the boundary. Since c is not independent from a and b, we cannot factorize the graph Hilbert
space into bulk and boundary Hilbert spaces. However, such a factorization is possible for a given assignment of spins
to the edges of the graph (or at least of its boundary), as we are going to show in the following section.

II. Entanglement graphs as bulk-to-boundary maps

In this section we show how one can use the quantum gravity states to define maps between their bulk and boundary
degrees of freedom, as defined above; for closely related recent work, see [55]. Although this feature holds for any
graph state, we specialize to quantum states with an almost factorized form of the wave-function, i.e. with individual
vertex contributions subject only to the entanglement contractions corresponding to the combinatorial pattern of the
graph to which it is associated. Therefore, our quantum states are themselves tensor networks, rather than generic
linear combinations of them (which is true for any quantum state in the GFT formalism). This will make more explicit
the possibility to regard entanglement graphs as maps on a bipartition of their degrees of freedom, similarly to what
happens for tensor network states/codes [56].

2 In the tensorial group field theory formalism, the addition of coloring and the consequent restrictions on the allowed combinatorics of
states and interactions is the key ingredient allowing control over their topology and, among many other results, the definition of large-N
approximations [62, 63].
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where  
(�,J

(ab)
(ij) ,◆i)

(Gab
ij ) identifies a spin network functional labelled by a closed graph � with rep-

resentations J (ab)
(ij) associated to the di↵erent edges linking two vertices i and j, and intertwiners ◆i

associated to its vertices; gia (resp. gjb) (with a, b = 1, ..., d) are group elements being the argu-
ments of the field associated to the vertex i (resp. j), so that a pair of indices (a, b) denotes each
of the edges connecting two vertices i and j. The bosonic statistics implies a symmetrisation of
 with respect to permutations of the vertex labels. These observables act on the Fock vacuum
creating a spin network state associated to a graph �.

GFT as 2nd quantised reformulation of the LQG kinematics - We now discuss in more
detail in what sense GFT provides a 2nd quantised formalism for spin networks and how one can
link (a certain version of) canonical LQG and GFT directly, without passing through the spin foam
formulation, but providing in turn a clear link between the latter and canonical LQG. More details
can be found in [16] .

By ‘LQG kinematical Hilbert space’ we intend, here, a Hilbert space constructed out
of states associated to closed graphs and such that, for each graph �, we have H� =

L
2
⇣
G

E
/G

V
, dµ =

QE
e=1 dµ

Haar
e

⌘
(here G = SU(2)), where e are the links of the graph (E is their

total number), with a graph-based scalar product defined the Haar measure on each link µ
Haar
e .

The same Hilbert space can be represented also in the flux basis, via the non-commutative Fourier
transform [21, 22], in terms of functions of Lie algebra elements, that are the natural ‘momen-
tum’ variables for the classical LQG phase space on a given graph: [T ⇤

G]⇥E (before constraints).
The union for all graphs of such Hilbert spaces is, of course, not a Hilbert space. In the LQG
and spin foam literature, one finds di↵erent ways in which these graph-based Hilbert spaces can
be organised to define the Hilbert space of the theory. One is to simply consider the direct sum
over all possible graphs: H1

LQG = ��H� . Another, corresponding to the canonical construction
in the continuum, is to define appropriate equivalence classes for states over di↵erent graphs and
then take the projective limit of infinitely refined graphs: H2

LQG = lim�!1

[�H�

⇡
. Of course, the

two spaces are very di↵erent. The GFT Hilbert space can be understood as a di↵erent proposal
to define a Hilbert space out of a union of the graph-based Hilbert spaces, by ‘decomposing them
into elementary building blocks’.

The basic idea is to consider any wave function in H� , where � is a graph with V nodes, as an

element of HV = L
2
⇣
(G⇥d

/G)⇥V
, dµ =

QV
v=1

Qd
i=1 dµ

v
Haar,i

⌘
, satisfying special restrictions. The

latter space can be understood as the space of V spin network vertices, each possessing d outgoing
open links, and the extra restrictions enforce the gluing of suitable pairs of such open links to form
the links of the graph �. In group space, these extra restrictions are conditions of invariance under
the group action, which can be enforced through projectors. A function  � can be obtained from
a wavefunction �V 2 HV as

 �(G
ab
ij ) =

Y

[(ia),(jb)]

Z

G
d↵

ab
ij �V (. . . , gia ↵

ab
ij , . . . , gjb↵

ab
ij , . . .) =  �(gia(gjb)

�1) , (5)

with the same notation as in 4. This defines an embedding of elements of H� into HV . The same
construction can be phrased in the flux and spin representations. Moreover, the scalar product of
two quantum states in HV associated to the same graph agrees with the one computed in H� (i.e.
the scalar product in HV , once restricted by gluing conditions associated to the graph �, reduces
to the one in H�). This means that H� is embedded faithfully in HV . Obviously HV also contains
states associated to open graphs, that is graphs with some links ending up in 1-valent vertices, i.e.
with links of open spin network vertices not glued to any other.

The physical picture behind HV is that of a ‘many-atom’ Hilbert space, with each ‘quantum
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In the last section, we discuss the more general case in which we superpose quantum states with di↵erent spin
assignments, and the isometry condition in this case.

We conclude with a summary of the results and an outlook to future developments.

I. Quantum gravity entanglement graphs

A. GFT quanta: fundamental simplices dual to spin network vertices

We consider quantum geometric GFT models [27] in which field quanta are (d � 1)-simplices, dual to d-valent
vertices having edges decorated by SU(2) variables, which are invariant under global SU(2) action (gauge symmetry).
Each edge is identified by a colour i = 1, ..., d and denoted by ei. The quantum geometry state of a d-valent vertex is
thus described by a function f(g1, ..., gd), where gi 2 SU(2) is the group variable attached to the i-th edge ei, which
is gauge invariant: f(g1, ..., gd) = f(hg1, ..., hgd), with h 2 SU(2).

By the Peter–Weyl theorem a function on (d copies of) a compact group G can be decomposed into irreducible
representations of the latter. For G = SU(2) this yields

f(g1, ..., gd) =
X

j1,...,jd

X

m1,...,md

X

n1,...,nd

f j1...jd
m1...mdn1...nd

Y

i

djiD
ji
mini

(gi), (1)

where ji 2 N/2 are irreducible representations of SU(2), the indices mi (ni) label a basis in the vector space carrying
the ji representation V ji (its dual V ji⇤), having dimension dj ..= 2j + 1, and Dji

mini
(gi) is the matrix representing

the group element gi. Therefore, in the spin network basis the edge ei carries the representation spin ji and the
related magnetic numbers mi and ni, which can be though of as associated to the edge endpoints (or, equivalently,
to “semi-edges”). After imposing the gauge invariance at each vertex, the vertex function takes the form

f(g1, ..., gd) =
X

jn◆

f j
n◆  

j
n◆(g), (2)

where we use the notations j ..= j1...jd and n ..= n1...nd, the index ◆ is the intertwiner quantum number and  j
n◆(g)

is the spin network basis function:
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V j1 ⌦ ...⌦ V jd

�
=.. Hj1...jd the intertwiner operator. We denote by Dj1...jd (or, when using the

short notation j = j1...jd for the edge spins, Dj) the dimension of the intertwiner space Hj1...jd . We refer to the cited
references on group field theory models and canonical loop quantum gravity for further details.

B. Graph states and their degrees of freedom

Two vertices are glued by entangling (semi-)edge degrees of freedom. In particular, given two vertices v and w,
connecting them along their i-th edges evi and ewi corresponds to project their state into a maximally entangled state
of evi and ewi (for simplicity, we restrict the attention to a given edge spin j):

|evwi i ..=
1p
dj

X
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|jni ⌦ |jni 2 V jvi =j
⌦ V jwi =j (4)

where evwi denotes the link connecting v and w, carrying the edge colour i. From this perspective, GFT states
associated to graphs can be seen as generalised tensor network structures: (symmetric) projected entangled pair
states (PEPS) [57–60], with single-vertex tensors of the form f j

n◆ defined in Eq. (2). Since connectivity is determined
by entanglement relations, we refer to such quantum gravity states also as entanglement graphs.

The connectivity of a network/graph is encoded in its adjacency matrix A [61] whose entries register the presence
or absence of links between vertices: Avw = 1 if vertices v and w are connected by a link, and Avw = 0 otherwise.
This encoding of network connectivity can be generalised to include the information of which (magnetic) indices of
the vertex tensors are contracted: the components Avw are promoted to d⇥d matrices (where d is the rank of tensors
attached to the vertices), with the generic component (Avw)ij equal to 1 if vertices v and w are connected along the
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vertices having edges decorated by SU(2) variables, which are invariant under global SU(2) action (gauge symmetry).
Each edge is identified by a colour i = 1, ..., d and denoted by ei. The quantum geometry state of a d-valent vertex is
thus described by a function f(g1, ..., gd), where gi 2 SU(2) is the group variable attached to the i-th edge ei, which
is gauge invariant: f(g1, ..., gd) = f(hg1, ..., hgd), with h 2 SU(2).

By the Peter–Weyl theorem a function on (d copies of) a compact group G can be decomposed into irreducible
representations of the latter. For G = SU(2) this yields
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where ji 2 N/2 are irreducible representations of SU(2), the indices mi (ni) label a basis in the vector space carrying
the ji representation V ji (its dual V ji⇤), having dimension dj ..= 2j + 1, and Dji

mini
(gi) is the matrix representing

the group element gi. Therefore, in the spin network basis the edge ei carries the representation spin ji and the
related magnetic numbers mi and ni, which can be though of as associated to the edge endpoints (or, equivalently,
to “semi-edges”). After imposing the gauge invariance at each vertex, the vertex function takes the form

f(g1, ..., gd) =
X

jn◆

f j
n◆  

j
n◆(g), (2)

where we use the notations j ..= j1...jd and n ..= n1...nd, the index ◆ is the intertwiner quantum number and  j
n◆(g)

is the spin network basis function:
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with Cj1...jd
p1...pd◆ 2 Inv

�
V j1 ⌦ ...⌦ V jd

�
=.. Hj1...jd the intertwiner operator. We denote by Dj1...jd (or, when using the

short notation j = j1...jd for the edge spins, Dj) the dimension of the intertwiner space Hj1...jd . We refer to the cited
references on group field theory models and canonical loop quantum gravity for further details.

B. Graph states and their degrees of freedom

Two vertices are glued by entangling (semi-)edge degrees of freedom. In particular, given two vertices v and w,
connecting them along their i-th edges evi and ewi corresponds to project their state into a maximally entangled state
of evi and ewi (for simplicity, we restrict the attention to a given edge spin j):

|evwi i ..=
1p
dj

X

n

|jni ⌦ |jni 2 V jvi =j
⌦ V jwi =j (4)

where evwi denotes the link connecting v and w, carrying the edge colour i. From this perspective, GFT states
associated to graphs can be seen as generalised tensor network structures: (symmetric) projected entangled pair
states (PEPS) [57–60], with single-vertex tensors of the form f j

n◆ defined in Eq. (2). Since connectivity is determined
by entanglement relations, we refer to such quantum gravity states also as entanglement graphs.

The connectivity of a network/graph is encoded in its adjacency matrix A [61] whose entries register the presence
or absence of links between vertices: Avw = 1 if vertices v and w are connected by a link, and Avw = 0 otherwise.
This encoding of network connectivity can be generalised to include the information of which (magnetic) indices of
the vertex tensors are contracted: the components Avw are promoted to d⇥d matrices (where d is the rank of tensors
attached to the vertices), with the generic component (Avw)ij equal to 1 if vertices v and w are connected along the
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i-th and j-th indices, respectively, and 0 otherwise. In the following, we assume that vertices can be connected only
along edges of the same colour2. In terms of encoding of graphs into adjacency matrices, this implies (Avw)ij = 0 for
all i 6= j; we define aivw

..= (Avw)ii, and denote by L the set of internal links of the graph: L = {evwi |aivw = 1}.
A generic state associated to a graph � of V vertices can be constructed from a V -particle state |'i by gluing

vertices according to the combinatorial pattern A of �:

|'�i
..=

M

j1...jV

X

n1...nV

X

◆1...◆V

'{j1...jV }
{n1...nV }{◆1...◆V }

Y

ai
vw=1

�jvi ,jwi �nv
i ,n

w
i

O

v

|jvnv◆vi (5)

where jv ..= jv1...j
v
d, n

v ..= nv1...n
v
d and ◆v are the quantum numbers of vertex v, and |jn◆i are spin network basis states

with hg|jn◆i ..=  j
n◆(g) defined in Eq. (3); the Kronecker deltas impose maximal entanglement between semi-edges,

as a result of the projection of the V -particle state |'i into the link states defined in Eq. (4). The resulting graph
wave-function '� thus takes the form

'{j2�}
� {n2@�}{◆1...◆V } = '{j1...jV }

{n1...nV }{◆1...◆V }

Y

ai
vw=1

�jvi ,jwi �nv
i ,n

w
i

(6)

where @� denotes the set of boundary edges (seen as a subset of the edge set of �). Note that, in general, the V -
particle wave-function ' does not factorize over single-vertex states (though it can be expanded in the basis of open
spin network vertices). In the special case in which ' features such a factorization, its spin network expansion takes
the following form:

'{j1...jV }
{n1...nV }{◆1...◆V } =

VY

v=1

(fv)
jv

nv◆v (7)

where (fv)
jv

nv◆v is the wave-function associated to vertex v. In our analysis we will focus on graph states constructed
out of many-body wave-functions having this particular form; however, for the present discussion we do not assume
any specific form of ', which is therefore completely generic. Let us now focus on the degrees of freedom of a graph
state '� ; they are the following:

a. spins jvi and magnetic-numbers nv
i associated to the boundary edges evi 2 @�;

b. spins jvi associated to the internal links evwi 2 L;

c. intertwiner quantum numbers ◆1, ..., ◆V associated to the vertices.

The set a corresponds to the boundary degrees of freedom, while the sets b and c identify the bulk degrees of freedom;
in particular, the set b contains information on the combinatorial structure of the bulk and the dimension of the
internal links, while c can be interpreted as a set of “internal” degrees of freedom anchored to the vertices. From
the simplicial-geometry perspective, in fact, the intertwiner labels determine the volume of the simplices dual to the
graph vertices, while the spin labels determine information about areas of surfaces, dual to the graph edges, which
can be in the bulk or in the boundary. Since c is not independent from a and b, we cannot factorize the graph Hilbert
space into bulk and boundary Hilbert spaces. However, such a factorization is possible for a given assignment of spins
to the edges of the graph (or at least of its boundary), as we are going to show in the following section.

II. Entanglement graphs as bulk-to-boundary maps

In this section we show how one can use the quantum gravity states to define maps between their bulk and boundary
degrees of freedom, as defined above; for closely related recent work, see [55]. Although this feature holds for any
graph state, we specialize to quantum states with an almost factorized form of the wave-function, i.e. with individual
vertex contributions subject only to the entanglement contractions corresponding to the combinatorial pattern of the
graph to which it is associated. Therefore, our quantum states are themselves tensor networks, rather than generic
linear combinations of them (which is true for any quantum state in the GFT formalism). This will make more explicit
the possibility to regard entanglement graphs as maps on a bipartition of their degrees of freedom, similarly to what
happens for tensor network states/codes [56].

2 In the tensorial group field theory formalism, the addition of coloring and the consequent restrictions on the allowed combinatorics of
states and interactions is the key ingredient allowing control over their topology and, among many other results, the definition of large-N
approximations [62, 63].

spin network state 
on given graph:

G = SU(2)

spins

• SN states in several related QG formalisms • canonical Loop Quantum Gravity • spin foam models

•  Tensorial Group Field Theory

In these QG formalisms, one has also superposition of graphs

• simplicial Quantum Gravity
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• elementary building block: single spin network vertex (with 4 open links)

which admits dual interpretation as quantum 3-simplex (tetrahedron)
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closure condition:  ∑
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S P A C E  F R O M  E N T A N G L E M E N T

Gluing tetrahedra = entangling link d.o.f.
Gluing tetrahedra along faces correspond to entangling link degrees of freedom

|ι→ =
n⃗

(≈1) j+n

2j + 1
| j, n→ | j∈ , ≈ n∈ →

j j∈ 

n n∈ 

maximally entangled state  
(singlet state) 

• general spin network states or arbitrary graphs (with open links) built from entanglement:

gluing of quantum tetrahedra along faces = gluing of spin 
network vertices along open links = maximal entanglement

S P A C E  F R O M  E N T A N G L E M E N T

Spin network as entanglement graph

Connectivity of space = entanglement pattern of space quanta

many-body state for 
disconnected vertices

many-body state with connectivity  
= spin network state 

ι

An particle state  describes the geometry of  tetrahedra:N→ |γN≈ ∈ ̂ (⟩∝) N

|γN≈ |γι≈ =
ℓ⃗∈ι

−ℓ | |γN≈

gluing 
(entangling edge d.o.f.)

ι

EC, D. Oriti, 2020

spin network with N vertices ~ gluing of N tetrahedra 
~ entangled N-body state 

B. Baytas, E. Bianchi, N. Tokomizo, '18; 
E. Colafranceschi, DO, '20



Fock space of spin networks

• general kinematical ambient space for (open) spin networks:

Q U A N T U M  S P A C E

GFT perspective

• Tetrahedron as a field excitation:  “quantum of space”ι† |0→

QFT on some auxiliary space

local symmetry group of the theory:  
group of rotations SU(2)

field theory formalism 
+ 

background independence }
ι : SU(2)4 ≈ ∈GFT field:

From Hilbert space of tetrahedron   Fock space  ̂⟩ ∝ − (̂⟩) =
ℋ

N⃗=1
sym (̂⟩ △ … △ ̂⟩)

N

• can introduce creation/annihilation field operators 
(convenient to treat states with many excitations)

• Fock vacuum: no topological or geometric excitations
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background independence }
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quantum space  
as a many-body system! 

GFT field:

From Hilbert space of tetrahedron   Fock space  ⟩∝ △ ̂ (⟩∝) =
∋
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• quantum geometric operators can be written in "2nd quantized" language (see later)
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• quantum geometric operators can be written in "2nd quantized" language (see later)

• note:


• convenient to: include any graph topology + open links (boundaries) + deal with highly populated states


• only "kinematical" ambient space, not physical one - dynamics to be imposed - will map out of this Hilbert space


• admits simple truncation at finite spin network vertices (tetrahedra) N (to be removed while imposing dynamics)


• kinematical spin network states for given graph embedded faithfully (incl. scalar product)


• states for different graphs not orthogonal (if same number of vertices)


• vertex re-labelling invariance (bosonic statistics) makes difficult to reconstruct graph structure 


• no embedding into (canonical) smooth manifold


• no cylindrical equivalence (when not implicit), no projective limit under graph refinement


• fixed valence - can generalise, but higher valences also reconstructed by coarse graining
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Quantum Gravity dynamics

• "timeless" quantum dynamics = constraint equation 


or projection onto physical states
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(
P̂ (Ĥ)↑ Î
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e.g. from canonical quantization of classical GR
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C. Rovelli, J. Lewandowski, I. Makkinen, M. Assanioussi, ...

• generalised "timeless" quantum dynamics = quantum statistical partition function

• imposing constraint on average (and in limit) - up to fluctuations


• to be expected when topology change is included (no canonical quantization of GR)


• "ensemble of (canonically quantized) QG theories" (eg from extended QG path integral)
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Let us a consider a system of quantum tetrahedra with a model defined by a (self-adjoint) constraint operator Ĉ
defined on HF , and a generalised Gibbs state of the form,

⇢̂ =
1

Z
e��Ĉ , Z� = TrHF (e��Ĉ) (4.6)

where � is the Lagrange multiplier for hĈi = 0.
We can think of this state as the result of a maximisation of entropy with respect to a series of constraints hĈai = 0,

each one encoding a specific gluing interaction kernel. The form of the Gibbs state in (4.6) then results by coupling
the constraints via a global rescaling of the individual temperatures, along the line discussed in (2.15), so to give
Ĉ =

P
a
�a

� Ĉa.

Each Ĉa encodes a di↵erent coupling operator of given rank and combinatorial degeneracy. In this sense, we can
think of the individual relative temperatures �a/� as coupling constants in the sum

P
a
�a

� Ĉa, giving di↵erent weights
to the di↵erent gluing kernels, within a unique equilibrium distribution.

Particularly, a density operator with a contribution from a grand-canonical weight of the form eµN̂ , corresponds to
a statistical state with a varying particle number, where N̂ is the number operator associated with the Fock vacuum.
The corresponding partition function

Zµ,� = TrHF

h
e��(Ĉ�µN̂)

i
= TrHF

h
e��(

P
a
�a
� Ĉa� µ̃

� N̂)
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(4.7)

provides the quantum counterpart of the expression (3.14) in III C.

B. Field theory of quantum tetrahedra

The Hilbert space HF
11 is generated by a set of ladder operators acting on the cyclic vacuum |0i, and satisfying

the algebra,

['̂(gI), '̂
⇤(g0J)] = �(gI , g

0
J) (4.8)

where � is an identity distribution on the space of smooth, complex-valued L2 functions on SU(2)4.
This formulation already hints at a second quantised language in terms of quantum fields of tetrahedra. This

language can indeed be applied to the whole statistical mechanics framework we have developed, in particular to the
partition function obtained in the previous section.

The way to obtain this field-theoretic reformulation is pretty standard. Indeed, the trace in the partition function
(4.6) can be evaluated using an overcomplete coherent state basis of (field) coherent states,

| i = e�
|| ||

2

2 e
R
SU(2)4  (gI)'̂⇤(gI) |0i . (4.9)

Here the states are labelled by  2 H and ||.|| is the L2 norm in H. This gives,

Z =

Z
[Dµ( ,  ̄)] h | e��Ĉ | i , (4.10)

where the resolution of identity is I =
R

[Dµ( ,  ̄)] | i h |, and the coherent state functional measure [42] is,

Dµ( ,  ̄) = [D D ̄] e�|| ||2 . (4.11)

This quantum statistical partition function can be reinterpreted as the partition function for a field theory (restricted
to complex-valued L2 fields) of the underlying quanta, which here are quantum tetrahedra [39]. This can be seen as
follows.

11 We remark that HF is the GNS representation space of the Fock algebraic state associated with a group field theory Weyl algebra
[22, 41].
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Quantum Gravity dynamics

• "timeless" quantum dynamics = constraint equation 


or projection onto physical states
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Each Ĉa encodes a di↵erent coupling operator of given rank and combinatorial degeneracy. In this sense, we can
think of the individual relative temperatures �a/� as coupling constants in the sum

P
a
�a
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• TGFT reformulation of operator dynamics - "3rd quantization" realization

Quantum Gravity dynamics

(using field coherent states)

Generalized Gibbs Ensembles in Discrete Quantum Gravity 7

Resolution of identity is I =
∫

[Dµ(ψ, ψ̄)] |ψ→ 〈ψ|, and the standard coherent state
measure is Dµ(ψ, ψ̄) =

∏∞
k=1 dReψk d Imψk/π . The set of all such observable

averages formally defines the total statistical system. In the following, we show
how the quantum statistical partition function can be reinterpreted as the par-
tition function for a field theory (of complex-valued L2 fields) of the underlying
quantum tetrahedra.

For generic operators Ĉ(ϕ̂, ϕ̂∗) and Ô(ϕ̂, ϕ̂∗) as polynomials in the algebra
generators, and an arbitrary choice of operator ordering defining the exponential
operator, the integrand of the statistical averages can be treated as follows.

〈ψ| e−βĈÔ |ψ→ = 〈ψ|
∞
∑

k=0

(−β)k

k!
ĈkÔ |ψ→ (19)

= 〈ψ| : e−βĈÔ : |ψ→+ 〈ψ| : poC,O(ϕ̂, ϕ̂∗,β) : |ψ→ (20)

where the second equality is gotten by using the commutation relations (16) on
each ĈkÔ and collecting all normal ordered terms : ĈkÔ : to get the normal
ordered : e−βĈÔ :. The second term in the last line of (19) is a collection of the
remaining terms arising as a result of exchanging ϕ̂’s and ϕ̂∗’s. In general, it will
be a normal ordered series in powers of ϕ̂ and ϕ̂∗, with coefficient functions of
β. The exact form of this series will depend on both Ĉ and Ô.

Further recalling that coherent states are eigenstates of the annihilation op-
erator, ϕ̂(g) |ψ→ = ψ(g) |ψ→, we have

〈ψ| : e−βĈÔ : |ψ→ = e−βC[ψ̄,ψ]O[ψ̄,ψ] (21)

where C[ψ̄,ψ] = 〈ψ| Ĉ |ψ→ and O[ψ̄,ψ] = 〈ψ| Ô |ψ→. Defining operators ÂC,O ≡
poC,O(ϕ̂, ϕ̂∗,β), we have

〈ψ| : ÂC,O(ϕ̂, ϕ̂∗,β) : |ψ→ = AC,O[ψ̄,ψ,β] , (22)

encoding all higher order corrections. Averages (18) can thus be written as

Tr(e−βĈÔ) =

∫

[Dµ(ψ, ψ̄)]
(

e−βC[ψ̄,ψ]O[ψ̄,ψ] +AC,O[ψ̄,ψ,β]
)

. (23)

In particular, the quantum statistical partition function for a dynamical system
of complex-valued L2 fields ψ defined on the base manifold SU(2)4 is

Z =

∫

[Dµ(ψ, ψ̄)]
(

e−βC[ψ̄,ψ] +AC,I[ψ̄,ψ,β]
)

≡ Z0 + ZO(!) . (24)

Here, by notation O(!) we mean simply that this sector of the full theory in-
cludes all higher orders in quantum corrections relative to Z0. This full set of
observable averages (or correlation functions) (23), including the above parti-
tion function, defines thus a statistical field theory of quantum tetrahedra (or in
general, polyhedra with a fixed number of boundary faces), characterized by a

<latexit sha1_base64="+KmmpMl9U4OF/Kf0YsK5HvNUglA="></latexit>
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∫

[Dµ(ψ, ψ̄)]
(

e−βC[ψ̄,ψ]O[ψ̄,ψ] +AC,O[ψ̄,ψ,β]
)

. (23)

In particular, the quantum statistical partition function for a dynamical system
of complex-valued L2 fields ψ defined on the base manifold SU(2)4 is

Z =

∫

[Dµ(ψ, ψ̄)]
(

e−βC[ψ̄,ψ] +AC,I[ψ̄,ψ,β]
)

≡ Z0 + ZO(!) . (24)

Here, by notation O(!) we mean simply that this sector of the full theory in-
cludes all higher orders in quantum corrections relative to Z0. This full set of
observable averages (or correlation functions) (23), including the above parti-
tion function, defines thus a statistical field theory of quantum tetrahedra (or in
general, polyhedra with a fixed number of boundary faces), characterized by a

quantum corrections



• TGFT reformulation of operator dynamics - "3rd quantization" realization

Quantum Gravity dynamics

(using field coherent states)

Generalized Gibbs Ensembles in Discrete Quantum Gravity 7

Resolution of identity is I =
∫

[Dµ(ψ, ψ̄)] |ψ→ 〈ψ|, and the standard coherent state
measure is Dµ(ψ, ψ̄) =

∏∞
k=1 dReψk d Imψk/π . The set of all such observable

averages formally defines the total statistical system. In the following, we show
how the quantum statistical partition function can be reinterpreted as the par-
tition function for a field theory (of complex-valued L2 fields) of the underlying
quantum tetrahedra.
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quantum corrections
•  in general, can encode full quantum dynamics in field theory of spin networks/tetrahedra (TGFT)
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Z =

∫
D[ω,ω→] e↑S(ω,ω→)

with quantum effective action:

including topology change and (canonical) quantum constraints

with
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S(ω,ω→) = →: Ĉ(ε̂, ε̂†) :↑ !(1)[ω,ω→] =
1

2
Tr ln[Ĉ ↑↑(ω,ω→)]

mean field (classical) action 1-loop corrections ~ Bogolubov spectrum

interaction terms ~ matrix elements of projection operator:
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where the second equality is gotten by using the commutation relations (16) on
each ĈkÔ and collecting all normal ordered terms : ĈkÔ : to get the normal
ordered : e−βĈÔ :. The second term in the last line of (19) is a collection of the
remaining terms arising as a result of exchanging ϕ̂’s and ϕ̂∗’s. In general, it will
be a normal ordered series in powers of ϕ̂ and ϕ̂∗, with coefficient functions of
β. The exact form of this series will depend on both Ĉ and Ô.

Further recalling that coherent states are eigenstates of the annihilation op-
erator, ϕ̂(g) |ψ→ = ψ(g) |ψ→, we have

〈ψ| : e−βĈÔ : |ψ→ = e−βC[ψ̄,ψ]O[ψ̄,ψ] (21)

where C[ψ̄,ψ] = 〈ψ| Ĉ |ψ→ and O[ψ̄,ψ] = 〈ψ| Ô |ψ→. Defining operators ÂC,O ≡
poC,O(ϕ̂, ϕ̂∗,β), we have

〈ψ| : ÂC,O(ϕ̂, ϕ̂∗,β) : |ψ→ = AC,O[ψ̄,ψ,β] , (22)

encoding all higher order corrections. Averages (18) can thus be written as

Tr(e−βĈÔ) =

∫

[Dµ(ψ, ψ̄)]
(

e−βC[ψ̄,ψ]O[ψ̄,ψ] +AC,O[ψ̄,ψ,β]
)

. (23)

In particular, the quantum statistical partition function for a dynamical system
of complex-valued L2 fields ψ defined on the base manifold SU(2)4 is

Z =

∫

[Dµ(ψ, ψ̄)]
(

e−βC[ψ̄,ψ] +AC,I[ψ̄,ψ,β]
)

≡ Z0 + ZO(!) . (24)

Here, by notation O(!) we mean simply that this sector of the full theory in-
cludes all higher orders in quantum corrections relative to Z0. This full set of
observable averages (or correlation functions) (23), including the above parti-
tion function, defines thus a statistical field theory of quantum tetrahedra (or in
general, polyhedra with a fixed number of boundary faces), characterized by a
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Zω = TrHF

[
e→ωĈ

]
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Resolution of identity is I =
∫

[Dµ(ψ, ψ̄)] |ψ→ 〈ψ|, and the standard coherent state
measure is Dµ(ψ, ψ̄) =

∏∞
k=1 dReψk d Imψk/π . The set of all such observable

averages formally defines the total statistical system. In the following, we show
how the quantum statistical partition function can be reinterpreted as the par-
tition function for a field theory (of complex-valued L2 fields) of the underlying
quantum tetrahedra.

For generic operators Ĉ(ϕ̂, ϕ̂∗) and Ô(ϕ̂, ϕ̂∗) as polynomials in the algebra
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ordered : e−βĈÔ :. The second term in the last line of (19) is a collection of the
remaining terms arising as a result of exchanging ϕ̂’s and ϕ̂∗’s. In general, it will
be a normal ordered series in powers of ϕ̂ and ϕ̂∗, with coefficient functions of
β. The exact form of this series will depend on both Ĉ and Ô.
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. (23)

In particular, the quantum statistical partition function for a dynamical system
of complex-valued L2 fields ψ defined on the base manifold SU(2)4 is

Z =

∫

[Dµ(ψ, ψ̄)]
(

e−βC[ψ̄,ψ] +AC,I[ψ̄,ψ,β]
)

≡ Z0 + ZO(!) . (24)

Here, by notation O(!) we mean simply that this sector of the full theory in-
cludes all higher orders in quantum corrections relative to Z0. This full set of
observable averages (or correlation functions) (23), including the above parti-
tion function, defines thus a statistical field theory of quantum tetrahedra (or in
general, polyhedra with a fixed number of boundary faces), characterized by a

quantum corrections
•  in general, can encode full quantum dynamics in field theory of spin networks/tetrahedra (TGFT)
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Z =

∫
D[ω,ω→] e↑S(ω,ω→)

with quantum effective action:

including topology change and (canonical) quantum constraints

with
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S(ω,ω→) = →: Ĉ(ε̂, ε̂†) :↑ !(1)[ω,ω→] =
1

2
Tr ln[Ĉ ↑↑(ω,ω→)]

mean field (classical) action 1-loop corrections ~ Bogolubov spectrum

interaction terms ~ matrix elements of projection operator:
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P̂n,m =

∫
[dg][dh]ω̂†(g1)...ω̂

†(gn)V ([g], [h]) ω̂(h1)...ω̂(hm)

D. Oriti, '13; 

G. Chirco, I. Kotecha, D. Oriti, '19; 
I. Kotecha, '21
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![ω,ω→] → S(ω,ω→) + !(1)[ω,ω→] + O(⊋2) + ...

• TGFT formulation of spin foam dynamics (~ lattice gravity path integral)

perturbative expansion in Feynman diagrams 
(close to Fock vacuum)

• Feynman diagrams ~ spin foams (simplicial lattices) of arbitrary topology

• correspondence is 1-1 (up to field redefinitions): spin foam model <-> TGFT model

• Feynman amplitudes ~ spin foam amplitudes (lattice gravity path integrals) for given complex
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Z(!) → A(!)
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Z =

∫
D[ω,ω→] e↑S(ω,ω→) =

∑

!

εN!

sym(!)
A(!)



Effective cosmology and matter field theory 

(gravitational continuum physics) from QG dynamics
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from lattice gravity (Regge calculus): 


continuum gravitational physics approximately recovered for:
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+ small curvature 


+  smallish elementary distances/volumesLattice Quantum Gravity

Quantum Regge calculus

(Causal) Dynamical Triangulations

Path integral of discrete geometries: 
fixed simplicial lattice, sum over edge length variables
continuum limit via lattice refinement

Path integral of discrete geometries: 
sum over all possible (causal) simplicial lattices 
(fixed topology), fixed edge lengths
continuum limit via sum over finer and finer lattices
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Z
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Z = lima!0

X

�

µ(a,�) e�S�
R ({Le=a})

Basic idea: covariant quantisation of 
gravity as sum over “discrete geometries”

Continuum spacetime manifold replaced 
by simplicial lattice; metric data encoded in 
edge lengths 

Gravitational action is discretised version 
of Einstein-Hilbert action (Regge action)

T. Regge, R. Williams, H. Hamber, B. Dittrich, B. Bahr, ….

J. Ambjorn, J. Jurkiewicz, R. Loll, D. Benedetti, A. Goerlich, T. Budd, …
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aligns with: 


• (kinematical) constructions of LQG coherent states approximating continuum geometries 


• "quantum reduced LQG"


• LQC construction
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• kinematically: relevant quantum states involve superpositions of refined graphs 


• dynamically: relevant quantum amplitudes involve superpositions of refined complexes

i.e. collective physics, from perspective of spin networks and spin foams 
(seen as fundamental microscopic QG dofs) 

at weak coupling (since spin networks appear in Fock space, and spin foams in perturbative expansion)



TGFT formulation of QG states and (spin foam) dynamics

• well suited for renormalization, coarse graining, continuum limits, critical behaviour  

• methods from standard QFT have been adapted and applied

• perturbative renormalizability of several TGFT models

• non-perturbative FRG analyses of several TGFT models

• large-N expansions - dominance of simple topologies

• critical behaviour and phase transitions
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A. Pithis, A. Pereira, D. Benedetti, A. Eichhorn, 
R. Martini, R. Toriumi, T. Krajewski, ....
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• collective physics, also in perturbative sector (where spin networks and spin foams are good description)
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TGFT formulation of QG states and (spin foam) dynamics

• well suited for renormalization, coarse graining, continuum limits, critical behaviour  

• methods from standard QFT have been adapted and applied

• perturbative renormalizability of several TGFT models

• non-perturbative FRG analyses of several TGFT models

• large-N expansions - dominance of simple topologies

• critical behaviour and phase transitions

• non-perturbative regime (where spin networks and spin foams are not good description of relevant physics)

• collective physics, also in perturbative sector (where spin networks and spin foams are good description)

• new tools for:

• mean field approximation

• quantum collective excitations ("bogolons") over mean field  and 1-loop corrections

• first steps for extraction of collective physics

✴  simplest approximation: 
mean field hydrodynamics

saddle point evaluation of path integral - quantum 
effective action ~ classical action �[�] ⇡ S�(�)
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• reliability of mean field description supported (not proven) by Landau-Ginsburg analysis:

     Gaussian critical point in "IR" (i.e. small-j), fluctuations suppressed, condensate phase

A. Pithis, J. Thurigen, L. 
Marchetti, R. Dekhil, DO, '22,'23

A. Calcinari, A. Delhom, D. Oriti, '26

R. Gurau, V. Bonzom, J. Ryan, V. Rivasseau, S. 
Carrozza, J. Ben Geloun, J. Thuerigen, D. Oriti, 
A. Tanasa, D. Ousmane-Samary, V. Lahoche, 
A. Pithis, A. Pereira, D. Benedetti, A. Eichhorn, 
R. Martini, R. Toriumi, T. Krajewski, ....



key features of GFT mean field hydrodynamics



key features of GFT mean field hydrodynamics

coherent states capture infinite QG dofs: infinite superposition of 
"refined" spin networks, but neglecting connectivity (probably only 
good for "extensive" geometric properties (eg universe volume)

• corresponding quantum states:

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

•  simplest
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superposition of infinitely many spin networks dofs, 
“gas”of tetrahedra, all associated with same state 

 (simplest): GFT field coherent state

Simple GFT condensates as homogeneous continuum geometries (not encoding any topological information)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
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⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
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) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:
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We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:
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We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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I )⇤(gIg

⇥⇥
I
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) = 0 . (23)
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
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⇥
I) + ⇥

�V5
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg
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I
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Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:
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We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

•  simplest
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

•  simplest
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)
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3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coefficients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ∀k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 δij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to differ-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI "→ gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ϕ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

σ̂ :=

∫
d4g σ(gI)ϕ̂

†(gI) (17)

if we require σ(gIk) = σ(gI) for all k ∈ SU(2); with-
out loss of generality σ(k′gI) = σ(gI) for all k′ ∈ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

ξ̂ :=
1

2

∫
d4g d4h ξ(gIh

−1
I )ϕ̂†(gI)ϕ̂

†(hI), (18)

where due to (1) and [ϕ̂†(gI), ϕ̂†(hI)] = 0 the function ξ
can be taken to satisfy ξ(gI) = ξ(kgIk′) for all k, k′ in
SU(2) and ξ(gI) = ξ(g−1

I ). ξ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|σ〉 := exp (σ̂) |0〉 , |ξ〉 := exp
(
ξ̂
)
|0〉 . (19)

|σ〉 corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |ξ〉
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ϕ:

S[ϕ] =
1

2

∫
d4g d4g′ ϕ(gI)K̂(gI , g

′
I)ϕ(g

′
I) + λV5[ϕ] (20)

leading to the quantum equation of motion
∫

d4g′ K̂(gI , g
′
I)ϕ̂(g

′
I) + λ

δV̂5

δϕ̂(gI)
= 0 . (21)

Since |σ〉 is an eigenstate of ϕ̂(gI), when (21) acts on |σ〉
it becomes a non-linear equation for σ:

∫
d4g′ K̂(gI , g

′
I)σ(g

′
I) + λ

δV5

δϕ(gI)

∣∣∣
ϕ=σ

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |ξ〉 all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ξ: Multiplying (21) with a field
operator and taking an expectation value, we find

∫
d4g′′ K̂(g′I , g

′′
I )ξ(gIg

′′
I
−1

) = 0 . (23)

•  simplest
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superposition of infinitely many spin networks dofs, 
“gas”of tetrahedra, all associated with same state 

 (simplest): GFT field coherent state

Simple GFT condensates as homogeneous continuum geometries (not encoding any topological information)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
⇥=�

= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)

���
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg
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I
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) = 0 . (23)
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�Ṽ
�'(gi)

|'⌘� = 0

non-linear and non-local extension of quantum cosmology-like equation for “collective wave function”

formally similar to quantum cosmology, but:
no Hilbert space structure (no superposition of “states of universe”, no “collapse of cosmological wave function

no perturbative (spin foam) expansion -
 infinite superposition of Feynman diagrams 
(infinite sum over discrete “spacetime” lattices)

superposition of infinitely many spin networks dofs, 
“gas”of tetrahedra, all associated with same state 

Simple GFT condensates as homogeneous continuum geometries (not encoding any topological information)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇤cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⌦ := exp (⌅̂) |0⌦ , |⇤⌦ := exp
⇥
⇤̂
⇤
|0⌦ . (19)

|⌅⌦ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⌦
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⌦ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⌦
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⌦ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
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) = 0 . (23)

Quantum GFT condensates

two simple choices of quantum GFT condensate states 

(homogeneous continuum quantum spacetimes)

single-particle condensate
(Gross-Pitaevskii approximation)

two-particle dipole condensate
(Bogoliubov approximation)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:

⌅
d4g⇥ K̂(gI , g

⇥
I)⌅(g

⇥
I) + ⇥

�V5

�⇧(gI)
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g

⇥⇥
I )⇤(gIg

⇥⇥
I
�1

) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:
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= 0 . (22)

We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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) = 0 . (23)

3

to a transformation of gij under the adjoint action of
GL(3), which transforms physically distinct metrics into
each other. Any notion of homogeneity also depends on
the embedding.

We address both of those issues by recalling that the
group G carries a natural basis of vector fields, the left-
invariant vector fields. Fixing a G-invariant inner prod-
uct in the Lie algebra g this basis is unique up to the
action of O(3). We now demand that the embedded tetra-
hedra are aligned with the left-invariant vector fields,

vi(m) = ei(xm), (14)

where {ei} are the vector fields on M obtained by push-
forward of a basis of left-invariant vector fields on G.

The definition (13) of the physical metric now reads

gij(m) = g(xm)(ei(xm), ej(xm)) , (15)

so that gij(m) are the metric components in the frame
{ei}. In this frame a homogeneous metric will be one
with constant coe⇥cients. We can then say that a dis-
crete geometry of N tetrahedra, specified by the data
gij(m), is compatible with spatial homogeneity if

gij(m) = gij(k) ⌅k,m = 1, . . . , N. (16)

This criterion only uses intrinsic geometric data and does
not depend on any embedding information apart from
the choice of G. It is a very natural notion of spatial
homogeneity in the discrete context.

A discrete geometry compatible with spatial homo-
geneity is in addition compatible with spatial isotropy
if G = R3, SU(2) or Hom(2) and gij = a2 �ij for some a.

Statements about the metric at a finite number of
points are in general physically meaningless. Our inter-
pretation is to view the information given by knowing the
metric at N points as a sampling of an underlying contin-
uous geometry; if the points are distributed in a region of
size L (measured with respect to a background metric),
we can sample wavenumbers up to N1/3/L. In this sense
our criterion for homogeneity is, at any N , an approxi-
mation to the definition for continuous geometries.

We can say more if we think of N as variable: Consider
a compact region of M whose geometry is approximated
better and better by letting N increase, leading to di�er-
ent sets of discrete data for each N . If (16) holds for all
of these sets of data, i.e. for any N , the spatial geometry
is homogeneous to arbitrary accuracy.

In the quantum theory, we can identify a quantum
state which is a superposition of states of N tetrahedra
all satisfying (16), for all N , as representing a continuum
homogenous geometry with metric (15). In many-body
quantum mechanics, second-quantized coherent states
have this property: We interpret second-quantized co-
herent states in GFT, corresponding to a macroscopic
occupation of a single-tetrahedron configuration, as de-
scribing continuum homogeneous geometries.

Cosmological dynamics. — The GFT dynamics de-
termines the evolution of such states. In addition to
the gauge invariance (1), we require that the state is in-
variant under right multiplication of all group elements,
gI ⇤� gI h, corresponding to invariance under (8) so that
the state only depends on gauge-invariant data.
Assuming that the simplicity constraints have been im-

plemented by (6), ⇧ is a field on SU(2)4 and we require
this additional symmetry under the action of SU(2). It
can be imposed on a one-particle state created by

⌅̂ :=

⌅
d4g ⌅(gI)⇧̂

†(gI) (17)

if we require ⌅(gIk) = ⌅(gI) for all k ⇥ SU(2); with-
out loss of generality ⌅(k⇥gI) = ⌅(gI) for all k⇥ ⇥ SU(2)
because of (1).
A second possibility is to use a two-particle operator

which automatically has the required gauge invariance:

⇤̂ :=
1

2

⌅
d4g d4h ⇤(gIh

�1
I )⇧̂†(gI)⇧̂

†(hI), (18)

where due to (1) and [⇧̂†(gI), ⇧̂†(hI)] = 0 the function ⇤
can be taken to satisfy ⇤(gI) = ⇤(kgIk⇥) for all k, k⇥ in
SU(2) and ⇤(gI) = ⇤(g�1

I ). ⇤ is a function on the gauge-
invariant configuration space of a single tetrahedron.
We then consider two types of candidate states for

macroscopic, homogeneous configurations of tetrahedra:

|⌅⇧ := exp (⌅̂) |0⇧ , |⇤⇧ := exp
⇥
⇤̂
⇤
|0⇧ . (19)

|⌅⇧ corresponds to the simplest case of single-particle con-
densation with gauge invariance imposed by hand; |⇤⇧
automatically has the right gauge invariance.
Let us consider generic GFT models in four dimen-

sions, whose actions consist of a kinetic term and an in-
teraction quintic (but otherwise general) in the field ⇧:

S[⇧] =
1

2

⌅
d4g d4g⇥ ⇧(gI)K̂(gI , g

⇥
I)⇧(g

⇥
I) + ⇥V5[⇧] (20)

leading to the quantum equation of motion
⌅

d4g⇥ K̂(gI , g
⇥
I)⇧̂(g

⇥
I) + ⇥

�V̂5

�⇧̂(gI)
= 0 . (21)

Since |⌅⇧ is an eigenstate of ⇧̂(gI), when (21) acts on |⌅⇧
it becomes a non-linear equation for ⌅:
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We are then in a scenario similar to the one of [3].
On the state |⇤⇧ all odd correlation functions vanish.

The two terms in (21) can then give independent con-
straints on the function ⇤: Multiplying (21) with a field
operator and taking an expectation value, we find

⌅
d4g⇥⇥ K̂(g⇥I , g
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) = 0 . (23)

•  simplest
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Gielen, DO, Sindoni, ’13; Calcagni, De Cesare, 
Gielen, DO, Pithis, Sakellariadou, Sindoni, 
Wilson-Ewing,  …

described by single collective wave function 
(depending on homogeneous anisotropic geometric data)

� (D) D ' {geometries of tetrahedron} '
' {continuum spatial geometries at a point} '
' minisuperspace of homogeneous geometries

Gielen, ‘14

GFT (condensate) cosmology

superposition of infinitely many spin networks dofs, 
“gas”of tetrahedra, all associated with same state 

mean field hydrodynamics captures infinite summation of 
infinitely refined spin foam complexes, of restricted "tree level" 
type (precise topological properties to be better understood)

• corresponding quantum amplitudes:

L. Freidel, '06

how to improve: 


• "more quantum" quantum states (squeezed states, connected states, ....) 


• quantum corrections to dynamics: loop corrections, quasi-particle excitations over condensate

A. Calcinari, A. Delhom, D. Oriti, '26



what to compute? 

quantum transition amplitudes are obviously important (definition of quantum gravity dynamics)

but 


need to express (effective) dynamics in terms of 


relational observables involving continuum fields, 


to compare reliably with continuum gravitational physics (and other gravity theories)

why?


• work with diffeo-invariant quantities


• matching boundary states and amplitudes with continuum geometries relies on ambiguous embedding procedures; 
rather, want to -reconstruct- continuum geometries/dynamics from our quantum states/amplitudes, via observables


• even more important if we truncate/approximate full quantum dynamics, since cannot assume diffeomorphism 
invariance having been imposed (it would be imposed by the -full- QG path integral)

R(t) �(t)

=) R(t) t(�)

=) R(�)

R(t)

1

Relational observables: “functions on reference fields”
Rovelli ‘90s+     [related ideas DeWitt ‘60s; Bargmann & Komar 90’s]

All measurements in real world relational: 

Premise: no external reference, all reference systems/frames are internal and physical

How do we describe physics relative to dynamical reference systems?

)

what is a reference system?  
As non-invariant/asymmetric under gauge symmetries as possible  
(invariants worst possible reference systems)

As many DoFs as there are indep. gauge directions  
(want to parametrize orbits with dynamical reference DoFs)

 reference DoFs are gauge DoFs⇒

Hoehn, '00sDittrich, ..., 



what to compute? 

quantum transition amplitudes are obviously important (definition of quantum gravity dynamics)

but 


need to express (effective) dynamics in terms of 


relational observables involving continuum fields, 


to compare reliably with continuum gravitational physics (and other gravity theories)

why?


• work with diffeo-invariant quantities


• matching boundary states and amplitudes with continuum geometries relies on ambiguous embedding procedures; 
rather, want to -reconstruct- continuum geometries/dynamics from our quantum states/amplitudes, via observables


• even more important if we truncate/approximate full quantum dynamics, since cannot assume diffeomorphism 
invariance having been imposed (it would be imposed by the -full- QG path integral)
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Relational observables: “functions on reference fields”
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All measurements in real world relational: 

Premise: no external reference, all reference systems/frames are internal and physical

How do we describe physics relative to dynamical reference systems?
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As many DoFs as there are indep. gauge directions  
(want to parametrize orbits with dynamical reference DoFs)

 reference DoFs are gauge DoFs⇒
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extension to "matter" dofs - example: scalar matter

with consequent extension of field operators, quantum states and operators on Fock space
• domain of wavefunctions extended to include values of scalar fields

Clearly, if one wants to introduce more (say n) than one minimally coupled massless

scalar field, the group field operator becomes '̂(gI ,�a) ⌘ '̂(gI ,�1, . . . ,�n), with a =

1, . . . , n. Of course, the commutation relation in (2.6a) has to be changed consistently, so

that h
'̂(gI ,�

a), '̂†
�
hI , (�

0)a
�i

= IG(gI , hI)�(n)
�
�a � (�0)a

�
. (2.13)

Importantly, this change on the kinematic structure of the Fock space is reflected also in

the second quantized operators, which now involve integrals over all the possible values of

�a 2 Rn. For instance, the number operator reads

N̂ =

Z
dn�

Z
dgI '̂

†(gI ,�
a)'̂(gI ,�

a) . (2.14a)

A crucial quantity for describing cosmological geometries is the volume operator

V̂ =

Z
dn�

Z
dgI dg

0

I '̂
†(gI ,�

a)V (gI , g
0

I)'̂(g
0

I ,�
a) , (2.14b)

whose matrix elements V (gI , g0I) are defined from those of the first quantized volume op-

erator in the group representation5.

The presence of “pre-matter” data allows for the construction of a set of observables

naturally related to them, through polynomials and derivatives with respect to �a for each

a = 1, . . . , n. In particular, the two fundamental, self-adjoint ones that can be obtained in

this way are the “scalar field operator” and the “momentum operator” [53]:

X̂b ⌘
Z

dn�

Z
dgI �

b'̂†(gI ,�
a)'̂(gI ,�

a) , (2.14c)

⇧̂b =
1

i

Z
dn�

Z
dgI


'̂†(gI ,�

a)

✓
@

@�b
'̂(gI ,�

a)

◆�
, (2.14d)

whose expectation values on appropriate semi-classical and continuum states should be

associated to the scalar field itself and possibly its momentum, which are at the core of a

relational definition of dynamics and evolution [18], as we will briefly review below.

2.2 Continuum geometries, e↵ective relationality and GFT condensates

In order to describe the relational evolution of cosmological small inhomogeneities, one

necessary step is to identify a class of quantum states which admit some “proto-geometric”

interpretation in terms of approximate continuum geometries. This allows to define an

e↵ective notion of relational evolution, whose general definition in a “pre-geometric” sector

of an emergent quantum gravity theory (such as a GFT) is instead technically and concep-

tually very complicated [18], as we have discussed in Section 1. Such “proto-geometric”

states are expected to be the result of some form of coarse-graining over the fundamental,

microscopic degrees of freedom, and thus to show some form of collective behavior. In a

sense, they are associated to a hydrodynamic description of the underlying quantum grav-

ity model. The simplest form of such collective behavior is shown by coherent (or, more

5Such an operator is diagonal in the spin representation, with eigenvalues ⇠ j3/2 for the EPRL-like

model we are considering here and ⇠ ⇢3/2 for the extended BC model.
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key features of TGFT mean field hydrodynamics

• condensate wavefunction / mean field defined on minisuperspace

• cosmological 
interpretation:

isomorphism between domain of TGFT condensate wavefunction and minisuperpsace

� (D) D ' {geometries of tetrahedron} '
' {continuum spatial geometries at a point} '
' minisuperspace of homogeneous geometries

Gielen, '15


Jercher, Pithis, DO, '23

• mean field hydrodynamics = non-linear (and non-local) extension of loop quantum cosmology  - 
appropriate for result of coarse graining up to global (cosmological observables)

general form of resulting (Gross-Pitaevskii) equations of motion for condensate wavefunction (mean field):
<latexit sha1_base64="mf6wvd7hE1ZKZe0U4CI7fbFMs90="></latexit>Z
[dg0]d�0K(g,�; g0,�0)�(g0,�0) + �

�
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V(')|'⌘� = 0

polynomial functional of 
condensate wavefunctioncosmology as QG hydrodynamics on (mini)superspace

• can be extracted for any concrete TGFT model (domain extended to include scalar matter)
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• universe volume
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next steps in construction of effective cosmological dynamics
from quantum GFT observables (defined on fundamental Fock space) 


to relational cosmological quantities (few observables so far)

• going relational - to obtain relational time evolution:

choose one of scalar field variables in domain as "clock" - use it label evolution

• effective approach:

peaked condensate wavefunctions:

fluctuations in (conjugate) scalar field 
momentum also small if:
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A. States of a leaf: Coherent Peaked States

In order to construct appropriate relational states, we
can take inspiration from the classical spacetime intu-
ition. The easiest way to define a relational dynamics of
geometric quantities at the classical level is to fix a gauge
and choose a foliation of spacetime adapted to the mass-
less scalar field itself. Analogously, in our case, What we
need is to construct states which can be interpreted as
“bona fide” leaves of a �-foliation9. Starting from the
class of coherent states (20), we want to specialize to
states which are sharply peaked on a given value of the
massless scalar field variable �. In other words, we want
states which represent an infinite superposition of atoms
of space which are associated in a precise way (i.e., with
an a priori defined small margin of error) to a given value
�0 of the massless scalar field. In a sense, we are recon-
structing collectively, coarse-grained synchronized states,
similar to those living in F̃ (with important di↵erences,
see the comments below). Since, in the simple condensate
states considered, all the tetrahedra share the same infor-
mation, encoded in the condensate wavefunction �(gI ,�),
the needed states can be constructed by assuming that
the condensate wavefunction takes the following form:

�✏(gI ,�) ⌘ ⌘✏(gI ;�� �0,⇡0)�̃(gI ,�) , (51)

where ⌘✏ is a peaking function around �0 with a typical
width given by ✏. The simplest example of such peaking
function is given by a Gaussian,

⌘✏(�� �0,⇡0) ⌘ N✏ exp


�
(�� �0)2

2✏

�
exp[i⇡0(�� �0)] ,

(52)
where N✏ is a normalization constant to be fixed later,
and where we have assumed, for simplicity, that the peak-
ing function does not depend on the group variables gI .

1. Comments on the properties of the CPSs

Let us briefly comment on some features of these CPSs.
In order to implement a notion of e↵ective relational

dynamics, these states should satisfy the conditions dis-
cussed in Subsection II B, at least in some regimes and
in some regions of the parameter space. A first condi-
tion that we impose on the above parameters in order
for these CPSs to actually meet the requirements in Sub-
section II B is

✏⌧ 1 . (53a)

This condition, as the computations below will clarify
further, is what allows us to “synchronize the internal

9 The connection between GFT coherent states and 3-geometries
was already suggested in [34].

clocks” of the fundamental GFT quanta10, and thus to
consider the CPSs as some kind of discrete counterpart of
proper leaves of a foliation based on the massless scalar
field itself. As a consequence, one can interpret (at the
e↵ective level) the expectation value of an operator on a a
CPS characterized by �0 as the same operator computed
at a the relational time �0 (i.e., on a slice labelled by �0).
However, this “synchronization condition” has to be

taken with care. Taking the limit ✏ ! 0, in fact, would
produce [46] arbitrarily large quantum fluctuations on the
momentum of the massless scalar field. Such infinite fluc-
tuations can not be of course included in a self-consistent
framework implementing a notion e↵ective relational dy-
namics. From now on, we will therefore consider a small
but finite ✏. Formally, therefore, CPSs do not live in
F̃ , even though they can be thought to be “very close”
(small ✏) to such “synchronized states”11.
Still, even with a finite, but small ✏, relative variances

of the operator ⇧̂ (and similarly of the operator Ĥ to be
defined below) turn out to be possibly very large [46].
This feature should not be surprising, since �̂ and ⇧̂
are canonically conjugate. However, while one expects
such large fluctuations to naturally arise in a truly pre-
geometric phase of the theory, there must exist a regime
in a proto-geometric phase in which they are suppressed,
eventually leading to a good semi-classical description of
the scalar field. For instance, this can be achieved by
imposing the condition

✏⇡2
0 � 1 (53b)

on the parameters ✏ and ⇡0 [46], which we will there-
fore assume from now on. So, we see that the conditions
(53) are related to very di↵erent aspects of the implemen-
tation of the relational dynamics: while the good clock
condition (53a) is important to obtain an almost perfect
“synchronization” of the fundamental “atoms of space”
(and thus it is relevant even at the level of average values
of operators), condition (53b) is related only to quantum
fluctuations of the conjugate clock variable.
Second, these states, by construction, can not be ‘min-

imum uncertainty states’ (MUCs) for the couple of op-
erators (X̂, ⇧̂). Indeed, it is well-known that a couple of
operators Â and B̂ saturates the Heisenberg uncertainty
inequality on a state | i if and only if [47]

[Â+ i�B̂] | i =
h
hÂi + i� hBi 

i
| i ,

10 For generic condensate states, such synchronization performed at
the level of the collective condensate wavefunction would be only
performed at the coarse-grained level; for the simple coherent
condensate states we use here, this is in fact also implemented
at the level of the individual GFT quanta. It is important to
distinguish the general rationale from the peculiarities of the
specific implementation.

11 Notice that from this perspective (coherent) perfectly “synchro-
nized states” living in F̃ should not be seen as defining an ap-
propriate e↵ective notion of relational dynamics.

peaking function around     
with a typical width given by 
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and choose a foliation of spacetime adapted to the mass-
less scalar field itself. Analogously, in our case, What we
need is to construct states which can be interpreted as
“bona fide” leaves of a �-foliation9. Starting from the
class of coherent states (20), we want to specialize to
states which are sharply peaked on a given value of the
massless scalar field variable �. In other words, we want
states which represent an infinite superposition of atoms
of space which are associated in a precise way (i.e., with
an a priori defined small margin of error) to a given value
�0 of the massless scalar field. In a sense, we are recon-
structing collectively, coarse-grained synchronized states,
similar to those living in F̃ (with important di↵erences,
see the comments below). Since, in the simple condensate
states considered, all the tetrahedra share the same infor-
mation, encoded in the condensate wavefunction �(gI ,�),
the needed states can be constructed by assuming that
the condensate wavefunction takes the following form:

�✏(gI ,�) ⌘ ⌘✏(gI ;�� �0,⇡0)�̃(gI ,�) , (51)

where ⌘✏ is a peaking function around �0 with a typical
width given by ✏. The simplest example of such peaking
function is given by a Gaussian,

⌘✏(�� �0,⇡0) ⌘ N✏ exp


�
(�� �0)2

2✏

�
exp[i⇡0(�� �0)] ,

(52)
where N✏ is a normalization constant to be fixed later,
and where we have assumed, for simplicity, that the peak-
ing function does not depend on the group variables gI .

1. Comments on the properties of the CPSs

Let us briefly comment on some features of these CPSs.
In order to implement a notion of e↵ective relational

dynamics, these states should satisfy the conditions dis-
cussed in Subsection II B, at least in some regimes and
in some regions of the parameter space. A first condi-
tion that we impose on the above parameters in order
for these CPSs to actually meet the requirements in Sub-
section II B is

✏⌧ 1 . (53a)

This condition, as the computations below will clarify
further, is what allows us to “synchronize the internal

9 The connection between GFT coherent states and 3-geometries
was already suggested in [34].

clocks” of the fundamental GFT quanta10, and thus to
consider the CPSs as some kind of discrete counterpart of
proper leaves of a foliation based on the massless scalar
field itself. As a consequence, one can interpret (at the
e↵ective level) the expectation value of an operator on a a
CPS characterized by �0 as the same operator computed
at a the relational time �0 (i.e., on a slice labelled by �0).
However, this “synchronization condition” has to be

taken with care. Taking the limit ✏ ! 0, in fact, would
produce [46] arbitrarily large quantum fluctuations on the
momentum of the massless scalar field. Such infinite fluc-
tuations can not be of course included in a self-consistent
framework implementing a notion e↵ective relational dy-
namics. From now on, we will therefore consider a small
but finite ✏. Formally, therefore, CPSs do not live in
F̃ , even though they can be thought to be “very close”
(small ✏) to such “synchronized states”11.
Still, even with a finite, but small ✏, relative variances

of the operator ⇧̂ (and similarly of the operator Ĥ to be
defined below) turn out to be possibly very large [46].
This feature should not be surprising, since �̂ and ⇧̂
are canonically conjugate. However, while one expects
such large fluctuations to naturally arise in a truly pre-
geometric phase of the theory, there must exist a regime
in a proto-geometric phase in which they are suppressed,
eventually leading to a good semi-classical description of
the scalar field. For instance, this can be achieved by
imposing the condition

✏⇡2
0 � 1 (53b)

on the parameters ✏ and ⇡0 [46], which we will there-
fore assume from now on. So, we see that the conditions
(53) are related to very di↵erent aspects of the implemen-
tation of the relational dynamics: while the good clock
condition (53a) is important to obtain an almost perfect
“synchronization” of the fundamental “atoms of space”
(and thus it is relevant even at the level of average values
of operators), condition (53b) is related only to quantum
fluctuations of the conjugate clock variable.
Second, these states, by construction, can not be ‘min-

imum uncertainty states’ (MUCs) for the couple of op-
erators (X̂, ⇧̂). Indeed, it is well-known that a couple of
operators Â and B̂ saturates the Heisenberg uncertainty
inequality on a state | i if and only if [47]

[Â+ i�B̂] | i =
h
hÂi + i� hBi 

i
| i ,

10 For generic condensate states, such synchronization performed at
the level of the collective condensate wavefunction would be only
performed at the coarse-grained level; for the simple coherent
condensate states we use here, this is in fact also implemented
at the level of the individual GFT quanta. It is important to
distinguish the general rationale from the peculiarities of the
specific implementation.

11 Notice that from this perspective (coherent) perfectly “synchro-
nized states” living in F̃ should not be seen as defining an ap-
propriate e↵ective notion of relational dynamics.

peaking function around     
with a typical width given by 
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on the parameters ✏ and ⇡0 [46], which we will there-
fore assume from now on. So, we see that the conditions
(53) are related to very di↵erent aspects of the implemen-
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condition (53a) is important to obtain an almost perfect
“synchronization” of the fundamental “atoms of space”
(and thus it is relevant even at the level of average values
of operators), condition (53b) is related only to quantum
fluctuations of the conjugate clock variable.
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performed at the coarse-grained level; for the simple coherent
condensate states we use here, this is in fact also implemented
at the level of the individual GFT quanta. It is important to
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associated with the frame fields, not GFT field. Frame fields are part of GFT field domain 

• frame POVMs in GFT ~ indirect event POVMs (in spacetime) in usual QFT
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• with respect to usual QFT, the GFT context is different: focus is on probability measures 
associated with the frame fields, not GFT field. Frame fields are part of GFT field domain 

• frame POVMs in GFT ~ indirect event POVMs (in spacetime) in usual QFT

• e.g. scalar field clock:

• effect operators:

12

corresponding to the possible values that can be attained by the scalar field χ.

First, we introduce the effect density

Êχ(dχ) = dχ
∞
∑

n=1

1

n!

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑n
i=1 δ(χi → χ)

n

[

n
∏

i=1

ϕ̂†
"κi
(χi)

]

|0〉 〈0|
[

n
∏

i=1

ϕ̂"κi
(χi)

]

= dχ
∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑n
i=1 δ(χi → χ)

n
F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) , (20)

where we have used (2) and introduced the quantities

F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) ≡
1

n!

[

n
∏

i=1

ϕ̂†
"κi
(χi)

]

|0〉 〈0|
[

n
∏

i=1

ϕ̂"κi
(χi)

]

, (21)

which satisfy a useful orthogonality condition (note that the sum over permutations

simplifies due to the symmetry in the arguments of F̂ (n)):

F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn)F̂
(m)
"κ′

1
,...,"κ′

n
(χ′

1, . . . ,χ
′
n) = δnmδ"κ1"κ′

1
· · · δ"κn"κ′

n
δ(χ1 → χ′

1) · · · δ(χn → χ′
n)

× F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) , (22)

The effect density Êχ(dχ) defines a POVM, and thus effect operators Êχ(X) by

Êχ(X) ≡
∫

X

Êχ(dχ) , ∀X ≃ R , (23)

where X is any subspace of Ω = R, namely (possibly disjoint unions of) intervals of
R. An important simplification arises due to the fact that the properties of the density

Êχ(dχ) are satisfied by construction also by the operator Êχ(X). For this reason, from

here on, we will focus exclusively on the density (20).

First, note that the densities (20) are not projectors because

Êχ(dχ)Êχ′(dχ′) = dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

n
∑

i,j=1

δ(χi → χ)δ(χj → χ′)

n2
F̂ (n)
"κi

(χi)

= dχ′δ(χ→ χ′)Êχ(dχ)

+ dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑

i #=j

δ(χi → χ)δ(χj → χ′)

n2
F̂ (n)
"κi

(χi) , (24)

using the shorthand F̂ (n)
"κi

(χi) = F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn); note that the second term arises

because it is possible to localize different GFT quanta at different values for χ. In the

QRF language, the above property characterizes Êχ(dχ) as a non-ideal QRF. Non-ideal
frames are valid options for QRFs (although ideal ones, whose corresponding POVM is

a projector, are simpler to study). In our case, there appears to be a trade-off between

the physical interpretation of the POVM as a scalar field measurement (see equation

(28) below) and the ideality of the POVM itself. We leave it to future research to
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on n-particle states:

X̂ |χ1,"κ1; . . . ,χn,"κn→ =
n
∑

i=1

χi |χ1,"κ1; . . . ,χn,"κn→ . (31)

Hence, χ̂ is the intensive version of X̂ , χ̂ ∼ X̂/N̂ . This not only provides a way of

consistently defining an intensive version of the scalar field operator (which was missing

in previous GFT literature), but also shows that the POVM (23) can be consistently

interpreted as a frame field (which is an intensive quantity).

This statement is also corroborated by the fact that the Êχ(dχ) is covariant with

respect to the generator of relational time translations, i.e., the momentum operator

Π̂ = −i
∑

"κ

∫

dχ ϕ̂†
"κ(χ) ∂χϕ̂"κ(χ) . (32)

As shown in Appendix A,

[Êχ(dχ), Π̂] = −i∂χÊχ(dχ) , (33)

so defining U(χ) = e−iΠ̂χ,

Êχ+χ′(dχ) = U(χ′)Êχ(dχ)Û
†(χ′) , (34)

which satisfies the covariance property (19).

Importantly, this procedure can be straightforwardly generalized for a full frame

made of m > 1 minimally-coupled massless scalar fields. In this case, (20) becomes

Êχ(dχ) = dmχ
∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dmχi d
$φi

]

1

n

n
∑

i=1

ϕ(m)(χi−χ)F̂ (n)
"κ1,...,"κn

(χ1, "φ1, . . . ,χn, "φn),

(35)

where χ = {χ1, . . . ,χm} and "φ = {φ1, . . . ,φ$} collectively denote the frame and other

scalar fields, respectively. It is easy to see that the effect operators constructed out

of this density constitute a (non-normalized) frame POVM, as they are additive and

positive, and further are covariant with respect to the momenta

Π̂a ≡ −i
∑

"κ

∫

dmχ d$φ ϕ̂†
"κ(χ,

"φ)∂χaϕ̂"κ(χ, "φ) , (36)

while the first moments

χ̂a ≡
∫

Rm

χaÊχ(dχ) (37)

provide a consistent definition of intensive frame field components. Thus, for the sake

of simplicity, from here on we will focus on a single frame component (that we will often

refer to as a clock).

• it defines the "clock observable"

13

determine whether a POVM can be defined that is both ideal and has a clear physical

interpretation.

To gain some insights on the physical interpretation of Êχ(dχ), it is useful to study

its action on n-particle states

|χ1,"κ1; . . . ,χn,"κn→ =
1

n!

n
∏

i=1

ϕ̂†
"κi
(χi) |0→ . (25)

Using equation (22), one can see that

Êχ(dχ) |χ1,"κ1; . . . ,χn,"κn→ = dχ
n
∑

i=1

δ(χi − χ)

n
|χ1,"κ1; . . . ,χn,"κn→ , (26)

Thus, for each n-body sector of the GFT Fock space (except for the vacuum which it

annihilates, Êχ(dχ) |0→ = 0), Êχ(dχ) localizes one of the GFT quanta at the clock value

χ. From equation (26), together with the fact that the Fock vacuum combined with the

n-particle states provide a basis for the GFT Fock space, we see that Êχ(dχ) ≥ 0. This,
together with the σ-additivity of the measure dχ implies that the effect operators (23)

do indeed constitute a POVM.

Notice, however, that analogously to event POVMs, the POVM is not normalized,

since it does not capture the vacuum state:

|0→ 〈0|+
∫

R

Êχ(dχ) = F . (27)

This reflects the fact that it is not possible to define a relational measurement if the

system is in the GFT Fock vacuum.

Crucially, in the same way as the first moment of event POVMs define coordinate
observables, the first moment of the density (20) gives the observable

χ̂ ≡
∫

R

χÊχ(dχ) , (28)

to be interpreted for example as a clock observable if the field χ represents a relational

clock. Indeed, using equation (26),

χ̂ |χ1,"κ1; . . . ,χn,"κn→ =
∫

dχχ
∑

i

δ(χi − χ)

n
|χ1,"κ1; . . . ,χn,"κn→

=
1

n

n
∑

i=1

χi |χ1,"κ1; . . . ,χn,"κn→ . (29)

Let us compare this equation to the action of the the second-quantized scalar field

operator

X̂ =
∑

"κ

∫

dχ χ ϕ̂†
"κ(χ) ϕ̂"κ(χ) (30)

~ intensive counterpart of clock field observable

• e.g. scalar field clock:

• effect operators:

12

corresponding to the possible values that can be attained by the scalar field χ.

First, we introduce the effect density

Êχ(dχ) = dχ
∞
∑

n=1

1

n!

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑n
i=1 δ(χi → χ)

n

[

n
∏

i=1

ϕ̂†
"κi
(χi)

]

|0〉 〈0|
[

n
∏

i=1

ϕ̂"κi
(χi)

]

= dχ
∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑n
i=1 δ(χi → χ)

n
F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) , (20)

where we have used (2) and introduced the quantities

F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) ≡
1

n!

[

n
∏

i=1

ϕ̂†
"κi
(χi)

]

|0〉 〈0|
[

n
∏

i=1

ϕ̂"κi
(χi)

]

, (21)

which satisfy a useful orthogonality condition (note that the sum over permutations

simplifies due to the symmetry in the arguments of F̂ (n)):

F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn)F̂
(m)
"κ′

1
,...,"κ′

n
(χ′

1, . . . ,χ
′
n) = δnmδ"κ1"κ′

1
· · · δ"κn"κ′

n
δ(χ1 → χ′

1) · · · δ(χn → χ′
n)

× F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) , (22)

The effect density Êχ(dχ) defines a POVM, and thus effect operators Êχ(X) by

Êχ(X) ≡
∫

X

Êχ(dχ) , ∀X ≃ R , (23)

where X is any subspace of Ω = R, namely (possibly disjoint unions of) intervals of
R. An important simplification arises due to the fact that the properties of the density

Êχ(dχ) are satisfied by construction also by the operator Êχ(X). For this reason, from

here on, we will focus exclusively on the density (20).

First, note that the densities (20) are not projectors because

Êχ(dχ)Êχ′(dχ′) = dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

n
∑

i,j=1

δ(χi → χ)δ(χj → χ′)

n2
F̂ (n)
"κi

(χi)

= dχ′δ(χ→ χ′)Êχ(dχ)

+ dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑

i #=j

δ(χi → χ)δ(χj → χ′)

n2
F̂ (n)
"κi

(χi) , (24)

using the shorthand F̂ (n)
"κi

(χi) = F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn); note that the second term arises

because it is possible to localize different GFT quanta at different values for χ. In the

QRF language, the above property characterizes Êχ(dχ) as a non-ideal QRF. Non-ideal
frames are valid options for QRFs (although ideal ones, whose corresponding POVM is

a projector, are simpler to study). In our case, there appears to be a trade-off between

the physical interpretation of the POVM as a scalar field measurement (see equation

(28) below) and the ideality of the POVM itself. We leave it to future research to

for any domain sub-region
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corresponding to the possible values that can be attained by the scalar field χ.

First, we introduce the effect density

Êχ(dχ) = dχ
∞
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where we have used (2) and introduced the quantities
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"κ1,...,"κn
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1
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ϕ̂†
"κi
(χi)

]
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n
∏

i=1

ϕ̂"κi
(χi)

]

, (21)

which satisfy a useful orthogonality condition (note that the sum over permutations

simplifies due to the symmetry in the arguments of F̂ (n)):

F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn)F̂
(m)
"κ′

1
,...,"κ′

n
(χ′

1, . . . ,χ
′
n) = δnmδ"κ1"κ′

1
· · · δ"κn"κ′

n
δ(χ1 → χ′

1) · · · δ(χn → χ′
n)

× F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) , (22)

The effect density Êχ(dχ) defines a POVM, and thus effect operators Êχ(X) by

Êχ(X) ≡
∫

X

Êχ(dχ) , ∀X ≃ R , (23)

where X is any subspace of Ω = R, namely (possibly disjoint unions of) intervals of
R. An important simplification arises due to the fact that the properties of the density

Êχ(dχ) are satisfied by construction also by the operator Êχ(X). For this reason, from

here on, we will focus exclusively on the density (20).

First, note that the densities (20) are not projectors because

Êχ(dχ)Êχ′(dχ′) = dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

n
∑

i,j=1

δ(χi → χ)δ(χj → χ′)

n2
F̂ (n)
"κi

(χi)

= dχ′δ(χ→ χ′)Êχ(dχ)

+ dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑

i #=j

δ(χi → χ)δ(χj → χ′)

n2
F̂ (n)
"κi

(χi) , (24)

using the shorthand F̂ (n)
"κi

(χi) = F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn); note that the second term arises

because it is possible to localize different GFT quanta at different values for χ. In the

QRF language, the above property characterizes Êχ(dχ) as a non-ideal QRF. Non-ideal
frames are valid options for QRFs (although ideal ones, whose corresponding POVM is

a projector, are simpler to study). In our case, there appears to be a trade-off between

the physical interpretation of the POVM as a scalar field measurement (see equation

(28) below) and the ideality of the POVM itself. We leave it to future research to
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on n-particle states:

X̂ |χ1,"κ1; . . . ,χn,"κn→ =
n
∑

i=1

χi |χ1,"κ1; . . . ,χn,"κn→ . (31)

Hence, χ̂ is the intensive version of X̂ , χ̂ ∼ X̂/N̂ . This not only provides a way of

consistently defining an intensive version of the scalar field operator (which was missing

in previous GFT literature), but also shows that the POVM (23) can be consistently

interpreted as a frame field (which is an intensive quantity).

This statement is also corroborated by the fact that the Êχ(dχ) is covariant with

respect to the generator of relational time translations, i.e., the momentum operator

Π̂ = −i
∑

"κ

∫

dχ ϕ̂†
"κ(χ) ∂χϕ̂"κ(χ) . (32)

As shown in Appendix A,

[Êχ(dχ), Π̂] = −i∂χÊχ(dχ) , (33)

so defining U(χ) = e−iΠ̂χ,

Êχ+χ′(dχ) = U(χ′)Êχ(dχ)Û
†(χ′) , (34)

which satisfies the covariance property (19).

Importantly, this procedure can be straightforwardly generalized for a full frame

made of m > 1 minimally-coupled massless scalar fields. In this case, (20) becomes

Êχ(dχ) = dmχ
∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dmχi d
$φi

]

1

n

n
∑

i=1

ϕ(m)(χi−χ)F̂ (n)
"κ1,...,"κn

(χ1, "φ1, . . . ,χn, "φn),

(35)

where χ = {χ1, . . . ,χm} and "φ = {φ1, . . . ,φ$} collectively denote the frame and other

scalar fields, respectively. It is easy to see that the effect operators constructed out

of this density constitute a (non-normalized) frame POVM, as they are additive and

positive, and further are covariant with respect to the momenta

Π̂a ≡ −i
∑

"κ

∫

dmχ d$φ ϕ̂†
"κ(χ,

"φ)∂χaϕ̂"κ(χ, "φ) , (36)

while the first moments

χ̂a ≡
∫

Rm

χaÊχ(dχ) (37)

provide a consistent definition of intensive frame field components. Thus, for the sake

of simplicity, from here on we will focus on a single frame component (that we will often

refer to as a clock).

• it defines the "clock observable"

13

determine whether a POVM can be defined that is both ideal and has a clear physical

interpretation.

To gain some insights on the physical interpretation of Êχ(dχ), it is useful to study

its action on n-particle states

|χ1,"κ1; . . . ,χn,"κn→ =
1

n!

n
∏

i=1

ϕ̂†
"κi
(χi) |0→ . (25)

Using equation (22), one can see that

Êχ(dχ) |χ1,"κ1; . . . ,χn,"κn→ = dχ
n
∑

i=1

δ(χi − χ)

n
|χ1,"κ1; . . . ,χn,"κn→ , (26)

Thus, for each n-body sector of the GFT Fock space (except for the vacuum which it

annihilates, Êχ(dχ) |0→ = 0), Êχ(dχ) localizes one of the GFT quanta at the clock value

χ. From equation (26), together with the fact that the Fock vacuum combined with the

n-particle states provide a basis for the GFT Fock space, we see that Êχ(dχ) ≥ 0. This,
together with the σ-additivity of the measure dχ implies that the effect operators (23)

do indeed constitute a POVM.

Notice, however, that analogously to event POVMs, the POVM is not normalized,

since it does not capture the vacuum state:

|0→ 〈0|+
∫

R

Êχ(dχ) = F . (27)

This reflects the fact that it is not possible to define a relational measurement if the

system is in the GFT Fock vacuum.

Crucially, in the same way as the first moment of event POVMs define coordinate
observables, the first moment of the density (20) gives the observable

χ̂ ≡
∫

R

χÊχ(dχ) , (28)

to be interpreted for example as a clock observable if the field χ represents a relational

clock. Indeed, using equation (26),

χ̂ |χ1,"κ1; . . . ,χn,"κn→ =
∫

dχχ
∑

i

δ(χi − χ)

n
|χ1,"κ1; . . . ,χn,"κn→

=
1

n

n
∑

i=1

χi |χ1,"κ1; . . . ,χn,"κn→ . (29)

Let us compare this equation to the action of the the second-quantized scalar field

operator

X̂ =
∑

"κ

∫

dχ χ ϕ̂†
"κ(χ) ϕ̂"κ(χ) (30)

~ intensive counterpart of clock field observable

• e.g. scalar field clock:

• effect operators:

12

corresponding to the possible values that can be attained by the scalar field χ.

First, we introduce the effect density

Êχ(dχ) = dχ
∞
∑

n=1

1

n!

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑n
i=1 δ(χi → χ)

n

[

n
∏

i=1

ϕ̂†
"κi
(χi)

]

|0〉 〈0|
[

n
∏

i=1

ϕ̂"κi
(χi)

]

= dχ
∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑n
i=1 δ(χi → χ)

n
F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) , (20)

where we have used (2) and introduced the quantities

F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) ≡
1

n!

[

n
∏

i=1

ϕ̂†
"κi
(χi)

]

|0〉 〈0|
[

n
∏

i=1

ϕ̂"κi
(χi)

]

, (21)

which satisfy a useful orthogonality condition (note that the sum over permutations

simplifies due to the symmetry in the arguments of F̂ (n)):

F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn)F̂
(m)
"κ′

1
,...,"κ′

n
(χ′

1, . . . ,χ
′
n) = δnmδ"κ1"κ′

1
· · · δ"κn"κ′

n
δ(χ1 → χ′

1) · · · δ(χn → χ′
n)

× F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) , (22)

The effect density Êχ(dχ) defines a POVM, and thus effect operators Êχ(X) by

Êχ(X) ≡
∫

X

Êχ(dχ) , ∀X ≃ R , (23)

where X is any subspace of Ω = R, namely (possibly disjoint unions of) intervals of
R. An important simplification arises due to the fact that the properties of the density

Êχ(dχ) are satisfied by construction also by the operator Êχ(X). For this reason, from

here on, we will focus exclusively on the density (20).

First, note that the densities (20) are not projectors because

Êχ(dχ)Êχ′(dχ′) = dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

n
∑

i,j=1

δ(χi → χ)δ(χj → χ′)

n2
F̂ (n)
"κi

(χi)

= dχ′δ(χ→ χ′)Êχ(dχ)

+ dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
∏

i=1

dχi

]

∑

i #=j

δ(χi → χ)δ(χj → χ′)

n2
F̂ (n)
"κi

(χi) , (24)

using the shorthand F̂ (n)
"κi

(χi) = F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn); note that the second term arises

because it is possible to localize different GFT quanta at different values for χ. In the

QRF language, the above property characterizes Êχ(dχ) as a non-ideal QRF. Non-ideal
frames are valid options for QRFs (although ideal ones, whose corresponding POVM is

a projector, are simpler to study). In our case, there appears to be a trade-off between

the physical interpretation of the POVM as a scalar field measurement (see equation

(28) below) and the ideality of the POVM itself. We leave it to future research to

for any domain sub-region
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F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn) ≡
1

n!

[

n
∏

i=1

ϕ̂†
"κi
(χi)

]

|0〉 〈0|
[

n
∏

i=1

ϕ̂"κi
(χi)

]

, (21)

which satisfy a useful orthogonality condition (note that the sum over permutations

simplifies due to the symmetry in the arguments of F̂ (n)):
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1) · · · δ(χn → χ′
n)
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(χ1, . . . ,χn) , (22)

The effect density Êχ(dχ) defines a POVM, and thus effect operators Êχ(X) by

Êχ(X) ≡
∫

X

Êχ(dχ) , ∀X ≃ R , (23)

where X is any subspace of Ω = R, namely (possibly disjoint unions of) intervals of
R. An important simplification arises due to the fact that the properties of the density

Êχ(dχ) are satisfied by construction also by the operator Êχ(X). For this reason, from

here on, we will focus exclusively on the density (20).

First, note that the densities (20) are not projectors because

Êχ(dχ)Êχ′(dχ′) = dχ dχ′

∞
∑

n=1

∑

"κ1,..."κn

∫

[

n
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i=1

dχi

]

n
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i,j=1

δ(χi → χ)δ(χj → χ′)
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]
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δ(χi → χ)δ(χj → χ′)

n2
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"κi

(χi) , (24)

using the shorthand F̂ (n)
"κi

(χi) = F̂ (n)
"κ1,...,"κn

(χ1, . . . ,χn); note that the second term arises

because it is possible to localize different GFT quanta at different values for χ. In the

QRF language, the above property characterizes Êχ(dχ) as a non-ideal QRF. Non-ideal
frames are valid options for QRFs (although ideal ones, whose corresponding POVM is

a projector, are simpler to study). In our case, there appears to be a trade-off between

the physical interpretation of the POVM as a scalar field measurement (see equation

(28) below) and the ideality of the POVM itself. We leave it to future research to

• general definition of relational observable "at given clock time":

15

3.3. Relational observables in GFT

Constructing relational observables in GFT is both conceptually important, and also
critical for practical reasons: due to the complete absence of continuum spacetime

notions, any correspondence with continuum physics within GFT can only be established

in a relational framework [81]; this is why this approach has thus far been the primary

strategy employed to derive cosmological physics from GFT.

The absence of continuum spacetime structures is also why relational observables

cannot be directly constructed using the single-integral and canonical procedures
outlined in (14) and (15). Instead, relational observables in GFT have so far been

developed following two main approaches.

A first approach consists in sharply localizing second-quantized operators in the

frame domain [59–64]. For instance, for the number operator introduced in equation

(10a), and in the case of a single clock, this procedure would amount to

N̂ =
∑

!κ

∫

dχ ϕ†
!κ(χ)ϕ̂!κ(χ) →→ N̂(χ) ≡

∑

!κ

ϕ†
!κ(χ)ϕ̂!κ(χ) . (38)

Although apparently straightforward, as noted in [71], this prescription can lead to

several issues, particularly when using a perspective-neutral description of the GFT

Fock space characterized by the commutation relations (38) in which case the resulting
operator is distributional and must be regularized by integrating (or smearing) over a

small interval of χ. This technical problem is avoided by postulating a perspective-

reduced Fock space [65–69], which, however, relies on fixing a clock before quantization,

and therefore ignores all quantum fluctuations in the clock field as well as its conjugate

momentum; these points are further discussed in Sec. 4.3.

A second approach that has previously been used involves constructing effective

relational observables as averages over appropriate states [70–76]. An example of

these states is provided by coherent states, which are localized (peaked) around certain

arbitrary configurations of the frame [71]. Although this addresses some of the issues

associated with the first approach, the dependence on specific (and typically collective

and classical) states complicates the study of quantum correlations of these observables

at different frame values, and is only applicable to certain classes of states.
In this work, instead, we propose to use an operative definition of relational

observables based on (16): for any operator Ô acting on the GFT Fock space F , its

corresponding relational observable (density) is defined as

Ôχ(dχ) ≡
{

Ô, Êχ(dχ)
}

, (39)

where {a, b} = (ab+ ba)/2 represents the anticommutator, introduced in order to avoid

ordering ambiguities. We note that other choices are also possible; for example, an

alternate definition could be Ô′
χ(dχ) ≡ Êχ(dχ) Ô Êχ(dχ), although this leads to more

complicated calculations and to a less straightforward connection with the definition of
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• properties:

• expectation value on coherent states:
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the kernel O!κ1,!κ′(χ1,χ′). By introducing

Nσ →
∑

!κ

∫

dχ|σ!κ(χ)|2 , (44a)

Nσ(χ) →
∑

!κ

|σ!κ(χ)|2 , (44b)

Oσ(χ) →
∑

!κ,!κ′

∫

dχ′ O!κ′,!κ(χ
′,χ)σ̄!κ′(χ′)σ!κ(χ) , (44c)

the expectation value 〈Ôχ(dχ)〉σ can be rewritten as (see Appendix A.2 for a derivation)

〈Ôχ(dχ)〉σ = dχ

{

1− |Nσ|2

Nσ

[

Oσ(χ)− 〈Ô〉σ
Nσ(χ)

Nσ

]

+ 〈Ô〉σ
Nσ(χ)

Nσ

}

, (45)

where 〈O〉σ = 〈σ|O|σ〉. Note that for highly quantum coherent states, i.e., states with

small number of quanta Nσ % 1, one has 1− |Nσ|2 & Nσ, so

〈Ôχ(dχ)〉σ ≃
Nσ"1

dχOσ(χ) . (46)

In this limit, the expectation value of the relational observable (density) Ôχ(dχ) on the

coherent states (11) reduces to the expectation value of the sharply localized observable

(38). Intuitively, this is because these states rarely contain more than one particle, and
thus they are effectively synchronized. On the other hand, when Nσ ( 1, the collective

nature of the state is more manifest and in this case these two expectation values will not

match. Indeed, in the opposite limit of large number of quanta Nσ ( 1, then Nσ → 0

and

〈Ôχ(dχ)〉σ ≃
Nσ#1

dχ

Nσ

[

Oσ(χ) + 〈Ô〉σNσ(χ)
]

, (47)

where the collective properties of the state affect the behavior of the relational observable
average by introducing a term proportional to Nσ(χ).

We can now apply (45) to specific examples of observables of physical interest:

Number operator. The case of the number operator is particularly simple, and

yet extremely important for physical applications, since it has been shown that

the number operator controls the continuum and classical limit in cosmological
applications of GFT [67, 71]. For the number operator, O(N)

!κ1,!κ2
(χ1,χ2) = δ(χ1 −

χ2)δ!κ2,!κ2
. As a consequence O(N)

σ (χ) = Nσ(χ) and 〈Ô(N)〉σ = Nσ. The two terms
in square brackets in (45) therefore cancel, and one is left with

〈N̂χ(dχ)〉σ = dχNσ(χ) , (48)

which exactly matches the expectation value of the corresponding sharply localized

observable (38).
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the number operator controls the continuum and classical limit in cosmological
applications of GFT [67, 71]. For the number operator, O(N)

!κ1,!κ2
(χ1,χ2) = δ(χ1 −

χ2)δ!κ2,!κ2
. As a consequence O(N)
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• for N >> 1 :
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In this limit, the expectation value of the relational observable (density) Ôχ(dχ) on the

coherent states (11) reduces to the expectation value of the sharply localized observable
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, (47)

where the collective properties of the state affect the behavior of the relational observable
average by introducing a term proportional to Nσ(χ).
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!κ1,!κ2
(χ1,χ2) = δ(χ1 −
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. As a consequence O(N)
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〈N̂χ(dχ)〉σ = dχNσ(χ) , (48)

which exactly matches the expectation value of the corresponding sharply localized

observable (38).

• sharp localization produces strong fluctuations in conjugate momentum to clock
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ordering ambiguities. We note that other choices are also possible; for example, an

alternate definition could be Ô′
χ(dχ) ≡ Êχ(dχ) Ô Êχ(dχ), although this leads to more

complicated calculations and to a less straightforward connection with the definition of
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〈Ôχ(dχ)〉σ ≃
Nσ"1

dχOσ(χ) . (46)

In this limit, the expectation value of the relational observable (density) Ôχ(dχ) on the
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〈Ôχ(dχ)〉σ ≃
Nσ"1

dχOσ(χ) . (46)

In this limit, the expectation value of the relational observable (density) Ôχ(dχ) on the
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yet extremely important for physical applications, since it has been shown that

the number operator controls the continuum and classical limit in cosmological
applications of GFT [67, 71]. For the number operator, O(N)

!κ1,!κ2
(χ1,χ2) = δ(χ1 −

χ2)δ!κ2,!κ2
. As a consequence O(N)

σ (χ) = Nσ(χ) and 〈Ô(N)〉σ = Nσ. The two terms
in square brackets in (45) therefore cancel, and one is left with

〈N̂χ(dχ)〉σ = dχNσ(χ) , (48)

which exactly matches the expectation value of the corresponding sharply localized

observable (38).

• for N >> 1 :
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the kernel O!κ1,!κ′(χ1,χ′). By introducing

Nσ →
∑

!κ

∫

dχ|σ!κ(χ)|2 , (44a)

Nσ(χ) →
∑

!κ

|σ!κ(χ)|2 , (44b)

Oσ(χ) →
∑

!κ,!κ′

∫

dχ′ O!κ′,!κ(χ
′,χ)σ̄!κ′(χ′)σ!κ(χ) , (44c)
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〈Ôχ(dχ)〉σ = dχ

{

1− |Nσ|2

Nσ

[

Oσ(χ)− 〈Ô〉σ
Nσ(χ)

Nσ

]

+ 〈Ô〉σ
Nσ(χ)

Nσ

}

, (45)
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• sharp localization produces strong fluctuations in conjugate momentum to clock

• divergences can be avoided smearing the effect density ("finite resources" frame):
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operator; alternatively, to describe a more realistic measurement process characterized

by a variance ε, another possibility is to replace the δ-function in (20) with [123]

ηε(x) =
1→
2πε

exp
[

−x2/(2ε)
]

, (58)

and define a realistic effect density as

Êχ;ε(dχ) ≡ dχ
∞
∑

n=1

∑

#κ1,...#κn

∫

[

n
∏

i=1

dχi

]

∑n
i=1 ηε(χi − χ)

n
F̂ (n)
#κ1,...,#κn

(χ1, . . . ,χn) . (59)

Note that Êχ;ε(dχ) also exactly satisfies the counterparts of (27) and (33)

|0〉 〈0|+
∫

R

Êχ;ε(dχ) = , [Êχ;ε(dχ), Π̂] = −i∂χÊχ(dχ) , (60)

and it also satisfies

[Êχ(dχ), Π̂χ′] = − i

2

((

∂χÊχ(dχ)
)

· Êχ′(dχ′) + Êχ′(dχ′) · ∂χÊχ(dχ)
)

. (61)

Similarly to Êχ(dχ), the effect density Êχ;ε(dχ) is not a projector since, to lowest order

in ε,

Êχ;ε(dχ)Êχ′;ε(dχ
′) & dχ′ηε(χ− χ′)Êχ;ε(dχ) + dχ dχ′

∞
∑

n=1

∑

#κ1,...#κn

∫

[

n
∏

i=1

dχi

]

≃
∑

i #=j ηε(χi − χ)ηε(χj − χ′)

n2
F̂ (n)
#κ1,...,#κn

(χ1, . . . ,χn) . (62)

This implies, in particular, that the previously divergent term appearing at the right-
hand-side of (61) is now regularized to −i dχ(2πε)−1/2∂χÊχ;ε(dχ). As expected, the

smaller the intrinsic uncertainty ε associated with the clock measurement is, the larger

the quantum fluctuations on the clock momentum must be.

Note that if, instead of Êχ;ε(dχ), it is the effect density Êχ;ε(dχ) that is used to

define the scalar field operator χ̂ε and the relational observables Ôχ;ε in (28) and (39)

respectively, then the results (29) and (45) continue to hold to lowest order in ε. In
particular, when evaluating this new definition of relational observables to coherent

states, up to corrections of order ε,

〈N̂χ;ε(dχ)〉σ & dχNσ(χ) , 〈V̂χ;ε〉σjo
& dχVjoNσ(χ) = dχVσjo

(χ) , (63)

showing that (to leading order) the density Êχ;ε(dχ) produces the same number and

volume effective relational observables defined for coherent peaked states [71]. Note,

however, that this family of coherent peaked states allow small quantum fluctuations

(in appropriate regimes) on both the clock observable and its momentum by including a
non-trivial phase in the peaking function (58) [71]. An important difference is that the

perspective adopted here is state-independent, as the quantum measurement of the clock

is captured through the density Êχ;ε(dχ) only, while (when appropriate) semi-classicality

requirements should be imposed on states.

• to leading order in smearing parameter, the expectation values on coherent states give the same relational 
observables as in coherent peaked states strategy

• general definition of relational observable "at given clock time":
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3.3. Relational observables in GFT

Constructing relational observables in GFT is both conceptually important, and also
critical for practical reasons: due to the complete absence of continuum spacetime

notions, any correspondence with continuum physics within GFT can only be established

in a relational framework [81]; this is why this approach has thus far been the primary

strategy employed to derive cosmological physics from GFT.

The absence of continuum spacetime structures is also why relational observables

cannot be directly constructed using the single-integral and canonical procedures
outlined in (14) and (15). Instead, relational observables in GFT have so far been

developed following two main approaches.

A first approach consists in sharply localizing second-quantized operators in the

frame domain [59–64]. For instance, for the number operator introduced in equation

(10a), and in the case of a single clock, this procedure would amount to

N̂ =
∑

!κ

∫

dχ ϕ†
!κ(χ)ϕ̂!κ(χ) →→ N̂(χ) ≡

∑

!κ

ϕ†
!κ(χ)ϕ̂!κ(χ) . (38)

Although apparently straightforward, as noted in [71], this prescription can lead to

several issues, particularly when using a perspective-neutral description of the GFT

Fock space characterized by the commutation relations (38) in which case the resulting
operator is distributional and must be regularized by integrating (or smearing) over a

small interval of χ. This technical problem is avoided by postulating a perspective-

reduced Fock space [65–69], which, however, relies on fixing a clock before quantization,

and therefore ignores all quantum fluctuations in the clock field as well as its conjugate

momentum; these points are further discussed in Sec. 4.3.

A second approach that has previously been used involves constructing effective

relational observables as averages over appropriate states [70–76]. An example of

these states is provided by coherent states, which are localized (peaked) around certain

arbitrary configurations of the frame [71]. Although this addresses some of the issues

associated with the first approach, the dependence on specific (and typically collective

and classical) states complicates the study of quantum correlations of these observables

at different frame values, and is only applicable to certain classes of states.
In this work, instead, we propose to use an operative definition of relational

observables based on (16): for any operator Ô acting on the GFT Fock space F , its

corresponding relational observable (density) is defined as

Ôχ(dχ) ≡
{

Ô, Êχ(dχ)
}

, (39)

where {a, b} = (ab+ ba)/2 represents the anticommutator, introduced in order to avoid

ordering ambiguities. We note that other choices are also possible; for example, an

alternate definition could be Ô′
χ(dχ) ≡ Êχ(dχ) Ô Êχ(dχ), although this leads to more

complicated calculations and to a less straightforward connection with the definition of
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Extraction of effective cosmological dynamics

• starting point: relational mean field hydrodynamics (derivatives are with respect to clock time):

<latexit sha1_base64="7ulxgUdgV6/slQ4restWshQGfCw="></latexit>

ω→→
j (ε0) +Aω→

j(ε0) +Bωj(ε0) + V[ωj(ε0)] = 0example:



Extraction of effective cosmological dynamics

• next step from relational hydrodynamics to dynamics of relational observables
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• starting point: relational mean field hydrodynamics (derivatives are with respect to clock time):
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ω→→
j (ε0) +Aω→

j(ε0) +Bωj(ε0) + V[ωj(ε0)] = 0example:



Quantum geometric model (EPRL, mildly generalised) with 4 scalar dofs (1 clock+ 3 rods + 1 matter scalar field)

2.2 (so that the expectation value of the volume operator reduces to (2.21)), but we will

also consider a condensate state whose peaking properties are isotropic as well:

�✏,�,⇡0,⇡x;xµ(gI ,�
µ,�) = ⌘✏(�

0 � x0;⇡0)⌘�(|�� x|;⇡x)�̃(gI ,�µ,�) , (3.3)

where |�� x|2 =
Pd

i=1
(�i � xi)2. For the moment we will also assume that the parameter

� is a complex quantity, C 3 � = �r + i�i, but with a positive real part, necessary for

the peaking properties of the states, �r > 0. As we will see below, allowing a complex

width for the rods peaking function allows the perturbation equations to be dependent on

a derivative kernel with emergent Lorentz signature.

GFT action. Having made these premises, we now specify the form of SGFT. As ex-

plained in Section 2.1, SGFT depends on the precise spinfoam (or simplicial gravity) model

coupled with d + 1 massless scalar fields one wants to reproduce. While the EPRL-like

and extended BC models di↵er on their domain (respectively SU(2) and SL(2,C) ⇥ H3)

and on the precise way the simplicity constraint is imposed, thus resulting in (in princi-

ple) di↵erent kinetic and interaction kernels, they are both defined by an action including

a quadratic kinetic term and a non-local interaction term U + U⇤ (the star representing

complex conjugation) of simplicial9 type characterized by 5 powers of the field operator,

SGFT = K + U + U⇤.

The resulting form of the action is however quite complicated to handle for most practi-

cal applications. For this reasons, one often makes some additional simplifying assumptions

on SGFT [18, 53]:

• First of all, one imposes that the field symmetries of the classical action are preserved

at the quantum level, meaning that they are also symmetries of the GFT action SGFT.

In the case considered here, the symmetries to be respected are those highlighted in

the section above: invariance under Lorentz transformations/Euclidean rotations,

shifts, and reflections. This greatly simplifies the form of the interaction and kinetic

terms, which read, in the EPRL-like case10 [18, 53]

K =

Z
dgI dhI

Z
dd� dd�0 d� d�0 '̄(gI ,�)K(gI , hI ; (�� �0)2�, (�� �0)2)'(hI , (�

0)µ,�0) ,

U =

Z
dd� d�

Z  5Y

a=1

dgaI

!
U(g1I , . . . , g5I )

5Y

`=1

'(g`I ,�
µ,�) ,

where (���0)2� ⌘ sgn(�)M (�)
µ⌫ (���0)µ(���0)⌫ and whereK and U are the respectively

the aforementioned kinetic and interaction kernels encoding information about the

9These kind of interactions are said simplicial because they represent the gluing of 5 di↵erent tetrahedra

in order to form a 4-simplex, the basic building block of a 4-dimensional discretized manifold.
10Similar expressions hold for the extended BC model, provided that one extends the domain of the GFT

fields and kinetic interaction kernels as gI ! (GI ;X). Moreover, since the normal X is non-dynamical,

the interaction kernel does not depend on it. As a consequence, only the integrated field (2.4) becomes

important at the level of interactions. The kinetic kernel instead depends on the normal in a localized way,

imposing X = X 0, with X and X 0 being the arguments of '̄ and ' respectively. We refer to [68] for more

details on the action of the extended BC model.
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Quantum geometric model (EPRL, mildly generalised) with 4 scalar dofs (1 clock+ 3 rods + 1 matter scalar field)
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EPRL-like model. In particular, as already mentioned in Section 2.1, it is U that

carries information about the specific Lorentzian embedding of the theory.

• The second simplifying assumption that is often made in cosmological applications

is that one is interested in a “mescocopic regime” where interactions are in fact

essentially negligible. Clearly, this can only be a transient regime, and one expects

that, eventually, interactions do become important (see e.g. [62, 67, 83], for some

works which study the phenomenological implications of the inclusion of interactions).

Dynamical equations. Under both these assumptions, and performing a Fourier trans-

form with respect to the variables � and �0, one can see that the averaged quantum equa-

tions of motion reduce to
Z

dhI

Z
dd�K(gI , hI ;�

2,⇡�)⌘✏(�
0;⇡0)⌘�(|�|;⇡x)�̃(hI ,�0 + x0,�+ x,⇡�) = 0 , (3.4)

where ⇡� is the variable canonically conjugate to � with respect to the Fourier transform.
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Rewriting explicitly equation (3.6) in terms of these quantities, we thus find
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This is our fundamental equation determining the form of the reduced condensate wave-
function �̃. As in [18, 53], however, it is useful to decompose equation (3.7) in its real and
imaginary parts, by defining �̃j ⌘ ⇢j exp[i✓j ], so that, using

�̃00

j =
⇥
⇢00j � (✓0j)

2⇢j + i✓00j ⇢j + 2i⇢0j✓
0

j

⇤
ei✓j ,

r2�̃j =
⇥
r2⇢j � (r✓j)

2⇢j + ir2✓j⇢j + 2ir⇢j ·r✓j
⇤
ei✓j ,

we see that, for the real and imaginary parts we have, respectively,

0 = ⇢00j +Re↵2r2⇢j �
h�
✓0j
�
2
+ (�)⌘2j � �✓0j � Re↵2 (r✓j)
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i
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� 2r⇢j ·r✓j , (3.9a)

0 = ✓00j ⇢j + 2✓0j⇢
0

j � �⇢0j +Re↵2
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2r⇢j ·r✓j +r2✓j⇢j

⇤
� (�)�2

j ⇢j

+ Im↵2

h
r2⇢j � (r✓j)

2 ⇢j
i
, (3.9b)

where we have suppressed the explicit dependence of functions for simplicity.
At this point, it is important to recall that we are interested in slightly inhomogeneous

relational quantities. Therefore, in the next section we will consider a perturbative framework
(with respect to spatial gradients) in which we will study the equations above.
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3.3 Background and perturbed equations of motion

The perturbative context will be defined by assuming that the functions ⇢j and ✓j can be

written as
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where we have specified the dependence of the condensate modulus and phase on x0 and

⇡� explicitly. Let us rewrite the second equation by multiplying by ⇢̄j 6= 0: we obtain
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Now, assume that, in the regime of interest, (�)�2

j in the above equation is negligible11. The

results, in these cases are the same as in [18], so that the equations for background phase

11Recall that (�)�2

j / Im↵. We will see below that in order to guarantee the emergence of a local

Lorentz symmetry in the perturbation equations, | Im↵| must be much smaller than one, thus providing an

additional justification to the requirement of small (�)�2

j .
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using: rewrite in standard hydrodynamic form (fluid density, phase)

quantities of interest for effective continuum gravitational physics emerge as 
coarse-grained, collective observables, averages in suitable class of QG states 

• expectation values of "microscopic observables" in peaked condensate states: relational spacetime-localized observables
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perturbations eqns:

First order. The first order equations, instead, are
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The two equations form a complicated set of coupled second order di↵erential equations for
the variables �⇢j and �✓j . The decoupling regime can be easily identified by first rewriting
equation (3.14b) as
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where, similarly to what we did in the background case, and in light of the above discussion,
we neglected the term proportional to (�)�2

j . It is then easy to see that the decoupling regime

corresponds to the limit in which12 (assumption DC3)
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0

⌧ 1 , (3.16)

and when the background density ⇢̄ is very large (assumption DC1). Indeed, using the
background equation (3.13a), equation (3.14a) can be written as

L[�⇢j ] ' 2�✓0jQj/⇢̄j ,

with L an appropriate linear di↵erential operator. So, �⇢ ⇠ �✓/⇢̄, and for large enough ⇢̄j ,
the right-hand-side is negligible. Similarly, using that ✓̄00j = �2Qj ⇢̄

�2

j (⇢̄0j/⇢̄j) ⇠ �2Qjµj ⇢̄
�2

j ,

we deduce that the first term at the second line of equation (3.15) is of order �⇢j/⇢̄2j , while
the first term at the first line of equation (3.15) is of order ⇢̄j�✓j , so for large enough ⇢̄j , only
the latter is important. As a result, equations (3.14) become
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which are clearly decoupled. An interesting feature of the above equations is that any Lorentz
property of the second order di↵erential operator in the perturbed equations is in fact only
a result of the features of the peaking functions, i.e. of the (approximate) vacuum state
we work with, and not of the fundamental symmetries imposed on the GFT action SGFT.
Indeed, the parameter �, determining whether the matter variables enter the fundamental
GFT action in a Lorentz (� = 1) or Euclidean (� = �1) invariant fashion, only enters in

12Notice that this condition is consistent with requirement of having negligible (�)�, see also footnote 11.
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eg for large N (late time) and specific range of parameters

note: coefficients/parameters coming from fundamental model and choice of states



TGFT cosmology: 

background dynamics



by inserting dynamics of condensate background into expression for universe volume: background universe dynamics

• intermediate times: large volume - QG interactions still subdominant

of isotropic GFT quanta) it is necessary to identify m2
j = 3⇡G for all j. For these val-

ues of mj, the GFT condensate dynamics reproduce the classical Friedmann equations of
general relativity. (As an aside, note that while it may be possible, at a specific relational
instant �o, to choose a di↵erent set of values for mj that also gives the correct limit,
this identification will not be preserved by the dynamics and hence the correct classical
Friedmann equations would in this case only be recovered in a small neighbourhood of
relational time around �o.)

The condition that m2
j = 3⇡G is a requirement on the form of the terms Aj and Bj that

are determined by the GFT action: if Bj/Aj 6= 3⇡G for some j, then it follows that the
correct Friedmann equations are not recovered in the classical limit. Note also that this
should be understood as a definition of G which arises as a hydrodynamic parameter and it
is thus a function of the microscopic GFT parameters, and not as an interpretation of the
microscopic parameters. This is an important conceptual point since this identification
has no reason to be valid in a generic regime of the dynamics (e.g., for non-condensate
GFT states) and may be di↵erent in other settings.

So, if all m2
j = 3⇡G, then the generalised Friedmann equations of the GFT condensate

become, in the classical limit,
✓
V 0

V

◆2

=
V 00

V
= 12⇡G, (81)

which are exactly the Friedmann equations of general relativity for a spatially flat FLRW
space-time with a massless scalar field �, used as a relational time (see Appendix A 1 for
details).

The solution to these equations of motion is the standard one of classical general
relativity,

V = Voe
±
p
12⇡G�, (82)

as expected, with the sign in the exponent depending on whether the universe is expanding
or contracting, and Vo depending on the initial conditions.

D. Single Spin Condensates

The other case where the equations of motion for V (�) can be solved exactly, and
for generic initial conditions, is when only one ⇢j is non-zero, which corresponds to a
condensate wave function that is very sharply (infinitely) peaked in j,

�j(�) = 0, for all j 6= jo. (83)

Then the sum over j in all of the expressions trivializes and an exact solution can be
found which includes quantum corrections.

40

~ classical Friedmann dynamics in GR 
(wrt relational clock, with effective 
Newton constant) - flat FRW

(here written neglecting matter contribution)
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40

~ classical Friedmann dynamics in GR 
(wrt relational clock, with effective 
Newton constant) - flat FRW

(here written neglecting matter contribution)

• very early times: very small volume - QG interactions subdominant

quantum bounce         
(no big bang singularity)!

    main open problems
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!I think this is a promising theory, 

but there is still very much to do

(i) More solid arguments that the classical limit is GR

(ii) Compute quantum corrections to Effective QFT scattering

(iii) IR renormalization?    Scaling   [Orsay group, Smerlak Bonzom]

(iv) Lorentzian structure?

(v) Open points in the definition (Edge splitting invariance?) [Bojowald Perez, Warsaw school]

(vi) Difficulties of low energy computation

(vii) Questions on the vertex expansion

(viii) Observable consequences?  Cosmology?  [Barrau, Mielczarek, Grain, Cailleteau, Ashtekar, Sloan]
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has no reason to be valid in a generic regime of the dynamics (e.g., for non-condensate
GFT states) and may be di↵erent in other settings.

So, if all m2
j = 3⇡G, then the generalised Friedmann equations of the GFT condensate

become, in the classical limit,
✓
V 0

V

◆2

=
V 00

V
= 12⇡G, (81)

which are exactly the Friedmann equations of general relativity for a spatially flat FLRW
space-time with a massless scalar field �, used as a relational time (see Appendix A 1 for
details).

The solution to these equations of motion is the standard one of classical general
relativity,

V = Voe
±
p
12⇡G�, (82)

as expected, with the sign in the exponent depending on whether the universe is expanding
or contracting, and Vo depending on the initial conditions.

D. Single Spin Condensates

The other case where the equations of motion for V (�) can be solved exactly, and
for generic initial conditions, is when only one ⇢j is non-zero, which corresponds to a
condensate wave function that is very sharply (infinitely) peaked in j,

�j(�) = 0, for all j 6= jo. (83)

Then the sum over j in all of the expressions trivializes and an exact solution can be
found which includes quantum corrections.
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FIG. 3. The behaviour of w in the two modes case, where both modes have only one interaction

term. Blue solid line shows the case where �11 < �21, while for red dashed line we have �11 =

�21. Black dotted lines show w = 1 and the phantom divide w = �1. Parameters are same as in

figure 1 with additional ones are �1 = �10�8
, µ1 = 0, µ2 = 0, n1 = n2 = 6 and �2 = �9.5⇥ 10�8

for �11 < �21, �2 = �9.5725⇥ 10�8 for �11 = �21.

One may then worry about whether this e↵ective phantom energy, like in many field

theoretic models, leads to a Big Rip singularity at later times also in our model. We will

discuss this issue in the next section, showing that the e↵ective energy density ⇢ , defined

from the equation of state w, remains bounded in our model, tending towards to a finite

value at asymptotically large volumes. To see this, we need some further approximation for

the equation of state w, which we anticipate here.

Since �11 < �21, and for large volume we have � ! �11, we see that ⇢2 is nearly a

constant given by ⇢2(�11). Using the solution (43), we get

⇢2(�11) =

 
1

2

r
��2

3

!� 1
2

1

(�21 � �11)
1
2

.

Furthermore, when � ! �11 the first mode ⇢1 would be much larger than ⇢2, hence in

computing the total volume we can ignore ⇢2 and let V = V1⇢21. Inserting this approximate

expression back in the expression for w, we get

w = �1�
b

V
, (47)

where b = 4V2⇢2(�11) is a constant. Notice again that b > 0, thus we have w < �1, and

the phantom divide w = �1 is being crossed.
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Background scalar field dynamics

Background scalar field (as function of hydrodynamic variables):

2. the therm B(x0
,ωω) combines the familiar Hubble-like 2ε̇/ε damping with additional mem-

ory terms. These non-local pieces encode how the time variation of the gradients in both
background density and phase accelerate or slow down the phase perturbation.

3. the spatial term contains the standard Laplacian, propagation, plus non-local dispersive and
dissipative corrections proportional to ϑi, an e!ective mass proportional to ϖ. Together,
these define how spatial inhomogeneities and the background time-dependence shape the
phase wave’s speed and damping.

These properties shape the matter sector of the theory, as we will see in certain regimes in section
5. When ϑi = 0, which also implies ϖ = 0, the density perturbation does not depend on the spatial
derivatives of the phase perturbation and vice versa. In this decoupled regime, we can write the
evolution equation for ϱς as

φ1(x
0
,ωω)ϱς̈ + φ2(x

0
,ωω)ϱς̇ + ϑr→

2
ϱς = 0 , (3.31)

where we defined the following time-dependent coe”cients

φ1 = Q

(
1 + (2ς0 ↑ ↼)2

)
, (3.32)

φ2 =Q

[
2 +

(
2ς̇0 ↑ ↼

)2
]
ε̇0

ε0
+ 3Q

(
2ς̇0 ↑ ↼

)
ς̈0 . (3.33)

Solutions to this equation can be derived using variable separation, thanks to the spatial transla-
tion symmetry that decouples the spatial and temporal dependencies. Notably, the time-dependent
part of the evolution equation resembles that of a damped harmonic oscillator, as we shall see below.
This is the general procedure to extract relational dynamics of the perturbed phase without any
direct reference to ϱε. The treatment of perturbations in the decoupled regime in the large and
small density approximations is given in Appendix B.

4 Background scalar field relational dynamics

In this section, we investigate. To do so, we derive the evolution equation for the scalar field directly
from the dynamics of the GFT phase, accounting for the behavior of the GFT density.

The evolution equation for the background matter field is obtained from the expectation value
of the corresponding GFT field operator (2.8) with respect to the CPS state, similarly to the
procedure followed for the volume operator. Using the tools developed in section 3.1, we eliminate
the dependence on the condensate parameters (ε0 and ς0) to derive the dynamical equation for the
scalar field. Specifically, we exploit the relationship between the GFT condensate phase ς0 and the
scalar field ↽0 to obtain a relational evolution equation for ↽0.

4.1 Scalar field e!ective dynamics

In Section 3.1, we derived the explicit form of the background phase ς0, which varies with the
magnitude of ε20. We now shift our focus to the matter content given by the scalar field ↽0 and
examine its evolution across di!erent cosmological regimes. The background expressions for ↽0 and
its momentum were previously derived in [19] and are given by

↓#̂↔ := ↽0 ↗ ε
2
0 ⇀εως0 = N0 ⇀εως0, (4.1)

↓$̂ω↔ ↗ ωωε
2
0 (x,ωω) = ωωN0 (x,ωω) , (4.2)

the above equations have been derived by assuming a CPS with a peaking on a given value of
the scalar field momentum, namely ωω. The geometric content is characterized by the expectation
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it has evolution equation:

value of the GFT volume operator, as defined in (2.7). Using the expression for ω0 together with
the dynamics dictated by the evolution equation for ε0, we derive the evolution equation for the
homogeneous scalar field. This formulation results in an e!ective field theory that describes the
scalar field propagating on a curved spacetime, while incorporating all the assumptions made thus
far and reflecting the geometric information encoded in the scale factor.

Although the e!ective evolution equation describes a matter field in a minisuperspace (parametrized
by physical clock and rods), it is important to recall that the classical treatment of the four scalar
fields is governed by the action in (A.1) [19, 44]. In this classical framework, the relational frame is
equivalent to a set of coordinates satisfying the harmonic gauge condition. In fact, if we introduce
a set of coordinates proportional to four massless scalar fields

x
µ := ϑ

µ
ϖ
µ
, (4.3)

with no summation over the index µ, the coordinates are going to satisfy the harmonic gauge
condition →

a
→ax

µ = 0, which is nothing but the Klein-Gordon equation for the massless scalar
fields. As a result, we can interpret the scalar field equation as written in a parametrized way with
respect to coordinates satisfying the harmonic gauge condition. Thanks to the specific properties
assigned to the peaking states and the relational frame, we can derive an e!ective metric in a
familiar manner. In fact, (4.3) and (2.17) directly support the assumption that our clock and rods
are ideal, a scenario that aligns closely with classical spacetime theories.

We now turn to the derivation of the dynamics of ω0 on a homogeneous background. We know
the dynamical equations governing the CPS, and from here the relational time dependence of ↑”̂↓
follows from eq. (4.1). One can easily verify that, at late time, we obtain

ω0 ↔ n(ϱω)#(ϱω)ςεωµ(ϱω)x
0 +

ϱA(ϱω)ςεωn(ϱω)

2
e2µ(εω)x

0

, (4.4)

and by requiring n(ϱω) to be ϱω-independent, as already pointed out in [45], we obtain the solution
for a massless scalar field in harmonic coordinates in GR. Our scope is to use the fundamental
dynamics obeyed by ε0 and φ0 to describe e!ectively the dynamics of ω0. To do so, we first start
by inverting eq. (4.1) as

ςεε0 ↔
ω0

φ
2
0

, (4.5)

note the the inversion is always well-defined since φ
2
0 ↗= 0, ↘x

0
,ϱω, since our model predicts no

Big-Bang singularity. Under the assumption that ςεςx0ε0 and ςx0ςεε0 are continuous functions,
then ςεςx0ε0 = ςx0ςεε0. Therefore, we can derive with respect to ϱω the equation of motion for ε0
(eq.(3.17)) and then substitute ςεωε0 and its derivatives as functions of ω0 and φ0 using eq. (4.5).
The derivative with respect to ϱω of eq.(3.17), gives

ςε ε̈0 + 2
φ̇0

φ0
ςεε0 + 2

(
ε̇0 ≃

↼

2

)
ςε

(
φ̇0

φ0

)
= 0. (4.6)

The above equation cannot be expressed in closed form for ςεωε0. Di!erentiating eq. (3.17) with
respect to ϱω produces, in addition to the expected derivatives acting on ε̇0, ε̈0, extra source-like
terms originating from the derivative acting on the coe$cient functions and from the 3↼ȧ/(2a)
term. Since these contributions are not proportional to ςεω ε̈0 or ςεω ε̇0, they cannot be reabsorbed
into redefined coe$cients. Now, we can use eq.(4.5) to write the e!ective equation for ω0, we find

ω̈0 ≃ 3Hω̇0 ≃ 3Ḣω0 + J0(x
0
,ϱω) = 0, (4.7)
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where J0(x0
,ωω) is defined as

J0(x
0
,ωω) := ε

2
0

(
2ϑ̇0 → ϖ

)
ϱε

(
ε̇0

ε0

)
(4.8)

=
2V

3Vj

(
2ϑ̇0 → ϖ

)
ϱεH,

and acts as a source for the scalar field.
Since we know the background solutions for ϑ0 and ε0, we know all the coe!cients of this

equation (we do not know the explicit dependence on ωω, but only the implicit one through the
ωω-dependent quantities). Therefore, we can check what happens to this equation at late time.
Assuming µ(ωω) > 0, we find

ς̈0 → 2µ(ωω)ς̇0 + 2n(ωω)”(ωω)µ(ωω)ϱεωµ(ωω) ↑ 0, (4.9)

the most general solution to the above equation is given by

ς0(x
0
,ωω) ↑ n(ωω)”(ωω)ϱεωµ(ωω)x

0 + C(ωω)
e2µ(εω)x

0

2µ(ωω)
+ C(ωω). (4.10)

This can be compared with what we obtain by computing the expectation value as defined in
eq.(4.1), which is given in eq.(4.4). We notice that identifying the integration constant C(ωω)
with ωA(ωω)ϱεωn(ωω)µ(ωω), the two solutions coincide. Notice that so far, we are not making
any assumptions about the signature of the metric that we are trying to extract. Based on (4.7),
one natural approach is to view the equation as describing a classical field propagating on a fixed,
homogeneous curved spacetime. In this scenario, we can extract an e#ective metric on which the
field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
if we allow the background geometry to respond dynamically to the matter fields, we are led to a
modified gravity framework, such as scalar-tensor theories or f(R) gravity [46].

In the following, we explore the first possibility, extracting the e#ective metric felt by the scalar
field.

Extraction of metric components In the standard description of a given field theory prop-
agating on a curved spacetime, one begins with a fixed classical background metric and derives
the evolution equation of the scalar field from the Klein–Gordon equation, i.e. the curved-space
d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
minimal coupling to the Ricci scalar, reflecting the fact that gravitational e#ects can dominate over
the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.

We can therefore describe the equation of motion obtained in the previous section as describing
a field on a non-dynamical homogeneous spacetime. The action is

S =

∫
d
4
x
↓
g

[
→
1

2
ϱµς0 ϱ

ϑ
ς0 → V (ς0),

]
(4.11)

where the most generic metric which leads to the correct equation is given by

g̃00 = Ca
3(ϖ+2)

, g̃ij = a
ϖ
φij , (4.12)
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the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.

We can therefore describe the equation of motion obtained in the previous section as describing
a field on a non-dynamical homogeneous spacetime. The action is

S =

∫
d
4
x
↓
g

[
→
1

2
ϱµς0 ϱ

ϑ
ς0 → V (ς0),

]
(4.11)

where the most generic metric which leads to the correct equation is given by

g̃00 = Ca
3(ϖ+2)

, g̃ij = a
ϖ
φij , (4.12)
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Background scalar field dynamics

Background scalar field (as function of hydrodynamic variables):

2. the therm B(x0
,ωω) combines the familiar Hubble-like 2ε̇/ε damping with additional mem-

ory terms. These non-local pieces encode how the time variation of the gradients in both
background density and phase accelerate or slow down the phase perturbation.

3. the spatial term contains the standard Laplacian, propagation, plus non-local dispersive and
dissipative corrections proportional to ϑi, an e!ective mass proportional to ϖ. Together,
these define how spatial inhomogeneities and the background time-dependence shape the
phase wave’s speed and damping.

These properties shape the matter sector of the theory, as we will see in certain regimes in section
5. When ϑi = 0, which also implies ϖ = 0, the density perturbation does not depend on the spatial
derivatives of the phase perturbation and vice versa. In this decoupled regime, we can write the
evolution equation for ϱς as

φ1(x
0
,ωω)ϱς̈ + φ2(x

0
,ωω)ϱς̇ + ϑr→

2
ϱς = 0 , (3.31)

where we defined the following time-dependent coe”cients

φ1 = Q

(
1 + (2ς0 ↑ ↼)2

)
, (3.32)

φ2 =Q

[
2 +

(
2ς̇0 ↑ ↼

)2
]
ε̇0

ε0
+ 3Q

(
2ς̇0 ↑ ↼

)
ς̈0 . (3.33)

Solutions to this equation can be derived using variable separation, thanks to the spatial transla-
tion symmetry that decouples the spatial and temporal dependencies. Notably, the time-dependent
part of the evolution equation resembles that of a damped harmonic oscillator, as we shall see below.
This is the general procedure to extract relational dynamics of the perturbed phase without any
direct reference to ϱε. The treatment of perturbations in the decoupled regime in the large and
small density approximations is given in Appendix B.

4 Background scalar field relational dynamics

In this section, we investigate. To do so, we derive the evolution equation for the scalar field directly
from the dynamics of the GFT phase, accounting for the behavior of the GFT density.

The evolution equation for the background matter field is obtained from the expectation value
of the corresponding GFT field operator (2.8) with respect to the CPS state, similarly to the
procedure followed for the volume operator. Using the tools developed in section 3.1, we eliminate
the dependence on the condensate parameters (ε0 and ς0) to derive the dynamical equation for the
scalar field. Specifically, we exploit the relationship between the GFT condensate phase ς0 and the
scalar field ↽0 to obtain a relational evolution equation for ↽0.

4.1 Scalar field e!ective dynamics

In Section 3.1, we derived the explicit form of the background phase ς0, which varies with the
magnitude of ε20. We now shift our focus to the matter content given by the scalar field ↽0 and
examine its evolution across di!erent cosmological regimes. The background expressions for ↽0 and
its momentum were previously derived in [19] and are given by

↓#̂↔ := ↽0 ↗ ε
2
0 ⇀εως0 = N0 ⇀εως0, (4.1)

↓$̂ω↔ ↗ ωωε
2
0 (x,ωω) = ωωN0 (x,ωω) , (4.2)

the above equations have been derived by assuming a CPS with a peaking on a given value of
the scalar field momentum, namely ωω. The geometric content is characterized by the expectation
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by substituting the explicit solutions for the density and phase in the coefficients and source, we find a 
closed expression (but at priori with explicit time dependence)

it has evolution equation:

value of the GFT volume operator, as defined in (2.7). Using the expression for ω0 together with
the dynamics dictated by the evolution equation for ε0, we derive the evolution equation for the
homogeneous scalar field. This formulation results in an e!ective field theory that describes the
scalar field propagating on a curved spacetime, while incorporating all the assumptions made thus
far and reflecting the geometric information encoded in the scale factor.

Although the e!ective evolution equation describes a matter field in a minisuperspace (parametrized
by physical clock and rods), it is important to recall that the classical treatment of the four scalar
fields is governed by the action in (A.1) [19, 44]. In this classical framework, the relational frame is
equivalent to a set of coordinates satisfying the harmonic gauge condition. In fact, if we introduce
a set of coordinates proportional to four massless scalar fields

x
µ := ϑ

µ
ϖ
µ
, (4.3)

with no summation over the index µ, the coordinates are going to satisfy the harmonic gauge
condition →

a
→ax

µ = 0, which is nothing but the Klein-Gordon equation for the massless scalar
fields. As a result, we can interpret the scalar field equation as written in a parametrized way with
respect to coordinates satisfying the harmonic gauge condition. Thanks to the specific properties
assigned to the peaking states and the relational frame, we can derive an e!ective metric in a
familiar manner. In fact, (4.3) and (2.17) directly support the assumption that our clock and rods
are ideal, a scenario that aligns closely with classical spacetime theories.

We now turn to the derivation of the dynamics of ω0 on a homogeneous background. We know
the dynamical equations governing the CPS, and from here the relational time dependence of ↑”̂↓
follows from eq. (4.1). One can easily verify that, at late time, we obtain

ω0 ↔ n(ϱω)#(ϱω)ςεωµ(ϱω)x
0 +

ϱA(ϱω)ςεωn(ϱω)

2
e2µ(εω)x

0

, (4.4)

and by requiring n(ϱω) to be ϱω-independent, as already pointed out in [45], we obtain the solution
for a massless scalar field in harmonic coordinates in GR. Our scope is to use the fundamental
dynamics obeyed by ε0 and φ0 to describe e!ectively the dynamics of ω0. To do so, we first start
by inverting eq. (4.1) as

ςεε0 ↔
ω0

φ
2
0

, (4.5)

note the the inversion is always well-defined since φ
2
0 ↗= 0, ↘x

0
,ϱω, since our model predicts no

Big-Bang singularity. Under the assumption that ςεςx0ε0 and ςx0ςεε0 are continuous functions,
then ςεςx0ε0 = ςx0ςεε0. Therefore, we can derive with respect to ϱω the equation of motion for ε0
(eq.(3.17)) and then substitute ςεωε0 and its derivatives as functions of ω0 and φ0 using eq. (4.5).
The derivative with respect to ϱω of eq.(3.17), gives

ςε ε̈0 + 2
φ̇0

φ0
ςεε0 + 2

(
ε̇0 ≃

↼

2

)
ςε

(
φ̇0

φ0

)
= 0. (4.6)

The above equation cannot be expressed in closed form for ςεωε0. Di!erentiating eq. (3.17) with
respect to ϱω produces, in addition to the expected derivatives acting on ε̇0, ε̈0, extra source-like
terms originating from the derivative acting on the coe$cient functions and from the 3↼ȧ/(2a)
term. Since these contributions are not proportional to ςεω ε̈0 or ςεω ε̇0, they cannot be reabsorbed
into redefined coe$cients. Now, we can use eq.(4.5) to write the e!ective equation for ω0, we find

ω̈0 ≃ 3Hω̇0 ≃ 3Ḣω0 + J0(x
0
,ϱω) = 0, (4.7)
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where J0(x0
,ωω) is defined as

J0(x
0
,ωω) := ε

2
0

(
2ϑ̇0 → ϖ

)
ϱε

(
ε̇0

ε0

)
(4.8)

=
2V

3Vj

(
2ϑ̇0 → ϖ

)
ϱεH,

and acts as a source for the scalar field.
Since we know the background solutions for ϑ0 and ε0, we know all the coe!cients of this

equation (we do not know the explicit dependence on ωω, but only the implicit one through the
ωω-dependent quantities). Therefore, we can check what happens to this equation at late time.
Assuming µ(ωω) > 0, we find

ς̈0 → 2µ(ωω)ς̇0 + 2n(ωω)”(ωω)µ(ωω)ϱεωµ(ωω) ↑ 0, (4.9)

the most general solution to the above equation is given by

ς0(x
0
,ωω) ↑ n(ωω)”(ωω)ϱεωµ(ωω)x

0 + C(ωω)
e2µ(εω)x

0

2µ(ωω)
+ C(ωω). (4.10)

This can be compared with what we obtain by computing the expectation value as defined in
eq.(4.1), which is given in eq.(4.4). We notice that identifying the integration constant C(ωω)
with ωA(ωω)ϱεωn(ωω)µ(ωω), the two solutions coincide. Notice that so far, we are not making
any assumptions about the signature of the metric that we are trying to extract. Based on (4.7),
one natural approach is to view the equation as describing a classical field propagating on a fixed,
homogeneous curved spacetime. In this scenario, we can extract an e#ective metric on which the
field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
if we allow the background geometry to respond dynamically to the matter fields, we are led to a
modified gravity framework, such as scalar-tensor theories or f(R) gravity [46].

In the following, we explore the first possibility, extracting the e#ective metric felt by the scalar
field.

Extraction of metric components In the standard description of a given field theory prop-
agating on a curved spacetime, one begins with a fixed classical background metric and derives
the evolution equation of the scalar field from the Klein–Gordon equation, i.e. the curved-space
d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
minimal coupling to the Ricci scalar, reflecting the fact that gravitational e#ects can dominate over
the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.

We can therefore describe the equation of motion obtained in the previous section as describing
a field on a non-dynamical homogeneous spacetime. The action is

S =

∫
d
4
x
↓
g

[
→
1

2
ϱµς0 ϱ

ϑ
ς0 → V (ς0),

]
(4.11)

where the most generic metric which leads to the correct equation is given by

g̃00 = Ca
3(ϖ+2)

, g̃ij = a
ϖ
φij , (4.12)
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where J0(x0
,ωω) is defined as

J0(x
0
,ωω) := ε

2
0

(
2ϑ̇0 → ϖ

)
ϱε

(
ε̇0

ε0

)
(4.8)

=
2V

3Vj

(
2ϑ̇0 → ϖ

)
ϱεH,

and acts as a source for the scalar field.
Since we know the background solutions for ϑ0 and ε0, we know all the coe!cients of this

equation (we do not know the explicit dependence on ωω, but only the implicit one through the
ωω-dependent quantities). Therefore, we can check what happens to this equation at late time.
Assuming µ(ωω) > 0, we find

ς̈0 → 2µ(ωω)ς̇0 + 2n(ωω)”(ωω)µ(ωω)ϱεωµ(ωω) ↑ 0, (4.9)

the most general solution to the above equation is given by

ς0(x
0
,ωω) ↑ n(ωω)”(ωω)ϱεωµ(ωω)x

0 + C(ωω)
e2µ(εω)x

0

2µ(ωω)
+ C(ωω). (4.10)

This can be compared with what we obtain by computing the expectation value as defined in
eq.(4.1), which is given in eq.(4.4). We notice that identifying the integration constant C(ωω)
with ωA(ωω)ϱεωn(ωω)µ(ωω), the two solutions coincide. Notice that so far, we are not making
any assumptions about the signature of the metric that we are trying to extract. Based on (4.7),
one natural approach is to view the equation as describing a classical field propagating on a fixed,
homogeneous curved spacetime. In this scenario, we can extract an e#ective metric on which the
field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
if we allow the background geometry to respond dynamically to the matter fields, we are led to a
modified gravity framework, such as scalar-tensor theories or f(R) gravity [46].

In the following, we explore the first possibility, extracting the e#ective metric felt by the scalar
field.

Extraction of metric components In the standard description of a given field theory prop-
agating on a curved spacetime, one begins with a fixed classical background metric and derives
the evolution equation of the scalar field from the Klein–Gordon equation, i.e. the curved-space
d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
minimal coupling to the Ricci scalar, reflecting the fact that gravitational e#ects can dominate over
the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.

We can therefore describe the equation of motion obtained in the previous section as describing
a field on a non-dynamical homogeneous spacetime. The action is

S =

∫
d
4
x
↓
g

[
→
1

2
ϱµς0 ϱ

ϑ
ς0 → V (ς0),

]
(4.11)

where the most generic metric which leads to the correct equation is given by

g̃00 = Ca
3(ϖ+2)

, g̃ij = a
ϖ
φij , (4.12)
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Background scalar field (as function of hydrodynamic variables):

2. the therm B(x0
,ωω) combines the familiar Hubble-like 2ε̇/ε damping with additional mem-

ory terms. These non-local pieces encode how the time variation of the gradients in both
background density and phase accelerate or slow down the phase perturbation.

3. the spatial term contains the standard Laplacian, propagation, plus non-local dispersive and
dissipative corrections proportional to ϑi, an e!ective mass proportional to ϖ. Together,
these define how spatial inhomogeneities and the background time-dependence shape the
phase wave’s speed and damping.

These properties shape the matter sector of the theory, as we will see in certain regimes in section
5. When ϑi = 0, which also implies ϖ = 0, the density perturbation does not depend on the spatial
derivatives of the phase perturbation and vice versa. In this decoupled regime, we can write the
evolution equation for ϱς as

φ1(x
0
,ωω)ϱς̈ + φ2(x

0
,ωω)ϱς̇ + ϑr→

2
ϱς = 0 , (3.31)

where we defined the following time-dependent coe”cients

φ1 = Q

(
1 + (2ς0 ↑ ↼)2

)
, (3.32)

φ2 =Q

[
2 +

(
2ς̇0 ↑ ↼

)2
]
ε̇0

ε0
+ 3Q

(
2ς̇0 ↑ ↼

)
ς̈0 . (3.33)

Solutions to this equation can be derived using variable separation, thanks to the spatial transla-
tion symmetry that decouples the spatial and temporal dependencies. Notably, the time-dependent
part of the evolution equation resembles that of a damped harmonic oscillator, as we shall see below.
This is the general procedure to extract relational dynamics of the perturbed phase without any
direct reference to ϱε. The treatment of perturbations in the decoupled regime in the large and
small density approximations is given in Appendix B.

4 Background scalar field relational dynamics

In this section, we investigate. To do so, we derive the evolution equation for the scalar field directly
from the dynamics of the GFT phase, accounting for the behavior of the GFT density.

The evolution equation for the background matter field is obtained from the expectation value
of the corresponding GFT field operator (2.8) with respect to the CPS state, similarly to the
procedure followed for the volume operator. Using the tools developed in section 3.1, we eliminate
the dependence on the condensate parameters (ε0 and ς0) to derive the dynamical equation for the
scalar field. Specifically, we exploit the relationship between the GFT condensate phase ς0 and the
scalar field ↽0 to obtain a relational evolution equation for ↽0.

4.1 Scalar field e!ective dynamics

In Section 3.1, we derived the explicit form of the background phase ς0, which varies with the
magnitude of ε20. We now shift our focus to the matter content given by the scalar field ↽0 and
examine its evolution across di!erent cosmological regimes. The background expressions for ↽0 and
its momentum were previously derived in [19] and are given by

↓#̂↔ := ↽0 ↗ ε
2
0 ⇀εως0 = N0 ⇀εως0, (4.1)

↓$̂ω↔ ↗ ωωε
2
0 (x,ωω) = ωωN0 (x,ωω) , (4.2)

the above equations have been derived by assuming a CPS with a peaking on a given value of
the scalar field momentum, namely ωω. The geometric content is characterized by the expectation
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by substituting the explicit solutions for the density and phase in the coefficients and source, we find a 
closed expression (but at priori with explicit time dependence)

where J0(x0
,ωω) is defined as

J0(x
0
,ωω) := ε

2
0

(
2ϑ̇0 → ϖ

)
ϱε

(
ε̇0

ε0

)
(4.8)

=
2V

3Vj

(
2ϑ̇0 → ϖ

)
ϱεH,

and acts as a source for the scalar field.
Since we know the background solutions for ϑ0 and ε0, we know all the coe!cients of this

equation (we do not know the explicit dependence on ωω, but only the implicit one through the
ωω-dependent quantities). Therefore, we can check what happens to this equation at late time.
Assuming µ(ωω) > 0, we find

ς̈0 → 2µ(ωω)ς̇0 + 2n(ωω)”(ωω)µ(ωω)ϱεωµ(ωω) ↑ 0, (4.9)

the most general solution to the above equation is given by

ς0(x
0
,ωω) ↑ n(ωω)”(ωω)ϱεωµ(ωω)x

0 + C(ωω)
e2µ(εω)x

0

2µ(ωω)
+ C(ωω). (4.10)

This can be compared with what we obtain by computing the expectation value as defined in
eq.(4.1), which is given in eq.(4.4). We notice that identifying the integration constant C(ωω)
with ωA(ωω)ϱεωn(ωω)µ(ωω), the two solutions coincide. Notice that so far, we are not making
any assumptions about the signature of the metric that we are trying to extract. Based on (4.7),
one natural approach is to view the equation as describing a classical field propagating on a fixed,
homogeneous curved spacetime. In this scenario, we can extract an e#ective metric on which the
field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
if we allow the background geometry to respond dynamically to the matter fields, we are led to a
modified gravity framework, such as scalar-tensor theories or f(R) gravity [46].

In the following, we explore the first possibility, extracting the e#ective metric felt by the scalar
field.

Extraction of metric components In the standard description of a given field theory prop-
agating on a curved spacetime, one begins with a fixed classical background metric and derives
the evolution equation of the scalar field from the Klein–Gordon equation, i.e. the curved-space
d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
minimal coupling to the Ricci scalar, reflecting the fact that gravitational e#ects can dominate over
the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.

We can therefore describe the equation of motion obtained in the previous section as describing
a field on a non-dynamical homogeneous spacetime. The action is

S =

∫
d
4
x
↓
g

[
→
1

2
ϱµς0 ϱ

ϑ
ς0 → V (ς0),

]
(4.11)

where the most generic metric which leads to the correct equation is given by

g̃00 = Ca
3(ϖ+2)

, g̃ij = a
ϖ
φij , (4.12)
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it has evolution equation:

value of the GFT volume operator, as defined in (2.7). Using the expression for ω0 together with
the dynamics dictated by the evolution equation for ε0, we derive the evolution equation for the
homogeneous scalar field. This formulation results in an e!ective field theory that describes the
scalar field propagating on a curved spacetime, while incorporating all the assumptions made thus
far and reflecting the geometric information encoded in the scale factor.

Although the e!ective evolution equation describes a matter field in a minisuperspace (parametrized
by physical clock and rods), it is important to recall that the classical treatment of the four scalar
fields is governed by the action in (A.1) [19, 44]. In this classical framework, the relational frame is
equivalent to a set of coordinates satisfying the harmonic gauge condition. In fact, if we introduce
a set of coordinates proportional to four massless scalar fields

x
µ := ϑ

µ
ϖ
µ
, (4.3)

with no summation over the index µ, the coordinates are going to satisfy the harmonic gauge
condition →

a
→ax

µ = 0, which is nothing but the Klein-Gordon equation for the massless scalar
fields. As a result, we can interpret the scalar field equation as written in a parametrized way with
respect to coordinates satisfying the harmonic gauge condition. Thanks to the specific properties
assigned to the peaking states and the relational frame, we can derive an e!ective metric in a
familiar manner. In fact, (4.3) and (2.17) directly support the assumption that our clock and rods
are ideal, a scenario that aligns closely with classical spacetime theories.

We now turn to the derivation of the dynamics of ω0 on a homogeneous background. We know
the dynamical equations governing the CPS, and from here the relational time dependence of ↑”̂↓
follows from eq. (4.1). One can easily verify that, at late time, we obtain

ω0 ↔ n(ϱω)#(ϱω)ςεωµ(ϱω)x
0 +

ϱA(ϱω)ςεωn(ϱω)

2
e2µ(εω)x

0

, (4.4)

and by requiring n(ϱω) to be ϱω-independent, as already pointed out in [45], we obtain the solution
for a massless scalar field in harmonic coordinates in GR. Our scope is to use the fundamental
dynamics obeyed by ε0 and φ0 to describe e!ectively the dynamics of ω0. To do so, we first start
by inverting eq. (4.1) as

ςεε0 ↔
ω0

φ
2
0

, (4.5)

note the the inversion is always well-defined since φ
2
0 ↗= 0, ↘x

0
,ϱω, since our model predicts no

Big-Bang singularity. Under the assumption that ςεςx0ε0 and ςx0ςεε0 are continuous functions,
then ςεςx0ε0 = ςx0ςεε0. Therefore, we can derive with respect to ϱω the equation of motion for ε0
(eq.(3.17)) and then substitute ςεωε0 and its derivatives as functions of ω0 and φ0 using eq. (4.5).
The derivative with respect to ϱω of eq.(3.17), gives

ςε ε̈0 + 2
φ̇0

φ0
ςεε0 + 2

(
ε̇0 ≃

↼

2

)
ςε

(
φ̇0

φ0

)
= 0. (4.6)

The above equation cannot be expressed in closed form for ςεωε0. Di!erentiating eq. (3.17) with
respect to ϱω produces, in addition to the expected derivatives acting on ε̇0, ε̈0, extra source-like
terms originating from the derivative acting on the coe$cient functions and from the 3↼ȧ/(2a)
term. Since these contributions are not proportional to ςεω ε̈0 or ςεω ε̇0, they cannot be reabsorbed
into redefined coe$cients. Now, we can use eq.(4.5) to write the e!ective equation for ω0, we find

ω̈0 ≃ 3Hω̇0 ≃ 3Ḣω0 + J0(x
0
,ϱω) = 0, (4.7)
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where J0(x0
,ωω) is defined as

J0(x
0
,ωω) := ε

2
0

(
2ϑ̇0 → ϖ

)
ϱε

(
ε̇0

ε0

)
(4.8)

=
2V

3Vj

(
2ϑ̇0 → ϖ

)
ϱεH,

and acts as a source for the scalar field.
Since we know the background solutions for ϑ0 and ε0, we know all the coe!cients of this

equation (we do not know the explicit dependence on ωω, but only the implicit one through the
ωω-dependent quantities). Therefore, we can check what happens to this equation at late time.
Assuming µ(ωω) > 0, we find

ς̈0 → 2µ(ωω)ς̇0 + 2n(ωω)”(ωω)µ(ωω)ϱεωµ(ωω) ↑ 0, (4.9)

the most general solution to the above equation is given by

ς0(x
0
,ωω) ↑ n(ωω)”(ωω)ϱεωµ(ωω)x

0 + C(ωω)
e2µ(εω)x

0

2µ(ωω)
+ C(ωω). (4.10)

This can be compared with what we obtain by computing the expectation value as defined in
eq.(4.1), which is given in eq.(4.4). We notice that identifying the integration constant C(ωω)
with ωA(ωω)ϱεωn(ωω)µ(ωω), the two solutions coincide. Notice that so far, we are not making
any assumptions about the signature of the metric that we are trying to extract. Based on (4.7),
one natural approach is to view the equation as describing a classical field propagating on a fixed,
homogeneous curved spacetime. In this scenario, we can extract an e#ective metric on which the
field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
if we allow the background geometry to respond dynamically to the matter fields, we are led to a
modified gravity framework, such as scalar-tensor theories or f(R) gravity [46].

In the following, we explore the first possibility, extracting the e#ective metric felt by the scalar
field.

Extraction of metric components In the standard description of a given field theory prop-
agating on a curved spacetime, one begins with a fixed classical background metric and derives
the evolution equation of the scalar field from the Klein–Gordon equation, i.e. the curved-space
d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
minimal coupling to the Ricci scalar, reflecting the fact that gravitational e#ects can dominate over
the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.
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a field on a non-dynamical homogeneous spacetime. The action is

S =

∫
d
4
x
↓
g

[
→
1

2
ϱµς0 ϱ

ϑ
ς0 → V (ς0),

]
(4.11)

where the most generic metric which leads to the correct equation is given by

g̃00 = Ca
3(ϖ+2)

, g̃ij = a
ϖ
φij , (4.12)

– 15 –

where J0(x0
,ωω) is defined as

J0(x
0
,ωω) := ε

2
0

(
2ϑ̇0 → ϖ

)
ϱε

(
ε̇0

ε0

)
(4.8)

=
2V

3Vj

(
2ϑ̇0 → ϖ

)
ϱεH,

and acts as a source for the scalar field.
Since we know the background solutions for ϑ0 and ε0, we know all the coe!cients of this

equation (we do not know the explicit dependence on ωω, but only the implicit one through the
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eq.(4.1), which is given in eq.(4.4). We notice that identifying the integration constant C(ωω)
with ωA(ωω)ϱεωn(ωω)µ(ωω), the two solutions coincide. Notice that so far, we are not making
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one natural approach is to view the equation as describing a classical field propagating on a fixed,
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field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
if we allow the background geometry to respond dynamically to the matter fields, we are led to a
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In the following, we explore the first possibility, extracting the e#ective metric felt by the scalar
field.
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d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
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Background scalar field (as function of hydrodynamic variables):
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,ωω) combines the familiar Hubble-like 2ε̇/ε damping with additional mem-

ory terms. These non-local pieces encode how the time variation of the gradients in both
background density and phase accelerate or slow down the phase perturbation.
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dissipative corrections proportional to ϑi, an e!ective mass proportional to ϖ. Together,
these define how spatial inhomogeneities and the background time-dependence shape the
phase wave’s speed and damping.
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)2
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)
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Solutions to this equation can be derived using variable separation, thanks to the spatial transla-
tion symmetry that decouples the spatial and temporal dependencies. Notably, the time-dependent
part of the evolution equation resembles that of a damped harmonic oscillator, as we shall see below.
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direct reference to ϱε. The treatment of perturbations in the decoupled regime in the large and
small density approximations is given in Appendix B.
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In this section, we investigate. To do so, we derive the evolution equation for the scalar field directly
from the dynamics of the GFT phase, accounting for the behavior of the GFT density.

The evolution equation for the background matter field is obtained from the expectation value
of the corresponding GFT field operator (2.8) with respect to the CPS state, similarly to the
procedure followed for the volume operator. Using the tools developed in section 3.1, we eliminate
the dependence on the condensate parameters (ε0 and ς0) to derive the dynamical equation for the
scalar field. Specifically, we exploit the relationship between the GFT condensate phase ς0 and the
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4.1 Scalar field e!ective dynamics

In Section 3.1, we derived the explicit form of the background phase ς0, which varies with the
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the above equations have been derived by assuming a CPS with a peaking on a given value of
the scalar field momentum, namely ωω. The geometric content is characterized by the expectation
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Note: 

by substituting the explicit solutions for the density and phase in the coefficients and source, we find a 
closed expression (but at priori with explicit time dependence)

scalar field theory on FRW geometry with modified kinetic operator
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(wrt classical free massless scalar field)

where J0(x0
,ωω) is defined as

J0(x
0
,ωω) := ε

2
0

(
2ϑ̇0 → ϖ

)
ϱε

(
ε̇0

ε0

)
(4.8)

=
2V

3Vj

(
2ϑ̇0 → ϖ

)
ϱεH,

and acts as a source for the scalar field.
Since we know the background solutions for ϑ0 and ε0, we know all the coe!cients of this

equation (we do not know the explicit dependence on ωω, but only the implicit one through the
ωω-dependent quantities). Therefore, we can check what happens to this equation at late time.
Assuming µ(ωω) > 0, we find

ς̈0 → 2µ(ωω)ς̇0 + 2n(ωω)”(ωω)µ(ωω)ϱεωµ(ωω) ↑ 0, (4.9)
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This can be compared with what we obtain by computing the expectation value as defined in
eq.(4.1), which is given in eq.(4.4). We notice that identifying the integration constant C(ωω)
with ωA(ωω)ϱεωn(ωω)µ(ωω), the two solutions coincide. Notice that so far, we are not making
any assumptions about the signature of the metric that we are trying to extract. Based on (4.7),
one natural approach is to view the equation as describing a classical field propagating on a fixed,
homogeneous curved spacetime. In this scenario, we can extract an e#ective metric on which the
field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
if we allow the background geometry to respond dynamically to the matter fields, we are led to a
modified gravity framework, such as scalar-tensor theories or f(R) gravity [46].

In the following, we explore the first possibility, extracting the e#ective metric felt by the scalar
field.
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agating on a curved spacetime, one begins with a fixed classical background metric and derives
the evolution equation of the scalar field from the Klein–Gordon equation, i.e. the curved-space
d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
minimal coupling to the Ricci scalar, reflecting the fact that gravitational e#ects can dominate over
the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.

We can therefore describe the equation of motion obtained in the previous section as describing
a field on a non-dynamical homogeneous spacetime. The action is

S =

∫
d
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↓
g
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→
1
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ϱµς0 ϱ
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ς0 → V (ς0),

]
(4.11)

where the most generic metric which leads to the correct equation is given by

g̃00 = Ca
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at late times, this equation becomes: 

it has evolution equation:

value of the GFT volume operator, as defined in (2.7). Using the expression for ω0 together with
the dynamics dictated by the evolution equation for ε0, we derive the evolution equation for the
homogeneous scalar field. This formulation results in an e!ective field theory that describes the
scalar field propagating on a curved spacetime, while incorporating all the assumptions made thus
far and reflecting the geometric information encoded in the scale factor.

Although the e!ective evolution equation describes a matter field in a minisuperspace (parametrized
by physical clock and rods), it is important to recall that the classical treatment of the four scalar
fields is governed by the action in (A.1) [19, 44]. In this classical framework, the relational frame is
equivalent to a set of coordinates satisfying the harmonic gauge condition. In fact, if we introduce
a set of coordinates proportional to four massless scalar fields

x
µ := ϑ

µ
ϖ
µ
, (4.3)

with no summation over the index µ, the coordinates are going to satisfy the harmonic gauge
condition →

a
→ax

µ = 0, which is nothing but the Klein-Gordon equation for the massless scalar
fields. As a result, we can interpret the scalar field equation as written in a parametrized way with
respect to coordinates satisfying the harmonic gauge condition. Thanks to the specific properties
assigned to the peaking states and the relational frame, we can derive an e!ective metric in a
familiar manner. In fact, (4.3) and (2.17) directly support the assumption that our clock and rods
are ideal, a scenario that aligns closely with classical spacetime theories.

We now turn to the derivation of the dynamics of ω0 on a homogeneous background. We know
the dynamical equations governing the CPS, and from here the relational time dependence of ↑”̂↓
follows from eq. (4.1). One can easily verify that, at late time, we obtain

ω0 ↔ n(ϱω)#(ϱω)ςεωµ(ϱω)x
0 +

ϱA(ϱω)ςεωn(ϱω)

2
e2µ(εω)x

0

, (4.4)

and by requiring n(ϱω) to be ϱω-independent, as already pointed out in [45], we obtain the solution
for a massless scalar field in harmonic coordinates in GR. Our scope is to use the fundamental
dynamics obeyed by ε0 and φ0 to describe e!ectively the dynamics of ω0. To do so, we first start
by inverting eq. (4.1) as

ςεε0 ↔
ω0

φ
2
0

, (4.5)

note the the inversion is always well-defined since φ
2
0 ↗= 0, ↘x

0
,ϱω, since our model predicts no

Big-Bang singularity. Under the assumption that ςεςx0ε0 and ςx0ςεε0 are continuous functions,
then ςεςx0ε0 = ςx0ςεε0. Therefore, we can derive with respect to ϱω the equation of motion for ε0
(eq.(3.17)) and then substitute ςεωε0 and its derivatives as functions of ω0 and φ0 using eq. (4.5).
The derivative with respect to ϱω of eq.(3.17), gives

ςε ε̈0 + 2
φ̇0

φ0
ςεε0 + 2

(
ε̇0 ≃

↼

2

)
ςε

(
φ̇0

φ0

)
= 0. (4.6)

The above equation cannot be expressed in closed form for ςεωε0. Di!erentiating eq. (3.17) with
respect to ϱω produces, in addition to the expected derivatives acting on ε̇0, ε̈0, extra source-like
terms originating from the derivative acting on the coe$cient functions and from the 3↼ȧ/(2a)
term. Since these contributions are not proportional to ςεω ε̈0 or ςεω ε̇0, they cannot be reabsorbed
into redefined coe$cients. Now, we can use eq.(4.5) to write the e!ective equation for ω0, we find

ω̈0 ≃ 3Hω̇0 ≃ 3Ḣω0 + J0(x
0
,ϱω) = 0, (4.7)
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and acts as a source for the scalar field.
Since we know the background solutions for ϑ0 and ε0, we know all the coe!cients of this

equation (we do not know the explicit dependence on ωω, but only the implicit one through the
ωω-dependent quantities). Therefore, we can check what happens to this equation at late time.
Assuming µ(ωω) > 0, we find

ς̈0 → 2µ(ωω)ς̇0 + 2n(ωω)”(ωω)µ(ωω)ϱεωµ(ωω) ↑ 0, (4.9)

the most general solution to the above equation is given by
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0
,ωω) ↑ n(ωω)”(ωω)ϱεωµ(ωω)x

0 + C(ωω)
e2µ(εω)x
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2µ(ωω)
+ C(ωω). (4.10)

This can be compared with what we obtain by computing the expectation value as defined in
eq.(4.1), which is given in eq.(4.4). We notice that identifying the integration constant C(ωω)
with ωA(ωω)ϱεωn(ωω)µ(ωω), the two solutions coincide. Notice that so far, we are not making
any assumptions about the signature of the metric that we are trying to extract. Based on (4.7),
one natural approach is to view the equation as describing a classical field propagating on a fixed,
homogeneous curved spacetime. In this scenario, we can extract an e#ective metric on which the
field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
if we allow the background geometry to respond dynamically to the matter fields, we are led to a
modified gravity framework, such as scalar-tensor theories or f(R) gravity [46].

In the following, we explore the first possibility, extracting the e#ective metric felt by the scalar
field.

Extraction of metric components In the standard description of a given field theory prop-
agating on a curved spacetime, one begins with a fixed classical background metric and derives
the evolution equation of the scalar field from the Klein–Gordon equation, i.e. the curved-space
d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
minimal coupling to the Ricci scalar, reflecting the fact that gravitational e#ects can dominate over
the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.

We can therefore describe the equation of motion obtained in the previous section as describing
a field on a non-dynamical homogeneous spacetime. The action is

S =

∫
d
4
x
↓
g

[
→
1

2
ϱµς0 ϱ
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ς0 → V (ς0),

]
(4.11)

where the most generic metric which leads to the correct equation is given by

g̃00 = Ca
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, g̃ij = a
ϖ
φij , (4.12)
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any assumptions about the signature of the metric that we are trying to extract. Based on (4.7),
one natural approach is to view the equation as describing a classical field propagating on a fixed,
homogeneous curved spacetime. In this scenario, we can extract an e#ective metric on which the
field evolves, implying that the metric is static and una#ected by the state of the field. Alternatively,
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the evolution equation of the scalar field from the Klein–Gordon equation, i.e. the curved-space
d’Alembertian (A.6) plus any mass or potential term, by varying the corresponding action (for
example, (A.5)) with respect to the field. In regimes of strong curvature one often includes a non-
minimal coupling to the Ricci scalar, reflecting the fact that gravitational e#ects can dominate over
the field’s self-interactions.

Here, we are inclined to turn that logic around and extract an e#ective metric directly from
our e#ective evolution equation (4.7). Since we are working in a homogeneous setting, only the
time-derivative terms (ς̈0 and ς̇0) carry non-trivial metric information.

We can therefore describe the equation of motion obtained in the previous section as describing
a field on a non-dynamical homogeneous spacetime. The action is
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Dynamical eqns for volume and matter perturbations, at late timeswith classical ones. For instance, for the second quantized field operator, we have seen that

� = h�̂i�, so

�� = � h�̂i� =


�N

N̄
�̄+ N̄@⇡��✓�o

�

⇡�=⇡̃�

. (4.16)

The dynamical equation satisfied by �� can be easily determined by noticing that �N/N̄ =

2�⇢�o/⇢̄�o ⌘ 2�⇢�o , and that �⇢�o and �✓�o satisfy the same di↵erential equation:

�00⇢�o + 2µ�o�
0

⇢�o
�r2�⇢�o = 0 = �✓00�o + 2µ�o�✓

0

�o �r2�✓�o . (4.17)

Here, consistently to what was done in the previous sections, we have used ⇢̄0�o = µ�o ⇢̄ and

the fact that µ�o ' (�)⌘�o .

Already from this equation, in particular from the behavior of the spatial derivative

term (scaling as V̄ 4/3, compare with equation , see equation (A.17)) we can conclude that

the evolution equation for the scalar field perturbations does not match, in general, with

the GR one.

Still, similarly to what happens for the volume perturbations, we can verify that so-

lutions to our equations and to the GR ones do match in the super-horizon regime (long

wavelength limit). To see this explicitly, notice that in this case the equation satisfied by

�✓�o becomes

0 = �✓00�o +
(⇢̄2�o)

0

⇢̄2�o
�✓0�o = �✓00�o + µ�o�✓

0

�o , (k ! 0) , (4.18)

whose general solution is

�✓�o = c1,�o(⇡�) + c2,�o(⇡�)N̄
�1 , (k ! 0) , (4.19)

with an appropriate redefinition of constants. Thus, in the large N̄ limit, we can write

�✓�o ' c1,�o(⇡�), and since �N/N̄ is constant, �� ' N̄c1,�o(⇡�), which forces us to consider

c1,�o to be independent on ⇡� in order to match with GR. Indeed, in this case, we have

�� = � h�̂i =

�V

V̄
�̄+ @⇡�c2,�o � c2,�o@⇡�µ�ox

0

�

⇡�=⇡̃�

, (k ! 0) , (4.20)

which is compatible with the classical solution, since in virtue of �V/V̄ being constant20,

it satisfies ��00 = 0.

Let us now consider perturbations in the scalar field momentum. If the classical

momentum ⇡(c)
� is identified with h⇧̂�i� /N ' ⇡̃�, we have that �⇡� = 0. On the other

hand, if we maintain the correspondence suggested above, i.e. ⇡� = h⇧̂�i� /N̄ , then

�⇡� = ⇡̃�
�N

N̄
= ⇡̃�

�V

V̄
, (4.21)

with the equations for �V being already described in the previous subsection. In order

to have a consistent definition of the momentum, however, we should require ��0 = �⇡�,

which, in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.22)

20Recall that the dominant solution of equation (4.9) in the k ! 0 limit is �V / V̄ .
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which is compatible with the classical solution, since in virtue of �V/V̄ being constant20,

it satisfies ��00 = 0.

Let us now consider perturbations in the scalar field momentum. If the classical

momentum ⇡(c)
� is identified with h⇧̂�i� /N ' ⇡̃�, we have that �⇡� = 0. On the other
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with the equations for �V being already described in the previous subsection. In order

to have a consistent definition of the momentum, however, we should require ��0 = �⇡�,

which, in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.22)

20Recall that the dominant solution of equation (4.9) in the k ! 0 limit is �V / V̄ .
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to have a consistent definition of the momentum, however, we should require ��0 = �⇡�,

which, in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.22)
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with identifications:

• eqn for volume perturbations:

where correct Lorentzian signature is obtained if:

and modulus can equivalently be written in terms of the integration constants Qj and Ej
as

✓̄0j(x
0,⇡�) =

�

2
+

Qj(⇡�)

⇢̄2j (x
0,⇡�)

(3.13a)

(⇢̄2j )
0(x0,⇡�) = Ej(⇡�)�

Q2

j (⇡�)

⇢̄2j (x
0,⇡�)

+ µ2

j (⇡�)⇢̄
2

j (x
0,⇡�) ' µ2

j (⇡�)⇢̄
2

j (x
0,⇡�) , (3.13b)

where µ2

j (⇡�) ⌘ (�)⌘2j (⇡�) � �2/4 (we have dropped the superscript (�) for notation sim-

plicity) and with the last approximate equality being valid for large densities ⇢̄j � 1.

First order. The first order equations, instead, are

0 = �⇢00j (x,⇡�) + Re↵2r2�⇢j(x,⇡�)� (�)⌘2j (⇡�)�⇢j(x,⇡�)

�
⇥
�✓0j(x,⇡�)

�
2✓̄0j(x

0,⇡�)� �
�
� Im↵2r2�✓j(x,⇡�)

⇤
⇢̄j(x

0,⇡�) , (3.14a)

0 = �✓00j (x,⇡�)⇢̄j(x
0,⇡�) + ✓̄00j (x

0,⇡�)�⇢j(x,⇡�) + 2�✓0j(x,⇡�)⇢̄
0

j(x
0,⇡�)

+ 2✓̄0j(x
0,⇡�)�⇢

0

j(x,⇡�)� ��⇢0j(x,⇡�) + Re↵2[r2�✓j(x,⇡�)]⇢̄j(x
0,⇡�)

� (�)�2

j �⇢j(x,⇡�) + Im↵2r2�⇢j(x,⇡�) . (3.14b)

The two equations are form a complicated set of coupled second order di↵erential equations

for the variables �⇢j and �✓j .

Before discussing their decoupling limit let us remark that, from the very same struc-

ture of equation (3.14a), one can see that the di↵erential operator acting on ⇢, let us call

it ⇤↵ ⌘ (@2

0
+ Re↵2r2), has a signature dictated by the sign of Re↵2. Furthermore, we

notice that for Re↵2 = �1, ⇤↵ = ⇤, with ⇤ being the d’Alambert operator. The condition

Re↵2 = �1, means

Re↵2 =
⇡2
x

6✏z2
0

�
�2r � �2i

�
' � ⇡2

x�
2

i

3✏2⇡2

0

= �1 , (3.15a)

and can only be achieved of course if �2i � �2r . The above equality ⇡2
x�

2

i = 3✏2⇡2

0
seem in

fact a very natural choice for the parameters of the peaking functions12. If equation (3.15a)

is satisfied, then one also has

| Im↵2| = 2

3

⇡2
x�r|�i|
✏2⇡2

0

' 2
�r
|�i|

⌧ 1 , (3.15b)

which in turn is consistent with the requirement of having negligible (�)�.

Let us now look for the decoupling regime of equations (3.14). This can be more easily

identified by first rewriting equation (3.14b) as

0 = ⇢̄j(x
0,⇡�)

"
�✓00j (x,⇡�) + 2�✓0j(x,⇡�)

⇢̄0j(x
0,⇡�)

⇢̄j(x0,⇡�)
+ Re↵2r2�✓j(x,⇡�)

#

+ �⇢j(x,⇡�)


✓̄00j (x

0,⇡�) + [2✓̄0j(x
0,⇡�)� �]

�⇢0j(x,⇡�)

�⇢j(x,⇡�)

�
+ Im↵2r2�⇢j(x,⇡�) , (3.16)

12However, as we will discuss in more detail below, there could be compelling physical arguments for a

di↵erent choice.
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< 0

(in regime: large volume, negligible TGFT interactions, single spin mode)

Perturbed volume evolution. As before, let us assume that we are in the case of single
representation label dominance (assumption DC2). Then, the average perturbed volume
reads

�V (x, ⇡̃�) ' 2V�o ⇢̄�o(x
0, ⇡̃�)�⇢̄�o(x, ⇡̃�) , (4.7)

where we have used the peaking properties in ⇡� of the condensate wavefunction (4.5). Now,
let us take a time derivative of the above quantity. We have

�V 0(x, ⇡̃�) = 2V�o ⇢̄
0

�o(x
0, ⇡̃�)�⇢�o(x, ⇡̃�) + 2V�o ⇢̄�o(x

0, ⇡̃�)�⇢
0

�o(x, ⇡̃�)

' µ�o(⇡̃�)�V (x, ⇡̃�) + 2V�o ⇢̄�o(x
0, ⇡̃�)�⇢

0

�o(x, ⇡̃�) ,

where in the second line we have used the large ⇢̄�o behavior16 ⇢̄0�o ' µ�o ⇢̄�o . Taking one
further derivative and using the above equation together with (3.17a), we find

�V 00 � 2µ�o�V
0 +Re↵r2�V + �V ((�)⌘2j � µ2

j ) = 0 . (4.8)

Recall also that, by consistency with the background equations, we have that µ2

j ' (�)⌘2j ,
thus leading to the simplified form

�V 00 � 2µ�o�V
0 +Re↵r2�V = �V 00 � 3H�V 0 +Re↵r2�V = 0 . (4.9)

From the above equation we notice, in particular, that in order to have a Lorentz signature
for the equation of physical perturbations we need to require Re↵ < 0, which in turn implies
�2i > �2r (see assumption KC1). Moreover, in the extreme case in which �2i � �2r , and when
⇡2
x�

2

i = 3✏2⇡2

0
(in which case the parameters of the peaking functions are chosen of the same

magnitude), we have

Re↵2 =
⇡2
x

6✏z2
0

�
�2r � �2i

�
' � ⇡2

x�
2

i

3✏2⇡2

0

= �1 , (4.10)

which in turn implies that the second order di↵erential operator appearing in (4.9) can be
recast in terms of a ⇤ operator.

By comparing equations (4.9) and (A.21), however, we conclude that the e↵ective evo-
lution of the perturbed volume obtained from our quantum gravity model does not match the
classical GR one, in general. An important di↵erence lies in the pre-factor of the Laplacian
term of the equation17, being (in general) respectively Re↵ and / V̄ 4/3 in equations (4.9)
and (A.21). We will comment on the possible implications of this mismatch in Section 5.

In the super-horizon limit k ! 0 (where k represents the modulus of the modes as-
sociated to a spatial Fourier transform of the perturbed volume), thus for long-wavelength
perturbations, equation (4.9) admits two solutions: a constant one, and one of the form
�V / V̄ . The latter becomes dominant as the universe expands, i.e. at large universe
volumes. From the results in Appendix A (see equation (A.15) and the discussion below
equation (A.21)), we see that this dominant solution actually coincide with the GR one in
the limit k ! 0. Thus, we conclude that the theory matches the predicted dynamics of GR
in the super-horizon regime, at late cosmological times and large universe volume (which is
also when the background dynamics reproduces the Friedmann one).

16For concreteness, we are considering large positive times x0, so that only the positive root of equation
(3.13b) is important.

17Notice, however, that the general spatial di↵erential structure of the equations is the same, thus implying
that in the limit of k ! 1 (with all the remaining quantities kept constant), the two equations are equivalent.
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• volume perturbations dynamics only matches GR in superhorizon (k--> 0) regime
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Still, similarly to what happens for the volume perturbations, we can verify that so-
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whose general solution is
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with an appropriate redefinition of constants. Thus, in the large N̄ limit, we can write

�✓�o ' c1,�o(⇡�), and since �N/N̄ is constant, �� ' N̄c1,�o(⇡�), which forces us to consider
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which is compatible with the classical solution, since in virtue of �V/V̄ being constant20,

it satisfies ��00 = 0.

Let us now consider perturbations in the scalar field momentum. If the classical

momentum ⇡(c)
� is identified with h⇧̂�i� /N ' ⇡̃�, we have that �⇡� = 0. On the other
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with the equations for �V being already described in the previous subsection. In order

to have a consistent definition of the momentum, however, we should require ��0 = �⇡�,

which, in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.22)

20Recall that the dominant solution of equation (4.9) in the k ! 0 limit is �V / V̄ .
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• eqn for volume perturbations:
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and modulus can equivalently be written in terms of the integration constants Qj and Ej
as

✓̄0j(x
0,⇡�) =

�

2
+
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⇢̄2j (x
0,⇡�)

(3.13a)

(⇢̄2j )
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j (⇡�)⇢̄
2

j (x
0,⇡�) ' µ2

j (⇡�)⇢̄
2

j (x
0,⇡�) , (3.13b)

where µ2

j (⇡�) ⌘ (�)⌘2j (⇡�) � �2/4 (we have dropped the superscript (�) for notation sim-

plicity) and with the last approximate equality being valid for large densities ⇢̄j � 1.

First order. The first order equations, instead, are

0 = �⇢00j (x,⇡�) + Re↵2r2�⇢j(x,⇡�)� (�)⌘2j (⇡�)�⇢j(x,⇡�)
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The two equations are form a complicated set of coupled second order di↵erential equations

for the variables �⇢j and �✓j .

Before discussing their decoupling limit let us remark that, from the very same struc-

ture of equation (3.14a), one can see that the di↵erential operator acting on ⇢, let us call

it ⇤↵ ⌘ (@2

0
+ Re↵2r2), has a signature dictated by the sign of Re↵2. Furthermore, we

notice that for Re↵2 = �1, ⇤↵ = ⇤, with ⇤ being the d’Alambert operator. The condition

Re↵2 = �1, means
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and can only be achieved of course if �2i � �2r . The above equality ⇡2
x�

2

i = 3✏2⇡2

0
seem in

fact a very natural choice for the parameters of the peaking functions12. If equation (3.15a)

is satisfied, then one also has
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' 2
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⌧ 1 , (3.15b)

which in turn is consistent with the requirement of having negligible (�)�.

Let us now look for the decoupling regime of equations (3.14). This can be more easily

identified by first rewriting equation (3.14b) as
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0,⇡�)

"
�✓00j (x,⇡�) + 2�✓0j(x,⇡�)
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12However, as we will discuss in more detail below, there could be compelling physical arguments for a

di↵erent choice.
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< 0

(in regime: large volume, negligible TGFT interactions, single spin mode)

Perturbed volume evolution. As before, let us assume that we are in the case of single
representation label dominance (assumption DC2). Then, the average perturbed volume
reads

�V (x, ⇡̃�) ' 2V�o ⇢̄�o(x
0, ⇡̃�)�⇢̄�o(x, ⇡̃�) , (4.7)

where we have used the peaking properties in ⇡� of the condensate wavefunction (4.5). Now,
let us take a time derivative of the above quantity. We have

�V 0(x, ⇡̃�) = 2V�o ⇢̄
0

�o(x
0, ⇡̃�)�⇢�o(x, ⇡̃�) + 2V�o ⇢̄�o(x

0, ⇡̃�)�⇢
0

�o(x, ⇡̃�)

' µ�o(⇡̃�)�V (x, ⇡̃�) + 2V�o ⇢̄�o(x
0, ⇡̃�)�⇢

0

�o(x, ⇡̃�) ,

where in the second line we have used the large ⇢̄�o behavior16 ⇢̄0�o ' µ�o ⇢̄�o . Taking one
further derivative and using the above equation together with (3.17a), we find

�V 00 � 2µ�o�V
0 +Re↵r2�V + �V ((�)⌘2j � µ2

j ) = 0 . (4.8)

Recall also that, by consistency with the background equations, we have that µ2

j ' (�)⌘2j ,
thus leading to the simplified form

�V 00 � 2µ�o�V
0 +Re↵r2�V = �V 00 � 3H�V 0 +Re↵r2�V = 0 . (4.9)

From the above equation we notice, in particular, that in order to have a Lorentz signature
for the equation of physical perturbations we need to require Re↵ < 0, which in turn implies
�2i > �2r (see assumption KC1). Moreover, in the extreme case in which �2i � �2r , and when
⇡2
x�

2

i = 3✏2⇡2

0
(in which case the parameters of the peaking functions are chosen of the same

magnitude), we have

Re↵2 =
⇡2
x

6✏z2
0

�
�2r � �2i

�
' � ⇡2

x�
2

i

3✏2⇡2

0

= �1 , (4.10)

which in turn implies that the second order di↵erential operator appearing in (4.9) can be
recast in terms of a ⇤ operator.

By comparing equations (4.9) and (A.21), however, we conclude that the e↵ective evo-
lution of the perturbed volume obtained from our quantum gravity model does not match the
classical GR one, in general. An important di↵erence lies in the pre-factor of the Laplacian
term of the equation17, being (in general) respectively Re↵ and / V̄ 4/3 in equations (4.9)
and (A.21). We will comment on the possible implications of this mismatch in Section 5.

In the super-horizon limit k ! 0 (where k represents the modulus of the modes as-
sociated to a spatial Fourier transform of the perturbed volume), thus for long-wavelength
perturbations, equation (4.9) admits two solutions: a constant one, and one of the form
�V / V̄ . The latter becomes dominant as the universe expands, i.e. at large universe
volumes. From the results in Appendix A (see equation (A.15) and the discussion below
equation (A.21)), we see that this dominant solution actually coincide with the GR one in
the limit k ! 0. Thus, we conclude that the theory matches the predicted dynamics of GR
in the super-horizon regime, at late cosmological times and large universe volume (which is
also when the background dynamics reproduces the Friedmann one).

16For concreteness, we are considering large positive times x0, so that only the positive root of equation
(3.13b) is important.

17Notice, however, that the general spatial di↵erential structure of the equations is the same, thus implying
that in the limit of k ! 1 (with all the remaining quantities kept constant), the two equations are equivalent.
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and standard D'Alambertian is obtained for specific state parameters only

• volume perturbations dynamics only matches GR in superhorizon (k--> 0) regime

L. Marchetti, DO, '21

• eqn for scalar field can be obtained in same way:

(in regime: large volume, negligible TGFT interactions, single spin mode)

effective scalar field

Perturbed scalar field evolution. Similarly to what we did for the volume operator,
we can study perturbations to the scalar field quantities. Notice, however, that results
about perturbations on the matter sector depend on how extensive variables are matched
with classical ones. For instance, for the second quantized field operator, we have seen that
� = h�̂i�, so

�� = � h�̂i� =


�N

N̄
�̄+ N̄@⇡��✓�o

�

⇡�=⇡̃�

. (4.17)

The dynamical equation satisfied by �� can be easily determined by noticing that �N/N̄ =
2�⇢�o/⇢̄�o ⌘ 2�⇢�o , and that �⇢�o and �✓�o satisfy the same di↵erential equation:

�00⇢�o + 2µ�o�
0

⇢�o
+Re↵r2�⇢�o = 0 = �✓00�o + 2µ�o�✓

0

�o +Re↵r2�✓�o . (4.18)

Here, consistently to what was done in the previous sections, we have used ⇢̄0�o ' µ�o ⇢̄ and

the fact that µ�o ' (�)⌘�o .
Already from this equation, in particular from the behavior of the spatial derivative

term (scaling as V̄ 4/3, see equation (A.17)) we can conclude that the evolution equation for
the scalar field perturbations does not match, in general, with the GR one.

Still, similarly to what happens for the volume perturbations, we can verify that so-
lutions to our equations and to the GR ones do match in the super-horizon regime (long
wavelength limit). To see this explicitly, notice that in this case the equation satisfied by
�✓�o becomes

0 = �✓00�o +
(⇢̄2�o)

0

⇢̄2�o
�✓0�o = �✓00�o + µ�o�✓

0

�o , (k ! 0) , (4.19)

whose general solution is

�✓�o = c1,�o(⇡�) + c2,�o(⇡�)N̄
�1 , (k ! 0) , (4.20)

with an appropriate redefinition of constants. Thus, in the large N̄ limit, we can write
�✓�o ' c1,�o(⇡�), and since �N/N̄ is constant, �� ' N̄c1,�o(⇡�), which forces us to consider
c1,�o to be independent on ⇡� in order to match with GR. Indeed, in this case, we have

�� = � h�̂i =

�V

V̄
�̄+ @⇡�c2,�o � c2,�o@⇡�µ�ox

0

�

⇡�=⇡̃�

, (k ! 0) , (4.21)

which is compatible with the classical solution, since in virtue of �V/V̄ being constant20, it
satisfies ��00 = 0.

Let us now consider perturbations in the scalar field momentum. If the classical mo-

mentum ⇡(c)
� is identified with h⇧̂�i� /N ' ⇡̃�, we have that �⇡� = 0. On the other hand, if

we maintain the correspondence suggested above, i.e. ⇡� = h⇧̂�i� /N̄ , then

�⇡� = ⇡̃�
�N

N̄
= ⇡̃�

�V

V̄
, (4.22)

with the equations for �V being already described in the previous subsection. In order to
have a consistent definition of the momentum, however, we should require ��0 = �⇡�, which,
in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.23)

20Recall that the dominant solution of equation (4.9) in the k ! 0 limit is �V / V̄ .
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Perturbed scalar field evolution. Similarly to what we did for the volume operator,
we can study perturbations to the scalar field quantities. Notice, however, that results
about perturbations on the matter sector depend on how extensive variables are matched
with classical ones. For instance, for the second quantized field operator, we have seen that
� = h�̂i�, so

�� = � h�̂i� =
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N̄
�̄+ N̄@⇡��✓�o
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. (4.17)

The dynamical equation satisfied by �� can be easily determined by noticing that �N/N̄ =
2�⇢�o/⇢̄�o ⌘ 2�⇢�o , and that �⇢�o and �✓�o satisfy the same di↵erential equation:
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0
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Here, consistently to what was done in the previous sections, we have used ⇢̄0�o ' µ�o ⇢̄ and

the fact that µ�o ' (�)⌘�o .
Already from this equation, in particular from the behavior of the spatial derivative

term (scaling as V̄ 4/3, see equation (A.17)) we can conclude that the evolution equation for
the scalar field perturbations does not match, in general, with the GR one.

Still, similarly to what happens for the volume perturbations, we can verify that so-
lutions to our equations and to the GR ones do match in the super-horizon regime (long
wavelength limit). To see this explicitly, notice that in this case the equation satisfied by
�✓�o becomes

0 = �✓00�o +
(⇢̄2�o)

0

⇢̄2�o
�✓0�o = �✓00�o + µ�o�✓

0

�o , (k ! 0) , (4.19)

whose general solution is

�✓�o = c1,�o(⇡�) + c2,�o(⇡�)N̄
�1 , (k ! 0) , (4.20)

with an appropriate redefinition of constants. Thus, in the large N̄ limit, we can write
�✓�o ' c1,�o(⇡�), and since �N/N̄ is constant, �� ' N̄c1,�o(⇡�), which forces us to consider
c1,�o to be independent on ⇡� in order to match with GR. Indeed, in this case, we have

�� = � h�̂i =

�V

V̄
�̄+ @⇡�c2,�o � c2,�o@⇡�µ�ox

0
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, (k ! 0) , (4.21)

which is compatible with the classical solution, since in virtue of �V/V̄ being constant20, it
satisfies ��00 = 0.

Let us now consider perturbations in the scalar field momentum. If the classical mo-

mentum ⇡(c)
� is identified with h⇧̂�i� /N ' ⇡̃�, we have that �⇡� = 0. On the other hand, if

we maintain the correspondence suggested above, i.e. ⇡� = h⇧̂�i� /N̄ , then

�⇡� = ⇡̃�
�N

N̄
= ⇡̃�

�V

V̄
, (4.22)

with the equations for �V being already described in the previous subsection. In order to
have a consistent definition of the momentum, however, we should require ��0 = �⇡�, which,
in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.23)

20Recall that the dominant solution of equation (4.9) in the k ! 0 limit is �V / V̄ .
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Perturbed scalar field evolution. Similarly to what we did for the volume operator,
we can study perturbations to the scalar field quantities. Notice, however, that results
about perturbations on the matter sector depend on how extensive variables are matched
with classical ones. For instance, for the second quantized field operator, we have seen that
� = h�̂i�, so

�� = � h�̂i� =


�N

N̄
�̄+ N̄@⇡��✓�o

�

⇡�=⇡̃�

. (4.17)

The dynamical equation satisfied by �� can be easily determined by noticing that �N/N̄ =
2�⇢�o/⇢̄�o ⌘ 2�⇢�o , and that �⇢�o and �✓�o satisfy the same di↵erential equation:

�00⇢�o + 2µ�o�
0

⇢�o
+Re↵r2�⇢�o = 0 = �✓00�o + 2µ�o�✓

0

�o +Re↵r2�✓�o . (4.18)

Here, consistently to what was done in the previous sections, we have used ⇢̄0�o ' µ�o ⇢̄ and

the fact that µ�o ' (�)⌘�o .
Already from this equation, in particular from the behavior of the spatial derivative

term (scaling as V̄ 4/3, see equation (A.17)) we can conclude that the evolution equation for
the scalar field perturbations does not match, in general, with the GR one.

Still, similarly to what happens for the volume perturbations, we can verify that so-
lutions to our equations and to the GR ones do match in the super-horizon regime (long
wavelength limit). To see this explicitly, notice that in this case the equation satisfied by
�✓�o becomes

0 = �✓00�o +
(⇢̄2�o)

0

⇢̄2�o
�✓0�o = �✓00�o + µ�o�✓

0

�o , (k ! 0) , (4.19)

whose general solution is

�✓�o = c1,�o(⇡�) + c2,�o(⇡�)N̄
�1 , (k ! 0) , (4.20)

with an appropriate redefinition of constants. Thus, in the large N̄ limit, we can write
�✓�o ' c1,�o(⇡�), and since �N/N̄ is constant, �� ' N̄c1,�o(⇡�), which forces us to consider
c1,�o to be independent on ⇡� in order to match with GR. Indeed, in this case, we have

�� = � h�̂i =

�V

V̄
�̄+ @⇡�c2,�o � c2,�o@⇡�µ�ox

0

�
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, (k ! 0) , (4.21)

which is compatible with the classical solution, since in virtue of �V/V̄ being constant20, it
satisfies ��00 = 0.

Let us now consider perturbations in the scalar field momentum. If the classical mo-

mentum ⇡(c)
� is identified with h⇧̂�i� /N ' ⇡̃�, we have that �⇡� = 0. On the other hand, if

we maintain the correspondence suggested above, i.e. ⇡� = h⇧̂�i� /N̄ , then

�⇡� = ⇡̃�
�N

N̄
= ⇡̃�

�V

V̄
, (4.22)

with the equations for �V being already described in the previous subsection. In order to
have a consistent definition of the momentum, however, we should require ��0 = �⇡�, which,
in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.23)

20Recall that the dominant solution of equation (4.9) in the k ! 0 limit is �V / V̄ .
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with the ingredient satisfying same equation:

Perturbed scalar field evolution. Similarly to what we did for the volume operator,
we can study perturbations to the scalar field quantities. Notice, however, that results
about perturbations on the matter sector depend on how extensive variables are matched
with classical ones. For instance, for the second quantized field operator, we have seen that
� = h�̂i�, so
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. (4.17)

The dynamical equation satisfied by �� can be easily determined by noticing that �N/N̄ =
2�⇢�o/⇢̄�o ⌘ 2�⇢�o , and that �⇢�o and �✓�o satisfy the same di↵erential equation:
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Here, consistently to what was done in the previous sections, we have used ⇢̄0�o ' µ�o ⇢̄ and

the fact that µ�o ' (�)⌘�o .
Already from this equation, in particular from the behavior of the spatial derivative

term (scaling as V̄ 4/3, see equation (A.17)) we can conclude that the evolution equation for
the scalar field perturbations does not match, in general, with the GR one.

Still, similarly to what happens for the volume perturbations, we can verify that so-
lutions to our equations and to the GR ones do match in the super-horizon regime (long
wavelength limit). To see this explicitly, notice that in this case the equation satisfied by
�✓�o becomes

0 = �✓00�o +
(⇢̄2�o)

0

⇢̄2�o
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whose general solution is

�✓�o = c1,�o(⇡�) + c2,�o(⇡�)N̄
�1 , (k ! 0) , (4.20)

with an appropriate redefinition of constants. Thus, in the large N̄ limit, we can write
�✓�o ' c1,�o(⇡�), and since �N/N̄ is constant, �� ' N̄c1,�o(⇡�), which forces us to consider
c1,�o to be independent on ⇡� in order to match with GR. Indeed, in this case, we have
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which is compatible with the classical solution, since in virtue of �V/V̄ being constant20, it
satisfies ��00 = 0.

Let us now consider perturbations in the scalar field momentum. If the classical mo-

mentum ⇡(c)
� is identified with h⇧̂�i� /N ' ⇡̃�, we have that �⇡� = 0. On the other hand, if

we maintain the correspondence suggested above, i.e. ⇡� = h⇧̂�i� /N̄ , then
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, (4.22)

with the equations for �V being already described in the previous subsection. In order to
have a consistent definition of the momentum, however, we should require ��0 = �⇡�, which,
in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.23)

20Recall that the dominant solution of equation (4.9) in the k ! 0 limit is �V / V̄ .
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Perturbed scalar field evolution. Similarly to what we did for the volume operator,
we can study perturbations to the scalar field quantities. Notice, however, that results
about perturbations on the matter sector depend on how extensive variables are matched
with classical ones. For instance, for the second quantized field operator, we have seen that
� = h�̂i�, so

�� = � h�̂i� =
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. (4.17)

The dynamical equation satisfied by �� can be easily determined by noticing that �N/N̄ =
2�⇢�o/⇢̄�o ⌘ 2�⇢�o , and that �⇢�o and �✓�o satisfy the same di↵erential equation:
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Here, consistently to what was done in the previous sections, we have used ⇢̄0�o ' µ�o ⇢̄ and

the fact that µ�o ' (�)⌘�o .
Already from this equation, in particular from the behavior of the spatial derivative

term (scaling as V̄ 4/3, see equation (A.17)) we can conclude that the evolution equation for
the scalar field perturbations does not match, in general, with the GR one.

Still, similarly to what happens for the volume perturbations, we can verify that so-
lutions to our equations and to the GR ones do match in the super-horizon regime (long
wavelength limit). To see this explicitly, notice that in this case the equation satisfied by
�✓�o becomes

0 = �✓00�o +
(⇢̄2�o)

0

⇢̄2�o
�✓0�o = �✓00�o + µ�o�✓

0

�o , (k ! 0) , (4.19)

whose general solution is

�✓�o = c1,�o(⇡�) + c2,�o(⇡�)N̄
�1 , (k ! 0) , (4.20)

with an appropriate redefinition of constants. Thus, in the large N̄ limit, we can write
�✓�o ' c1,�o(⇡�), and since �N/N̄ is constant, �� ' N̄c1,�o(⇡�), which forces us to consider
c1,�o to be independent on ⇡� in order to match with GR. Indeed, in this case, we have

�� = � h�̂i =

�V

V̄
�̄+ @⇡�c2,�o � c2,�o@⇡�µ�ox

0

�

⇡�=⇡̃�

, (k ! 0) , (4.21)

which is compatible with the classical solution, since in virtue of �V/V̄ being constant20, it
satisfies ��00 = 0.

Let us now consider perturbations in the scalar field momentum. If the classical mo-

mentum ⇡(c)
� is identified with h⇧̂�i� /N ' ⇡̃�, we have that �⇡� = 0. On the other hand, if

we maintain the correspondence suggested above, i.e. ⇡� = h⇧̂�i� /N̄ , then

�⇡� = ⇡̃�
�N

N̄
= ⇡̃�

�V

V̄
, (4.22)

with the equations for �V being already described in the previous subsection. In order to
have a consistent definition of the momentum, however, we should require ��0 = �⇡�, which,
in the long wavelength limit forces us to impose c2,�o = 0, so that we find

�� = (�V/V̄ )�̄ , (k ! 0) . (4.23)

20Recall that the dominant solution of equation (4.9) in the k ! 0 limit is �V / V̄ .
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• extended TGFT condensate of both timelike and spacelike quantum tetrahedra (previously only spacelike ones)

3

FIG. 1. Left: clock ω0 propagating across spacelike tetrahe-
dron (equivalently, along timelike dual edge) connecting the
dual vertices v and w. Right: rods ωi propagating across
timelike tetrahedron (equivalently, along spacelike dual edge)
connecting the dual vertices v and w. Propagation of matter
data across spacelike (resp. timelike) tetrahedra, or timelike
(resp. spacelike) dual edges is encoded in the kinetic kernel
K+ (resp. K→), hence the restrictions (5).

The reasons for considering coherent states are twofold.
First, they allow to systematically implement a mean-
field approximation, and thus the simplest form of coarse-
graining of the QG theory [67]. Second, it has been shown
[37, 68, 69] that coherent states lead to small relative fluc-
tuations of geometric and matter field operators, which
is essential for a semi-classical interpretation of the dy-
namics. Furthermore, in virtue of their simple collective
behavior, these states o!er a transparent way of connect-
ing macroscopic quantities to microscopic ones, as we will
see explicitly below. More precisely, we consider states
of the form

∣∣”;x0
,x

〉
= N!e

ω̂→ →+ +→ε̂+ϑ̂”→ →+ϑ̂#+ +→ϑ̂$ |→↑ ,
(6)

where N! is a normalization factor and |→↑ = |→↑+↓ |→↑↑
is the F-vacuum. In the above expression, the one-body
operators

ω̂ ↔ ωω+;x0,pω
· ε̂†

+, ϑ̂ ↔ ϑω→;x0,x,pω
· ε̂†

↑, (7)

generate a background condensate state in the extended
Fock space of the form

∣∣ω;x0
, pϖ

〉
↓
∣∣ϑ ;x0

,x, pϖ
〉
= NωNεe

ω̂→ + →ε̂ |→↑ , (8)

with
∣∣ω;x0

, pϖ

〉
and

∣∣ϑ ;x0
,x, pϖ

〉
representing spacelike

and timelike condensates, respectively. The spacelike
ωω+;x0,pω

and timelike ϑω→;x0,x,pω
condensate wavefunc-

tions are localized around ϖ
0 = x

0 and ϖ
0 = x

0
,ω = x,

respectively. Furthermore, they are similarly localized in
ϱ-Fourier space (ϱ ↗ ςϖ) around an arbitrary scalar field
momentum pϖ. In practice, this is achieved by assuming
that they both factorize into fixed (Gaussian, see [44])
peaking functions and into reduced condensate wavefunc-
tions, ω̃ and ϑ̃ , respectively.3 The peaking properties of

3
We note that both the peaking properties of the states and the ki-

netic coupling (5) manifestly reflect our choice of physical frame.

A di!erent choice of relational frame would a!ect both these

aspects of our construction.

the states are collectively represented by the multi-labels
ε±, respectively, see [66] for more details.
Requiring ω̃ (resp. ϑ̃) to contain only gauge-invariant

data, the spacelike (resp. timelike) condensate wavefunc-
tion can be seen as a distribution of geometric and mat-
ter data on a 3–surface (resp. (2+1)–surface) localized at
relational time x0 (resp. relational point (x0

,x)). There-
fore, averages of operators on such relationally localized
states can be seen as e!ective relational observables [37].
Relational homogeneity of the background structures is
then imposed by assuming that ω̃ and ϑ̃ only depend on
the clock variable ϖ

0. Furthermore, isotropy is imposed
by requiring ω̃ and ϑ̃ to depend only on a single spacelike4

representation label φ ↘ R. Under these assumptions, we
have ω̃ = ω̃ϱ(ϖ0

,ςϖ) and ϑ̃ = ϑ̃ϱ(ϖ0
,ςϖ).

Inhomogeneities in (6) are encoded in the operators
↼̂#↓ ↑, ˆ↼$, and +↓↼̂% which are in generalm-body op-
erators, with integer m > 1. These produce quantum en-
tanglement5 within and between the spacelike and time-
like sectors. For the remainder, we choose m = 2, antic-
ipating that, under our assumptions, this is su&cient to
capture the physics of scalar, isotropic and slightly inho-
mogeneous cosmological perturbations. Higher m-body
operators would o!er more involved forms of entangle-
ment and could be required for describing phenomenolog-
ically richer systems (e.g. involving anisotropies). How-
ever, following the arguments of [66], these would lead to
further dynamical freedom discussed below and result in
more involved dynamical equations which might be di&-
cult to treat analytically. We therefore leave a treatment
of such operators open for future research. Explicitly, the
three 2-body operators are defined as further

↼̂# = ε̂
†
+ · ↼# · ε̂†

+, (9a)

ˆ↼$ = ε̂
†
+ · ↼$ · ε̂†

↑, (9b)

↼̂% = ε̂
†
↑ · ↼% · ε̂†

↑ . (9c)

The kernels ↼#, ↼$ and ↼% are in general bi-local,
non-factorized (hence entangling) functions of the re-
spective GFT field domains, determined by the mean-
field dynamics we study below. Imposing isotropy6

4
This is a non-trivial requirement for ω̃ , which can in principle

carry spacelike (ε) and timelike (ϑ) representation labels [29, 42].
5
This “perspective-neutral” [70] entanglement is defined with re-

spect to the kinematical (Fock) tensor product structure (TPS).

This is expected to be inherited by the physical Hilbert space,

due to the lack of redundant spacetime information in GFT.

Thus, contrary to what happens for gravitational theories [70–

74], one would expect this kinematical notion of entanglement

to also be physical. In any case, we note that in this paper we

do not go beyond the mean-field level. Thus, we work with the

kinematical TPS, so that within our approximations, the above

notion of entanglement is by construction physical.
6
This condition, although restrictive, is compatible with the fact

that we will only study isotropic geometric observables.

key role of entanglement between timelike and spacelike components

• extended TGFT with both timelike and spacelike fields (creating timelike and spacelike tetrahedra) with kinetic kernels:

2

mogeneities of cosmological observables emerge from en-
tanglement between the quantum geometric degrees of
freedom of the model. Thus, we also provide a concrete
realization of the general expectation that non-trivial ge-
ometries are associated with quantum gravitational en-
tanglement [49–59]. This is achieved as follows:

1. We utilize the rich causal structure of the com-
pletion [29, 38] of the Barrett-Crane (BC) GFT
model [60–63], which provides a GFT quantization of
first-order Palatini gravity, to causally couple a phys-
ical Lorentzian reference frame to the GFT model.

2. We represent slightly inhomogeneous cosmological ge-
ometries via entangled states

∣∣!;x0
,x

〉
. We study

their perturbative dynamics using mean-field methods
[32–38, 44].

3. We obtain e”ective relational cosmological observables
by computing expectation values of appropriate op-
erators on the states

∣∣!;x0
,x

〉
. We study in detail

the dynamics of cosmological inhomogeneities emerg-
ing from the above entanglement, determining their
classical limit and characterizing quantum e”ects.

We will discuss these steps in detail, one at a time, in
each of the next three sections.

THE BC MODEL WITH LORENTZIAN FRAME

We consider a minimal extension of the BC GFT model
characterized by a spacelike (+) and timelike (→) sec-
tor [29]. The model is described by two fields ω± ↑
ω(gv, X±,ω). Closure and simplicity constraints [29] are
imposed on the ω±, facilitating their excitations to be in-
terpreted as quantum spacelike and timelike tetrahedra,
respectively. Here, gv = (g1, g2, g3, g4) ↓ SL(2,C)4 and
X± is a timelike (+), resp. spacelike (→) normal vector to
the tetrahedra [29]. Finally, ω = (εµ

,ϑ) ↓ R5 represents
the values of 5 minimally coupled massless free (MCMF)
scalar fields discretized on dual vertices2, which consti-
tute the matter content of the system.

The dynamics of the model are specified by an action
S[ω̄,ω] = K[ω̄,ω] + V [ω̄,ω], where K and V represent
kinetic and interaction terms. In particular, K = K+ +
K→, with

K± = ω̄± · K(X)
± · ω± , (1)

where · represents an integration over the full GFT field
domain. The bi-local kinetic kernels

K(X)
± = ϖ(X(v)

± →X
(w)
± )K±(gv, gw;!

2
vwω) , (2)

2
The ω are coupled so that the GFT Feynman amplitudes cor-

respond to simplicial gravity path integrals with MCMF scalar

fields [34, 64, 65].

where !2
vwω ↑

(
(εµ

v → ε
µ
w)

2
, (ϑv → ϑw)2

)
, encode infor-

mation about the propagation of geometry and matter
data between neighbouring 4-simplices (denoted v and
w) and clearly show that the Xω are non-dynamical. For
further details, see [66].
The interaction V is local in ω, non-local in the group

theoretic variables and represents any possible gluing of
five tetrahedra with arbitrary signature to form a 4-
simplex [29, 66].
The Fock space F of the model can be constructed by

tensoring the Fock spaces associated to the two di”erent
sectors, i.e. F ↑ F+ ↔ F→, with

F± ↑
↑⊕

N=0

sym
(
H(1)

± ↔ ...↔H(N)
±

)
, (3)

constructed out of the one-particle Hilbert spaces H±,
see [66] for further details. The F± can be generated by
repeated action of the creation operators ω̂†

± ↑ ω̂
†
± ↔ ↓

on the Fock vacua |↗↘± annihilated by ω̂±. Creation and
annihilation operators satisfy

[
ω̂±(ω), ω̂†

±(ω
↔)
]
= ϖ

(n)(ω →ω↔) ± , (4)

where ± represents the identity on F± satisfying closure
and simplicity constraints.

The four scalar fields ε
µ with µ ↓ {0, ..., 3} will be

used to construct a physical Lorentzian reference frame,
allowing us to describe the system in a relational manner.
More precisely, ε0 serves as a relational clock and ε

i with
i ↓ {1, 2, 3} serve as relational rods. The field ϑ will be
assumed to dominate the energy-momentum budget of
the system, being slightly inhomogeneous with respect
to the rods.

Importantly, the manifestly causal nature of the min-
imally extended BC GFT model allows us, for the first
time, to consistently implement the Lorentzian properties
of the physical frame at the QG level. Indeed, at a clas-
sical, discrete geometric level, a clock propagates along
timelike dual edges, while rods propagate along spacelike
dual edges. These conditions can be imposed strongly at
the quantum gravity level by requiring that (see Fig. 1)

K+ = K+

(
gv, gw; (ε

0
v → ε

0
w)

2
, (ϑv → ϑw)

2
)
, (5a)

K→ = K→
(
gv, gw; |εv → εw|

2
, (ϑv → ϑw)

2
)
. (5b)

Note that no such restriction is assumed for the matter
field ϑ.

ENTANGLED COHERENT PEAKED STATES

Building on a series of previous results [34, 37, 38], we
suggest that the dynamics of scalar cosmological pertur-
bations can be extracted from perturbed coherent states.

(timelike/spacelike scalar 
frame components)
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FIG. 1. Left: clock ω0 propagating across spacelike tetrahe-
dron (equivalently, along timelike dual edge) connecting the
dual vertices v and w. Right: rods ωi propagating across
timelike tetrahedron (equivalently, along spacelike dual edge)
connecting the dual vertices v and w. Propagation of matter
data across spacelike (resp. timelike) tetrahedra, or timelike
(resp. spacelike) dual edges is encoded in the kinetic kernel
K+ (resp. K→), hence the restrictions (5).

The reasons for considering coherent states are twofold.
First, they allow to systematically implement a mean-
field approximation, and thus the simplest form of coarse-
graining of the QG theory [67]. Second, it has been shown
[37, 68, 69] that coherent states lead to small relative fluc-
tuations of geometric and matter field operators, which
is essential for a semi-classical interpretation of the dy-
namics. Furthermore, in virtue of their simple collective
behavior, these states o!er a transparent way of connect-
ing macroscopic quantities to microscopic ones, as we will
see explicitly below. More precisely, we consider states
of the form

∣∣”;x0
,x

〉
= N!e

ω̂→ →+ +→ε̂+ϑ̂”→ →+ϑ̂#+ +→ϑ̂$ |→↑ ,
(6)

where N! is a normalization factor and |→↑ = |→↑+↓ |→↑↑
is the F-vacuum. In the above expression, the one-body
operators

ω̂ ↔ ωω+;x0,pω
· ε̂†

+, ϑ̂ ↔ ϑω→;x0,x,pω
· ε̂†

↑, (7)

generate a background condensate state in the extended
Fock space of the form

∣∣ω;x0
, pϖ

〉
↓
∣∣ϑ ;x0

,x, pϖ
〉
= NωNεe

ω̂→ + →ε̂ |→↑ , (8)

with
∣∣ω;x0

, pϖ

〉
and

∣∣ϑ ;x0
,x, pϖ

〉
representing spacelike

and timelike condensates, respectively. The spacelike
ωω+;x0,pω

and timelike ϑω→;x0,x,pω
condensate wavefunc-

tions are localized around ϖ
0 = x

0 and ϖ
0 = x

0
,ω = x,

respectively. Furthermore, they are similarly localized in
ϱ-Fourier space (ϱ ↗ ςϖ) around an arbitrary scalar field
momentum pϖ. In practice, this is achieved by assuming
that they both factorize into fixed (Gaussian, see [44])
peaking functions and into reduced condensate wavefunc-
tions, ω̃ and ϑ̃ , respectively.3 The peaking properties of

3
We note that both the peaking properties of the states and the ki-

netic coupling (5) manifestly reflect our choice of physical frame.

A di!erent choice of relational frame would a!ect both these

aspects of our construction.

the states are collectively represented by the multi-labels
ε±, respectively, see [66] for more details.
Requiring ω̃ (resp. ϑ̃) to contain only gauge-invariant

data, the spacelike (resp. timelike) condensate wavefunc-
tion can be seen as a distribution of geometric and mat-
ter data on a 3–surface (resp. (2+1)–surface) localized at
relational time x0 (resp. relational point (x0

,x)). There-
fore, averages of operators on such relationally localized
states can be seen as e!ective relational observables [37].
Relational homogeneity of the background structures is
then imposed by assuming that ω̃ and ϑ̃ only depend on
the clock variable ϖ

0. Furthermore, isotropy is imposed
by requiring ω̃ and ϑ̃ to depend only on a single spacelike4

representation label φ ↘ R. Under these assumptions, we
have ω̃ = ω̃ϱ(ϖ0

,ςϖ) and ϑ̃ = ϑ̃ϱ(ϖ0
,ςϖ).

Inhomogeneities in (6) are encoded in the operators
↼̂#↓ ↑, ˆ↼$, and +↓↼̂% which are in generalm-body op-
erators, with integer m > 1. These produce quantum en-
tanglement5 within and between the spacelike and time-
like sectors. For the remainder, we choose m = 2, antic-
ipating that, under our assumptions, this is su&cient to
capture the physics of scalar, isotropic and slightly inho-
mogeneous cosmological perturbations. Higher m-body
operators would o!er more involved forms of entangle-
ment and could be required for describing phenomenolog-
ically richer systems (e.g. involving anisotropies). How-
ever, following the arguments of [66], these would lead to
further dynamical freedom discussed below and result in
more involved dynamical equations which might be di&-
cult to treat analytically. We therefore leave a treatment
of such operators open for future research. Explicitly, the
three 2-body operators are defined as further

↼̂# = ε̂
†
+ · ↼# · ε̂†

+, (9a)

ˆ↼$ = ε̂
†
+ · ↼$ · ε̂†

↑, (9b)

↼̂% = ε̂
†
↑ · ↼% · ε̂†

↑ . (9c)

The kernels ↼#, ↼$ and ↼% are in general bi-local,
non-factorized (hence entangling) functions of the re-
spective GFT field domains, determined by the mean-
field dynamics we study below. Imposing isotropy6

4
This is a non-trivial requirement for ω̃ , which can in principle

carry spacelike (ε) and timelike (ϑ) representation labels [29, 42].
5
This “perspective-neutral” [70] entanglement is defined with re-

spect to the kinematical (Fock) tensor product structure (TPS).

This is expected to be inherited by the physical Hilbert space,

due to the lack of redundant spacetime information in GFT.

Thus, contrary to what happens for gravitational theories [70–

74], one would expect this kinematical notion of entanglement

to also be physical. In any case, we note that in this paper we

do not go beyond the mean-field level. Thus, we work with the

kinematical TPS, so that within our approximations, the above

notion of entanglement is by construction physical.
6
This condition, although restrictive, is compatible with the fact

that we will only study isotropic geometric observables.
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mogeneities of cosmological observables emerge from en-
tanglement between the quantum geometric degrees of
freedom of the model. Thus, we also provide a concrete
realization of the general expectation that non-trivial ge-
ometries are associated with quantum gravitational en-
tanglement [49–59]. This is achieved as follows:

1. We utilize the rich causal structure of the com-
pletion [29, 38] of the Barrett-Crane (BC) GFT
model [60–63], which provides a GFT quantization of
first-order Palatini gravity, to causally couple a phys-
ical Lorentzian reference frame to the GFT model.

2. We represent slightly inhomogeneous cosmological ge-
ometries via entangled states

∣∣!;x0
,x

〉
. We study

their perturbative dynamics using mean-field methods
[32–38, 44].

3. We obtain e”ective relational cosmological observables
by computing expectation values of appropriate op-
erators on the states

∣∣!;x0
,x

〉
. We study in detail

the dynamics of cosmological inhomogeneities emerg-
ing from the above entanglement, determining their
classical limit and characterizing quantum e”ects.

We will discuss these steps in detail, one at a time, in
each of the next three sections.

THE BC MODEL WITH LORENTZIAN FRAME

We consider a minimal extension of the BC GFT model
characterized by a spacelike (+) and timelike (→) sec-
tor [29]. The model is described by two fields ω± ↑
ω(gv, X±,ω). Closure and simplicity constraints [29] are
imposed on the ω±, facilitating their excitations to be in-
terpreted as quantum spacelike and timelike tetrahedra,
respectively. Here, gv = (g1, g2, g3, g4) ↓ SL(2,C)4 and
X± is a timelike (+), resp. spacelike (→) normal vector to
the tetrahedra [29]. Finally, ω = (εµ

,ϑ) ↓ R5 represents
the values of 5 minimally coupled massless free (MCMF)
scalar fields discretized on dual vertices2, which consti-
tute the matter content of the system.

The dynamics of the model are specified by an action
S[ω̄,ω] = K[ω̄,ω] + V [ω̄,ω], where K and V represent
kinetic and interaction terms. In particular, K = K+ +
K→, with

K± = ω̄± · K(X)
± · ω± , (1)

where · represents an integration over the full GFT field
domain. The bi-local kinetic kernels

K(X)
± = ϖ(X(v)

± →X
(w)
± )K±(gv, gw;!

2
vwω) , (2)

2
The ω are coupled so that the GFT Feynman amplitudes cor-

respond to simplicial gravity path integrals with MCMF scalar

fields [34, 64, 65].

where !2
vwω ↑

(
(εµ

v → ε
µ
w)

2
, (ϑv → ϑw)2

)
, encode infor-

mation about the propagation of geometry and matter
data between neighbouring 4-simplices (denoted v and
w) and clearly show that the Xω are non-dynamical. For
further details, see [66].
The interaction V is local in ω, non-local in the group

theoretic variables and represents any possible gluing of
five tetrahedra with arbitrary signature to form a 4-
simplex [29, 66].
The Fock space F of the model can be constructed by

tensoring the Fock spaces associated to the two di”erent
sectors, i.e. F ↑ F+ ↔ F→, with

F± ↑
↑⊕

N=0

sym
(
H(1)

± ↔ ...↔H(N)
±

)
, (3)

constructed out of the one-particle Hilbert spaces H±,
see [66] for further details. The F± can be generated by
repeated action of the creation operators ω̂†

± ↑ ω̂
†
± ↔ ↓

on the Fock vacua |↗↘± annihilated by ω̂±. Creation and
annihilation operators satisfy

[
ω̂±(ω), ω̂†

±(ω
↔)
]
= ϖ

(n)(ω →ω↔) ± , (4)

where ± represents the identity on F± satisfying closure
and simplicity constraints.

The four scalar fields ε
µ with µ ↓ {0, ..., 3} will be

used to construct a physical Lorentzian reference frame,
allowing us to describe the system in a relational manner.
More precisely, ε0 serves as a relational clock and ε

i with
i ↓ {1, 2, 3} serve as relational rods. The field ϑ will be
assumed to dominate the energy-momentum budget of
the system, being slightly inhomogeneous with respect
to the rods.

Importantly, the manifestly causal nature of the min-
imally extended BC GFT model allows us, for the first
time, to consistently implement the Lorentzian properties
of the physical frame at the QG level. Indeed, at a clas-
sical, discrete geometric level, a clock propagates along
timelike dual edges, while rods propagate along spacelike
dual edges. These conditions can be imposed strongly at
the quantum gravity level by requiring that (see Fig. 1)

K+ = K+

(
gv, gw; (ε

0
v → ε

0
w)

2
, (ϑv → ϑw)

2
)
, (5a)

K→ = K→
(
gv, gw; |εv → εw|

2
, (ϑv → ϑw)

2
)
. (5b)

Note that no such restriction is assumed for the matter
field ϑ.

ENTANGLED COHERENT PEAKED STATES

Building on a series of previous results [34, 37, 38], we
suggest that the dynamics of scalar cosmological pertur-
bations can be extracted from perturbed coherent states.

(timelike/spacelike scalar 
frame components)
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FIG. 1. Left: clock ω0 propagating across spacelike tetrahe-
dron (equivalently, along timelike dual edge) connecting the
dual vertices v and w. Right: rods ωi propagating across
timelike tetrahedron (equivalently, along spacelike dual edge)
connecting the dual vertices v and w. Propagation of matter
data across spacelike (resp. timelike) tetrahedra, or timelike
(resp. spacelike) dual edges is encoded in the kinetic kernel
K+ (resp. K→), hence the restrictions (5).

The reasons for considering coherent states are twofold.
First, they allow to systematically implement a mean-
field approximation, and thus the simplest form of coarse-
graining of the QG theory [67]. Second, it has been shown
[37, 68, 69] that coherent states lead to small relative fluc-
tuations of geometric and matter field operators, which
is essential for a semi-classical interpretation of the dy-
namics. Furthermore, in virtue of their simple collective
behavior, these states o!er a transparent way of connect-
ing macroscopic quantities to microscopic ones, as we will
see explicitly below. More precisely, we consider states
of the form

∣∣”;x0
,x

〉
= N!e

ω̂→ →+ +→ε̂+ϑ̂”→ →+ϑ̂#+ +→ϑ̂$ |→↑ ,
(6)

where N! is a normalization factor and |→↑ = |→↑+↓ |→↑↑
is the F-vacuum. In the above expression, the one-body
operators

ω̂ ↔ ωω+;x0,pω
· ε̂†

+, ϑ̂ ↔ ϑω→;x0,x,pω
· ε̂†

↑, (7)

generate a background condensate state in the extended
Fock space of the form

∣∣ω;x0
, pϖ

〉
↓
∣∣ϑ ;x0

,x, pϖ
〉
= NωNεe

ω̂→ + →ε̂ |→↑ , (8)

with
∣∣ω;x0

, pϖ

〉
and

∣∣ϑ ;x0
,x, pϖ

〉
representing spacelike

and timelike condensates, respectively. The spacelike
ωω+;x0,pω

and timelike ϑω→;x0,x,pω
condensate wavefunc-

tions are localized around ϖ
0 = x

0 and ϖ
0 = x

0
,ω = x,

respectively. Furthermore, they are similarly localized in
ϱ-Fourier space (ϱ ↗ ςϖ) around an arbitrary scalar field
momentum pϖ. In practice, this is achieved by assuming
that they both factorize into fixed (Gaussian, see [44])
peaking functions and into reduced condensate wavefunc-
tions, ω̃ and ϑ̃ , respectively.3 The peaking properties of

3
We note that both the peaking properties of the states and the ki-

netic coupling (5) manifestly reflect our choice of physical frame.

A di!erent choice of relational frame would a!ect both these

aspects of our construction.

the states are collectively represented by the multi-labels
ε±, respectively, see [66] for more details.
Requiring ω̃ (resp. ϑ̃) to contain only gauge-invariant

data, the spacelike (resp. timelike) condensate wavefunc-
tion can be seen as a distribution of geometric and mat-
ter data on a 3–surface (resp. (2+1)–surface) localized at
relational time x0 (resp. relational point (x0

,x)). There-
fore, averages of operators on such relationally localized
states can be seen as e!ective relational observables [37].
Relational homogeneity of the background structures is
then imposed by assuming that ω̃ and ϑ̃ only depend on
the clock variable ϖ

0. Furthermore, isotropy is imposed
by requiring ω̃ and ϑ̃ to depend only on a single spacelike4

representation label φ ↘ R. Under these assumptions, we
have ω̃ = ω̃ϱ(ϖ0

,ςϖ) and ϑ̃ = ϑ̃ϱ(ϖ0
,ςϖ).

Inhomogeneities in (6) are encoded in the operators
↼̂#↓ ↑, ˆ↼$, and +↓↼̂% which are in generalm-body op-
erators, with integer m > 1. These produce quantum en-
tanglement5 within and between the spacelike and time-
like sectors. For the remainder, we choose m = 2, antic-
ipating that, under our assumptions, this is su&cient to
capture the physics of scalar, isotropic and slightly inho-
mogeneous cosmological perturbations. Higher m-body
operators would o!er more involved forms of entangle-
ment and could be required for describing phenomenolog-
ically richer systems (e.g. involving anisotropies). How-
ever, following the arguments of [66], these would lead to
further dynamical freedom discussed below and result in
more involved dynamical equations which might be di&-
cult to treat analytically. We therefore leave a treatment
of such operators open for future research. Explicitly, the
three 2-body operators are defined as further

↼̂# = ε̂
†
+ · ↼# · ε̂†

+, (9a)

ˆ↼$ = ε̂
†
+ · ↼$ · ε̂†

↑, (9b)

↼̂% = ε̂
†
↑ · ↼% · ε̂†

↑ . (9c)

The kernels ↼#, ↼$ and ↼% are in general bi-local,
non-factorized (hence entangling) functions of the re-
spective GFT field domains, determined by the mean-
field dynamics we study below. Imposing isotropy6

4
This is a non-trivial requirement for ω̃ , which can in principle

carry spacelike (ε) and timelike (ϑ) representation labels [29, 42].
5
This “perspective-neutral” [70] entanglement is defined with re-

spect to the kinematical (Fock) tensor product structure (TPS).

This is expected to be inherited by the physical Hilbert space,

due to the lack of redundant spacetime information in GFT.

Thus, contrary to what happens for gravitational theories [70–

74], one would expect this kinematical notion of entanglement

to also be physical. In any case, we note that in this paper we

do not go beyond the mean-field level. Thus, we work with the

kinematical TPS, so that within our approximations, the above

notion of entanglement is by construction physical.
6
This condition, although restrictive, is compatible with the fact

that we will only study isotropic geometric observables.

key role of entanglement between timelike and spacelike components

• extended TGFT with both timelike and spacelike fields (creating timelike and spacelike tetrahedra) with kinetic kernels:

2

mogeneities of cosmological observables emerge from en-
tanglement between the quantum geometric degrees of
freedom of the model. Thus, we also provide a concrete
realization of the general expectation that non-trivial ge-
ometries are associated with quantum gravitational en-
tanglement [49–59]. This is achieved as follows:

1. We utilize the rich causal structure of the com-
pletion [29, 38] of the Barrett-Crane (BC) GFT
model [60–63], which provides a GFT quantization of
first-order Palatini gravity, to causally couple a phys-
ical Lorentzian reference frame to the GFT model.

2. We represent slightly inhomogeneous cosmological ge-
ometries via entangled states

∣∣!;x0
,x

〉
. We study

their perturbative dynamics using mean-field methods
[32–38, 44].

3. We obtain e”ective relational cosmological observables
by computing expectation values of appropriate op-
erators on the states

∣∣!;x0
,x

〉
. We study in detail

the dynamics of cosmological inhomogeneities emerg-
ing from the above entanglement, determining their
classical limit and characterizing quantum e”ects.

We will discuss these steps in detail, one at a time, in
each of the next three sections.

THE BC MODEL WITH LORENTZIAN FRAME

We consider a minimal extension of the BC GFT model
characterized by a spacelike (+) and timelike (→) sec-
tor [29]. The model is described by two fields ω± ↑
ω(gv, X±,ω). Closure and simplicity constraints [29] are
imposed on the ω±, facilitating their excitations to be in-
terpreted as quantum spacelike and timelike tetrahedra,
respectively. Here, gv = (g1, g2, g3, g4) ↓ SL(2,C)4 and
X± is a timelike (+), resp. spacelike (→) normal vector to
the tetrahedra [29]. Finally, ω = (εµ

,ϑ) ↓ R5 represents
the values of 5 minimally coupled massless free (MCMF)
scalar fields discretized on dual vertices2, which consti-
tute the matter content of the system.

The dynamics of the model are specified by an action
S[ω̄,ω] = K[ω̄,ω] + V [ω̄,ω], where K and V represent
kinetic and interaction terms. In particular, K = K+ +
K→, with

K± = ω̄± · K(X)
± · ω± , (1)

where · represents an integration over the full GFT field
domain. The bi-local kinetic kernels

K(X)
± = ϖ(X(v)

± →X
(w)
± )K±(gv, gw;!

2
vwω) , (2)

2
The ω are coupled so that the GFT Feynman amplitudes cor-

respond to simplicial gravity path integrals with MCMF scalar

fields [34, 64, 65].

where !2
vwω ↑

(
(εµ

v → ε
µ
w)

2
, (ϑv → ϑw)2

)
, encode infor-

mation about the propagation of geometry and matter
data between neighbouring 4-simplices (denoted v and
w) and clearly show that the Xω are non-dynamical. For
further details, see [66].
The interaction V is local in ω, non-local in the group

theoretic variables and represents any possible gluing of
five tetrahedra with arbitrary signature to form a 4-
simplex [29, 66].
The Fock space F of the model can be constructed by

tensoring the Fock spaces associated to the two di”erent
sectors, i.e. F ↑ F+ ↔ F→, with

F± ↑
↑⊕

N=0

sym
(
H(1)

± ↔ ...↔H(N)
±

)
, (3)

constructed out of the one-particle Hilbert spaces H±,
see [66] for further details. The F± can be generated by
repeated action of the creation operators ω̂†

± ↑ ω̂
†
± ↔ ↓

on the Fock vacua |↗↘± annihilated by ω̂±. Creation and
annihilation operators satisfy

[
ω̂±(ω), ω̂†

±(ω
↔)
]
= ϖ

(n)(ω →ω↔) ± , (4)

where ± represents the identity on F± satisfying closure
and simplicity constraints.

The four scalar fields ε
µ with µ ↓ {0, ..., 3} will be

used to construct a physical Lorentzian reference frame,
allowing us to describe the system in a relational manner.
More precisely, ε0 serves as a relational clock and ε

i with
i ↓ {1, 2, 3} serve as relational rods. The field ϑ will be
assumed to dominate the energy-momentum budget of
the system, being slightly inhomogeneous with respect
to the rods.

Importantly, the manifestly causal nature of the min-
imally extended BC GFT model allows us, for the first
time, to consistently implement the Lorentzian properties
of the physical frame at the QG level. Indeed, at a clas-
sical, discrete geometric level, a clock propagates along
timelike dual edges, while rods propagate along spacelike
dual edges. These conditions can be imposed strongly at
the quantum gravity level by requiring that (see Fig. 1)

K+ = K+

(
gv, gw; (ε

0
v → ε

0
w)

2
, (ϑv → ϑw)

2
)
, (5a)

K→ = K→
(
gv, gw; |εv → εw|

2
, (ϑv → ϑw)

2
)
. (5b)

Note that no such restriction is assumed for the matter
field ϑ.

ENTANGLED COHERENT PEAKED STATES

Building on a series of previous results [34, 37, 38], we
suggest that the dynamics of scalar cosmological pertur-
bations can be extracted from perturbed coherent states.

(timelike/spacelike scalar 
frame components)

• dynamics of volume and scalar field perturbations at late times:

5

where v is a volume eigenvalue [38] scaling as v → ω
3/2
o

and F is a functional depending on background wavefunc-
tions as well as the functions f and εf . The background
volume satisfies

V̄
→

3V̄
=

2

3
µ+(pω),

(
V̄

→

3V̄

)→

= 0, (19)

which successfully matches classical flat Friedmann dy-
namics in harmonic gauge if µ+(pω) = 3ϑ̄ω/(8M2

Pl) [34,
44, 77]. Since the spacelike and timelike sector decouple
at background level, contributions of timelike tetrahedra
drop out for spacelike observables.

A similar matching can be performed for the pertur-
bations, which completely fixes the functions f and εf

(see [66] for further details). In this way, the perturbed
volume dynamics take the simple form

(
ϖV

V̄

)→→
+ a

4
k
2

(
ϖV

V̄

)
= ↑3H

(
ϖV

V̄

)→
, (20)

where H = V̄
→
/(3V̄ ) is the Hubble parameter and k is the

Fourier mode relative to x. The harmonic term entering
with a

4 constitutes an essential improvement compared
to previous work [44] and is a combined consequence of
the Lorentzian reference frame and the use of entangled
CPSs. The right-hand side of Eq. (20) is reminiscent of
a friction term, which may be associated with a macro-
scopic dissipation phenomenon into the quantum gravi-
tational microstructure (as suggested e.g. in [78]).

Note that as a consequence of the matching, ϖ! is only
time-dependent. This in turn implies that one can reab-
sorb perturbations in the number of timelike quanta in
the background component.8

Analogously, one can study expectation values of the
scalar field operators ω̂± (and their conjugate momenta
”̂±), defined on each of the two sectors [66], to identify a
matter scalar field ϱ!. Since classically the matter field is
an intensive quantity, we combine the expectation values
ω± of the scalar field operators ω̂± through the following
weighted sum9

ϱ! = ω+
N+

N
+ω↑

N↑
N

, (21)

where N is the total (average) number of quanta, and
N± are the (average) number of quanta in each sector.
The above quantity can then be split in a background,
ϱ̄, and perturbed component, ϖϱ.

At the background level, one can show that by requir-
ing ω̄± to be intensive quantities and assuming µ+ > µ↑

8
We note however, that timelike perturbations may indeed be rel-

evant if one were to impose classicality conditions on observables

that are not purely spacelike.
9
This is analogous to how intensive quantities such as chemical

potentials are combined in statistical physics, see [79].

(which enter the background condensate solutions in
Eqs. (12)), ϱ̄ = ω̄+ is completely captured by space-
like data at late times and satisfies the classical equation
of motion ϱ̄

→→ = 0. Moreover, the background matter
analysis unambiguously identifies the peaking momen-
tum value pω with the classical background momentum
of the scalar field, ϑ̄ω [44].
At first order in perturbations, and under the same

assumptions as above, one can write

ϖϱ =

(
ϖN+

N̄+

)
ϱ̄ =

(
ϖV

V̄

)
ϱ̄, (22)

so that, using (20) and ϱ̄
→→ = 0, we obtain

ϖϱ
→→ + a

4
k
2
ϖϱ = Jω, (23)

with the source term Jω given in Eq. (36a).
A crucial quantity in classical cosmology is the comov-

ing curvature perturbation R [80], proportional to the
so-called Mukhanov-Sasaki variable [81–83]. This can
be obtained by combining matter and geometric (non-
exclusively volume) information in a gauge-invariant way.
Restricting the geometric data to volume only, one can
define an analogous “curvature-like” variable

R̃ ↓ ↑ϖV

3V̄
+Hϖϱ

ϱ̄→ , (24)

which is perturbatively gauge-invariant only in the super-
horizon limit. The “curvature-like” variable R̃ can be
constructed within our framework by combining equa-
tions (20) and (23)10 and satisfies

R̃→→ + a
4
k
2R̃ = JR̃, (25)

where JR̃ is presented in Eq. (36b).
Alternatively, Eq. (25) can be recast in conformal time,

commonly used in standard cosmology, by introducing
a harmonic parametrization of the reference fields and
changing to conformal time ς via dς = a

2 dx0, yielding

d2R̃
dς2

+ 2H
dR̃
dς

+ k
2R̃ = JR̃(ς, k), (26)

where H is the conformal Hubble parameter and JR̃(ς, k)
is given in Eq. (38).
Comparing equations (23) and (25) with their classi-

cal GR counterparts (32) and (34), we notice that they
in general contain an additional source term, Jω and JR̃,
respectively. The intrinsically quantum gravitational na-
ture of these terms can be made manifest by solving first
Eq. (20) under the requirement that solutions match the

10
We note that in this case R̃ is constructed out of (e!ectively) re-

lational observables, and thus is gauge invariant by construction.
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where v is a volume eigenvalue [38] scaling as v → ω
3/2
o

and F is a functional depending on background wavefunc-
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volume satisfies
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at background level, contributions of timelike tetrahedra
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A similar matching can be performed for the pertur-
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tational microstructure (as suggested e.g. in [78]).

Note that as a consequence of the matching, ϖ! is only
time-dependent. This in turn implies that one can reab-
sorb perturbations in the number of timelike quanta in
the background component.8

Analogously, one can study expectation values of the
scalar field operators ω̂± (and their conjugate momenta
”̂±), defined on each of the two sectors [66], to identify a
matter scalar field ϱ!. Since classically the matter field is
an intensive quantity, we combine the expectation values
ω± of the scalar field operators ω̂± through the following
weighted sum9

ϱ! = ω+
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N↑
N

, (21)

where N is the total (average) number of quanta, and
N± are the (average) number of quanta in each sector.
The above quantity can then be split in a background,
ϱ̄, and perturbed component, ϖϱ.

At the background level, one can show that by requir-
ing ω̄± to be intensive quantities and assuming µ+ > µ↑
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We note however, that timelike perturbations may indeed be rel-

evant if one were to impose classicality conditions on observables

that are not purely spacelike.
9
This is analogous to how intensive quantities such as chemical

potentials are combined in statistical physics, see [79].

(which enter the background condensate solutions in
Eqs. (12)), ϱ̄ = ω̄+ is completely captured by space-
like data at late times and satisfies the classical equation
of motion ϱ̄

→→ = 0. Moreover, the background matter
analysis unambiguously identifies the peaking momen-
tum value pω with the classical background momentum
of the scalar field, ϑ̄ω [44].
At first order in perturbations, and under the same

assumptions as above, one can write
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so that, using (20) and ϱ̄
→→ = 0, we obtain
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4
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ϖϱ = Jω, (23)

with the source term Jω given in Eq. (36a).
A crucial quantity in classical cosmology is the comov-

ing curvature perturbation R [80], proportional to the
so-called Mukhanov-Sasaki variable [81–83]. This can
be obtained by combining matter and geometric (non-
exclusively volume) information in a gauge-invariant way.
Restricting the geometric data to volume only, one can
define an analogous “curvature-like” variable

R̃ ↓ ↑ϖV

3V̄
+Hϖϱ

ϱ̄→ , (24)

which is perturbatively gauge-invariant only in the super-
horizon limit. The “curvature-like” variable R̃ can be
constructed within our framework by combining equa-
tions (20) and (23)10 and satisfies

R̃→→ + a
4
k
2R̃ = JR̃, (25)

where JR̃ is presented in Eq. (36b).
Alternatively, Eq. (25) can be recast in conformal time,

commonly used in standard cosmology, by introducing
a harmonic parametrization of the reference fields and
changing to conformal time ς via dς = a

2 dx0, yielding

d2R̃
dς2

+ 2H
dR̃
dς

+ k
2R̃ = JR̃(ς, k), (26)

where H is the conformal Hubble parameter and JR̃(ς, k)
is given in Eq. (38).
Comparing equations (23) and (25) with their classi-

cal GR counterparts (32) and (34), we notice that they
in general contain an additional source term, Jω and JR̃,
respectively. The intrinsically quantum gravitational na-
ture of these terms can be made manifest by solving first
Eq. (20) under the requirement that solutions match the

10
We note that in this case R̃ is constructed out of (e!ectively) re-

lational observables, and thus is gauge invariant by construction.

8

Together with a minimally coupled massless scalar field
ω = ω̄ + εω with conjugate momentum ϑω, background
and perturbed equations of motion of the volume and the
scalar field are given by

3

(
V̄

→

3V̄

)2

=
1

2M2
Pl

ϑ̄
2
ω, (30)

and
(
εV

V̄

)→→
→ a

4↑2

(
εV

V̄

)
= 0, (31)

εω
→→ → a

4↑2
εω = 0, (32)

respectively.
To compare classical dynamics with that of GFT, we

define the curvature-like perturbation R̃

R̃ ↓ →εV

3V̄
+Hεω

ω̄→ , (33)

obeying

R̃→→ → a
4↑2R̃ = 0. (34)

Notice that in classical GR, R̃ is explicitly gauge-
dependent.

Source terms

Depicted in Fig. 2, the source terms entering the
perturbed matter and curvature-like equations, (23)
and (25), respectively, are given by

Jω =
(
→3Hω̄+ 2ω̄→)

(
εV

V̄

)→
, (35a)

JR̃ =

[
3H→ 1

4M2
Pl

(
ω̄
2
)→
](

εV

V̄

)→
. (35b)

For solutions of εV/V̄ that match GR in the super-
horizon limit, these terms explicitly evaluate to

Jω = →c

(
a
2
k

MPl

)
ω̄
→
[
→ 3↔

6
ω̄+ 2MPl

]
!

(
7

4

)

↗
(
4H
a2k

)3/4

J7/4

(
a
2
k

2H

)
, (36a)

JR̃ = →c

(
a
2
k

MPl

)
ω̄
→
[

3↔
6
→ ω̄

2MPl

]
!

(
7

4

)

↗
(
4H
a2k

)3/4

J7/4

(
a
2
k

2H

)
, (36b)

where c is an initial condition and Jε are Bessel functions
of the first kind.

Alternatively, the source terms can be expressed in
terms of conformal-longitudinal coordinates. In partic-
ular, JR̃(ϖ, k) is given by

JR̃(ϖ, k) =

[
3H → 1

4M2
Pl

d

dϖ

(
ω̄
2
)] d

dϖ

(
εV

V̄

)
, (37)

which, upon solutions of εV/V̄ , is defined as

JR̃(ϖ, k) = →c

(
k

MPl

)
dω̄

dϖ

[
3↔
6
→ ω̄

2MPl

]
!

(
7

4

)

↗
(

2

kϖ

)3/4

J7/4(kϖ). (38)
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with QG corrections (very small in sub-Planckian regime):

which match GR dynamics
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scalar field perturbation

with C and ω real constants. The potential reads

V (ε0) = g̃
00

(
3

2
Ḣε

2
0 → J0 ε0

)
. (4.13)

Furthermore, the Ḣ term in the potential may suggest a non-minimal coupling to the background
geometry. In fact, we could also rewrite the potential in terms of the Ricci scalar as

V (ε0) =

(
3ω g̃

00 (6 + ω)H2

2
→

R

2ω

)
ε
2
0 → g̃

00
J0ε0, (4.14)

with an e!ective time-dependent mass term. In practice, however, the spatial components cannot
be uniquely determined without introducing additional structure, for instance by postulating a fixed
proportionality between the temporal and spatial blocks, or by invoking symmetry arguments that
go beyond homogeneity. Without such extra input, the form of the metric components remains
undetermined. Moreover, since the e!ective background metric is not a cosmological one in har-
monic gauge (which would correspond to choosing the lapse N = a

3), but the asymptotic late-time
behavior of the scalar field matches that of a massless scalar field in a FLRW spacetime expressed in
harmonic time, the e!ective metric is best understood as a mathematical construct used to describe
the dynamics of the field. Another possibility to recover an e!ective FLRW spacetime in harmonic
gauge could be the adoption of a non standard kinetic term, in fact, a modification of the usual
d’Alembertian operator could in principle lead to eq.(4.7) using the harmonic-gauge background
spacetime that we find, instead of the one extracted in eq.(4.12).

Regardless of the specific form of the e!ective action or of the e!ective spacetime governing the
scalar field evolution, the emergent physical picture is determined by the observables, namely the
volume and the scalar field. These observables motivate the interpretation of an emergent spacetime
with metric

g = diag(→a
6
, a

2
, a

2
, a

2), (4.15)

where the dynamics of the scale factor are given in eq. (3.19). The matter content is a homogeneous
scalar field whose evolution is described by eq. (4.7). At late times, the system reduces to a spatially
flat Friedmann universe sourced by a massless scalar field, expressed in harmonic coordinates. At
early times, the dynamics depart from classical GR: the Big Bang singularity is replaced by a
bounce, and the scalar field evolution becomes highly nontrivial.

5 Scalar perturbations in GFT

The theory of cosmological perturbations typically involves expanding the Einstein equations to
linear order around a homogeneous background metric [47, 48]. Such perturbations lead to corre-
sponding linear expansions of the stress-energy tensor, mirroring the geometrical perturbations of
the Einstein tensor. Consequently, the dynamics of the matter fields are modified at the level of
their action [49], with the explicit form of these modifications being gauge-dependent. However, the
situation becomes more intricate once we enter quantum gravity settings. In this section, we will see
that identifying a straightforward e!ective action for the perturbed scalar field and its associated
e!ective metric is no longer as simple as in the classical or semi-classical scenarios.

We start from the expression of the second quantized scalar field operator, obtained from
ϑε = ϑ↑”̂↓ω, and it yields

ϑε = ϑ↑”̂↓ω =
ϑN

N0
ε0 +N0ϖεωϑϱ = 2ς0 ϑς ϖεϱ + ς

2
0 ϖεϑϱ. (5.1)

To extract an e!ective equation of motion for the perturbations of the scalar field, we follow the
same line of reasoning used for the homogeneous case. We consider the full equation of motion
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using hydrodynamic eqns, we get effective dynamics:

for the perturbed phase given in eq.(3.30). Deriving this equation with respect to ωω, provides an
equivalent equation of motion for εεϑϖ, given by

A εεωϑϖ̈ +B εεωϑϖ̇ + C→
2
εεωϑϖ +D ε0→

2
εεωϑϖ + E→

4
εεωϑϖ + S = 0, (5.2)

where we have omitted the functional dependencies for simplicity, but we recall that A, B, C, D, E

are functions of x0 and ωω, and the operator Q, while the source-like term is given by

S(x0
, x

i
,ωω) = ϑϖ̈ εεωA+ ϑϖ̇ εεωB + (→2

ϑϖ) εεωC + (→4
ϑϖ) εεωE. (5.3)

In the small density, therefore, early time regime, we can approximate the operatorQ to the identity,
therefore, the coe!cient operators in the above equation can be treated as usual functions. We can
now invert eq.( 5.1) for εεϑϖ as a function of ϑϱ, and inserting this expression into the equation of
motion for εεϑϖ, we find an e”ective equation of motion for the perturbed scalar field, given by

ϑϱ̈+ f1 ϑϱ̇+ f2 →
2
ϑϱ̇+ f3 →

2
ϑϱ+ f4 →

4
ϑϱ+ f5 ϑϱ+ J = 0 (5.4)

where

f1(x
0
,ωω) =

B(x0
,ωω)

A(x0,ωω)
↑ 6H(x0

,ωω),

f2(x
0
,ωω) =

D(x0
,ωω)

A(x0,ωω)
,

f3(x
0
,ωω) =

C(x0
,ωω)

A(x0,ωω)
↑ 3H(x0

,ωω)
D(x0

,ωω)

A(x0,ωω)
,

f4(x
0
,ωω) =

E(x0
,ωω)

A(x0,ωω)
,

f5(x
0
,ωω) = 3

(
3H(x0

,ωω)
2
↑

B(x0
,ωω)

A(x0,ωω)
H(x0

,ωω)↑ Ḣ(x0
,ωω)

)
, (5.5)

and J̃(x0
, x

i
,ωω) is a complicated function that depends on spacetime coordinates both explicitly

and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →

2
ϑϱ̇ and →

4
ϑϱ.

If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
dence of the coe!cients in eq.(5.5) for both early and late time, and we find, respectively

ϑϱ̈↑ 3H
1 + 12 c2 a→6

1 + 4 c2 a→6
ϑϱ̇+ 3

(
24H2 c

2
a
→6

1 + 4 c2 a→6
↑ Ḣ

)
ϑϱ+

φ

1 + 4 c2 a→6
→

2
ϑϱ+ J̃ = 0, (5.6)

ϑϱ̈↑ 3H ϑϱ̇↑ 3Ḣ ϑϱ+ φ→
2
ϑϱ+ J̃ = 0. (5.7)

We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing

ϑϱ(x0
, x

i) =

∫
d3k

(2ω)3
ϑϱk(x

0) ei ki x
i

. (5.8)

Then, we adopt a WKB approximation to describe the time-dependent part, writing

ϑϱk(x
0) ↔

1√
2#k(x0)

e→i
∫ x0

ds!k(s), (5.9)
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scalar field perturbation

with C and ω real constants. The potential reads

V (ε0) = g̃
00

(
3

2
Ḣε

2
0 → J0 ε0

)
. (4.13)

Furthermore, the Ḣ term in the potential may suggest a non-minimal coupling to the background
geometry. In fact, we could also rewrite the potential in terms of the Ricci scalar as

V (ε0) =

(
3ω g̃

00 (6 + ω)H2

2
→

R

2ω

)
ε
2
0 → g̃

00
J0ε0, (4.14)

with an e!ective time-dependent mass term. In practice, however, the spatial components cannot
be uniquely determined without introducing additional structure, for instance by postulating a fixed
proportionality between the temporal and spatial blocks, or by invoking symmetry arguments that
go beyond homogeneity. Without such extra input, the form of the metric components remains
undetermined. Moreover, since the e!ective background metric is not a cosmological one in har-
monic gauge (which would correspond to choosing the lapse N = a

3), but the asymptotic late-time
behavior of the scalar field matches that of a massless scalar field in a FLRW spacetime expressed in
harmonic time, the e!ective metric is best understood as a mathematical construct used to describe
the dynamics of the field. Another possibility to recover an e!ective FLRW spacetime in harmonic
gauge could be the adoption of a non standard kinetic term, in fact, a modification of the usual
d’Alembertian operator could in principle lead to eq.(4.7) using the harmonic-gauge background
spacetime that we find, instead of the one extracted in eq.(4.12).

Regardless of the specific form of the e!ective action or of the e!ective spacetime governing the
scalar field evolution, the emergent physical picture is determined by the observables, namely the
volume and the scalar field. These observables motivate the interpretation of an emergent spacetime
with metric

g = diag(→a
6
, a

2
, a

2
, a

2), (4.15)

where the dynamics of the scale factor are given in eq. (3.19). The matter content is a homogeneous
scalar field whose evolution is described by eq. (4.7). At late times, the system reduces to a spatially
flat Friedmann universe sourced by a massless scalar field, expressed in harmonic coordinates. At
early times, the dynamics depart from classical GR: the Big Bang singularity is replaced by a
bounce, and the scalar field evolution becomes highly nontrivial.

5 Scalar perturbations in GFT

The theory of cosmological perturbations typically involves expanding the Einstein equations to
linear order around a homogeneous background metric [47, 48]. Such perturbations lead to corre-
sponding linear expansions of the stress-energy tensor, mirroring the geometrical perturbations of
the Einstein tensor. Consequently, the dynamics of the matter fields are modified at the level of
their action [49], with the explicit form of these modifications being gauge-dependent. However, the
situation becomes more intricate once we enter quantum gravity settings. In this section, we will see
that identifying a straightforward e!ective action for the perturbed scalar field and its associated
e!ective metric is no longer as simple as in the classical or semi-classical scenarios.

We start from the expression of the second quantized scalar field operator, obtained from
ϑε = ϑ↑”̂↓ω, and it yields

ϑε = ϑ↑”̂↓ω =
ϑN

N0
ε0 +N0ϖεωϑϱ = 2ς0 ϑς ϖεϱ + ς

2
0 ϖεϑϱ. (5.1)

To extract an e!ective equation of motion for the perturbations of the scalar field, we follow the
same line of reasoning used for the homogeneous case. We consider the full equation of motion
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using hydrodynamic eqns, we get effective dynamics:

for the perturbed phase given in eq.(3.30). Deriving this equation with respect to ωω, provides an
equivalent equation of motion for εεϑϖ, given by
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and "source"

for the perturbed phase given in eq.(3.30). Deriving this equation with respect to ωω, provides an
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)
ϑϱ+

φ

1 + 4 c2 a→6
→

2
ϑϱ+ J̃ = 0, (5.6)

ϑϱ̈↑ 3H ϑϱ̇↑ 3Ḣ ϑϱ+ φ→
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under some assumptions (decoupling of density and phase), the equation simplifies: 

the non-standard terms disappear (they are thus due to the interaction of density and phase of the "QG condensate")

writing it in terms of scale factor, we have:

at early times:
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QG-modified scalar field dynamics 

(wrt classical free massless scalar field)

scalar field perturbation

with C and ω real constants. The potential reads

V (ε0) = g̃
00

(
3

2
Ḣε

2
0 → J0 ε0

)
. (4.13)

Furthermore, the Ḣ term in the potential may suggest a non-minimal coupling to the background
geometry. In fact, we could also rewrite the potential in terms of the Ricci scalar as
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3ω g̃

00 (6 + ω)H2

2
→

R

2ω

)
ε
2
0 → g̃

00
J0ε0, (4.14)

with an e!ective time-dependent mass term. In practice, however, the spatial components cannot
be uniquely determined without introducing additional structure, for instance by postulating a fixed
proportionality between the temporal and spatial blocks, or by invoking symmetry arguments that
go beyond homogeneity. Without such extra input, the form of the metric components remains
undetermined. Moreover, since the e!ective background metric is not a cosmological one in har-
monic gauge (which would correspond to choosing the lapse N = a

3), but the asymptotic late-time
behavior of the scalar field matches that of a massless scalar field in a FLRW spacetime expressed in
harmonic time, the e!ective metric is best understood as a mathematical construct used to describe
the dynamics of the field. Another possibility to recover an e!ective FLRW spacetime in harmonic
gauge could be the adoption of a non standard kinetic term, in fact, a modification of the usual
d’Alembertian operator could in principle lead to eq.(4.7) using the harmonic-gauge background
spacetime that we find, instead of the one extracted in eq.(4.12).

Regardless of the specific form of the e!ective action or of the e!ective spacetime governing the
scalar field evolution, the emergent physical picture is determined by the observables, namely the
volume and the scalar field. These observables motivate the interpretation of an emergent spacetime
with metric

g = diag(→a
6
, a

2
, a

2
, a

2), (4.15)

where the dynamics of the scale factor are given in eq. (3.19). The matter content is a homogeneous
scalar field whose evolution is described by eq. (4.7). At late times, the system reduces to a spatially
flat Friedmann universe sourced by a massless scalar field, expressed in harmonic coordinates. At
early times, the dynamics depart from classical GR: the Big Bang singularity is replaced by a
bounce, and the scalar field evolution becomes highly nontrivial.

5 Scalar perturbations in GFT

The theory of cosmological perturbations typically involves expanding the Einstein equations to
linear order around a homogeneous background metric [47, 48]. Such perturbations lead to corre-
sponding linear expansions of the stress-energy tensor, mirroring the geometrical perturbations of
the Einstein tensor. Consequently, the dynamics of the matter fields are modified at the level of
their action [49], with the explicit form of these modifications being gauge-dependent. However, the
situation becomes more intricate once we enter quantum gravity settings. In this section, we will see
that identifying a straightforward e!ective action for the perturbed scalar field and its associated
e!ective metric is no longer as simple as in the classical or semi-classical scenarios.

We start from the expression of the second quantized scalar field operator, obtained from
ϑε = ϑ↑”̂↓ω, and it yields

ϑε = ϑ↑”̂↓ω =
ϑN

N0
ε0 +N0ϖεωϑϱ = 2ς0 ϑς ϖεϱ + ς

2
0 ϖεϑϱ. (5.1)

To extract an e!ective equation of motion for the perturbations of the scalar field, we follow the
same line of reasoning used for the homogeneous case. We consider the full equation of motion
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are functions of x0 and ωω, and the operator Q, while the source-like term is given by
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In the small density, therefore, early time regime, we can approximate the operatorQ to the identity,
therefore, the coe!cient operators in the above equation can be treated as usual functions. We can
now invert eq.( 5.1) for εεϑϖ as a function of ϑϱ, and inserting this expression into the equation of
motion for εεϑϖ, we find an e”ective equation of motion for the perturbed scalar field, given by
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and J̃(x0
, x

i
,ωω) is a complicated function that depends on spacetime coordinates both explicitly

and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →

2
ϑϱ̇ and →

4
ϑϱ.

If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
dence of the coe!cients in eq.(5.5) for both early and late time, and we find, respectively
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2
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We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing

ϑϱ(x0
, x

i) =

∫
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0) ei ki x
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. (5.8)

Then, we adopt a WKB approximation to describe the time-dependent part, writing

ϑϱk(x
0) ↔
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2#k(x0)

e→i
∫ x0

ds!k(s), (5.9)
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Complete (early- and late-time) dynamics of cosmological perturbations: effective scalar field theory
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from the kinetic part, we can derive the effective dispersion relations



• take Fourier transform of the equation (without source term)
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• take WKB approx for the time-dependent part
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assuming the adiabatic condition
∣∣∣ !̇k(x

0)
!k(x0)2

∣∣∣ → 1. Inserting the above parametrization into the

homogeneous version of eq.(5.4), we obtain the dispersion of the modes, given by

!k(x
0) =

i

2
”k(x

0) ±

√
”k(x0)2 + 4 [k4 f4(x0)↑ k2 f3(x0) + f5(x0)], (5.10)

where we have defined ”k(x0) := k
2
f2(x0)↑ f1(x0).

Therefore, we notice that, in general, the dispersion relation includes dissipative terms encoded
in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.
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looking again at the effective scalar field dynamics

for the perturbed phase given in eq.(3.30). Deriving this equation with respect to ωω, provides an
equivalent equation of motion for εεϑϖ, given by

A εεωϑϖ̈ +B εεωϑϖ̇ + C→
2
εεωϑϖ +D ε0→

2
εεωϑϖ + E→

4
εεωϑϖ + S = 0, (5.2)

where we have omitted the functional dependencies for simplicity, but we recall that A, B, C, D, E

are functions of x0 and ωω, and the operator Q, while the source-like term is given by

S(x0
, x

i
,ωω) = ϑϖ̈ εεωA+ ϑϖ̇ εεωB + (→2

ϑϖ) εεωC + (→4
ϑϖ) εεωE. (5.3)

In the small density, therefore, early time regime, we can approximate the operatorQ to the identity,
therefore, the coe!cient operators in the above equation can be treated as usual functions. We can
now invert eq.( 5.1) for εεϑϖ as a function of ϑϱ, and inserting this expression into the equation of
motion for εεϑϖ, we find an e”ective equation of motion for the perturbed scalar field, given by

ϑϱ̈+ f1 ϑϱ̇+ f2 →
2
ϑϱ̇+ f3 →

2
ϑϱ+ f4 →

4
ϑϱ+ f5 ϑϱ+ J = 0 (5.4)

where
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H(x0

,ωω)↑ Ḣ(x0
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)
, (5.5)

and J̃(x0
, x

i
,ωω) is a complicated function that depends on spacetime coordinates both explicitly

and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →

2
ϑϱ̇ and →

4
ϑϱ.

If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
dence of the coe!cients in eq.(5.5) for both early and late time, and we find, respectively
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We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing

ϑϱ(x0
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i) =

∫
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(2ω)3
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0) ei ki x
i

. (5.8)

Then, we adopt a WKB approximation to describe the time-dependent part, writing

ϑϱk(x
0) ↔

1√
2#k(x0)

e→i
∫ x0

ds!k(s), (5.9)
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therefore, the coe!cient operators in the above equation can be treated as usual functions. We can
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We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing

ϑϱ(x0
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i) =
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(2ω)3
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assuming the adiabatic condition
∣∣∣ !̇k(x

0)
!k(x0)2

∣∣∣ → 1. Inserting the above parametrization into the

homogeneous version of eq.(5.4), we obtain the dispersion of the modes, given by

!k(x
0) =

i

2
”k(x

0) ±

√
”k(x0)2 + 4 [k4 f4(x0)↑ k2 f3(x0) + f5(x0)], (5.10)

where we have defined ”k(x0) := k
2
f2(x0)↑ f1(x0).

Therefore, we notice that, in general, the dispersion relation includes dissipative terms encoded
in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.
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therefore, the coe!cient operators in the above equation can be treated as usual functions. We can
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and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →

2
ϑϱ̇ and →

4
ϑϱ.

If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
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We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing

ϑϱ(x0
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i) =

∫
d3k

(2ω)3
ϑϱk(x

0) ei ki x
i

. (5.8)

Then, we adopt a WKB approximation to describe the time-dependent part, writing

ϑϱk(x
0) ↔

1√
2#k(x0)

e→i
∫ x0

ds!k(s), (5.9)

– 17 –

from the kinetic part, we can derive the effective dispersion relations

dispersion relations

assuming the adiabatic condition
∣∣∣ !̇k(x

0)
!k(x0)2

∣∣∣ → 1. Inserting the above parametrization into the

homogeneous version of eq.(5.4), we obtain the dispersion of the modes, given by

!k(x
0) =

i

2
”k(x

0) ±

√
”k(x0)2 + 4 [k4 f4(x0)↑ k2 f3(x0) + f5(x0)], (5.10)

where we have defined ”k(x0) := k
2
f2(x0)↑ f1(x0).
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work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
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us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
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modified gravity theories.
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in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.

– 18 –



• take Fourier transform of the equation (without source term)

for the perturbed phase given in eq.(3.30). Deriving this equation with respect to ωω, provides an
equivalent equation of motion for εεϑϖ, given by

A εεωϑϖ̈ +B εεωϑϖ̇ + C→
2
εεωϑϖ +D ε0→

2
εεωϑϖ + E→

4
εεωϑϖ + S = 0, (5.2)

where we have omitted the functional dependencies for simplicity, but we recall that A, B, C, D, E

are functions of x0 and ωω, and the operator Q, while the source-like term is given by

S(x0
, x

i
,ωω) = ϑϖ̈ εεωA+ ϑϖ̇ εεωB + (→2

ϑϖ) εεωC + (→4
ϑϖ) εεωE. (5.3)

In the small density, therefore, early time regime, we can approximate the operatorQ to the identity,
therefore, the coe!cient operators in the above equation can be treated as usual functions. We can
now invert eq.( 5.1) for εεϑϖ as a function of ϑϱ, and inserting this expression into the equation of
motion for εεϑϖ, we find an e”ective equation of motion for the perturbed scalar field, given by
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2
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4
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and J̃(x0
, x

i
,ωω) is a complicated function that depends on spacetime coordinates both explicitly

and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →

2
ϑϱ̇ and →

4
ϑϱ.

If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
dence of the coe!cients in eq.(5.5) for both early and late time, and we find, respectively
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We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
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Then, we adopt a WKB approximation to describe the time-dependent part, writing

ϑϱk(x
0) ↔
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e→i
∫ x0

ds!k(s), (5.9)
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where we have defined ”k(x0) := k
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Therefore, we notice that, in general, the dispersion relation includes dissipative terms encoded
in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.

– 18 –

• the imaginary part includes a "Hubble friction" term (present also in GR, in some gauges) but also true dissipative terms

• the real part shows modifications to the standard relativistic dispersion relations

Complete (early- and late-time) dynamics of cosmological perturbations: effective scalar field theory

looking again at the effective scalar field dynamics
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We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing
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from the kinetic part, we can derive the effective dispersion relations

dispersion relations

assuming the adiabatic condition
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where we have defined ”k(x0) := k
2
f2(x0)↑ f1(x0).

Therefore, we notice that, in general, the dispersion relation includes dissipative terms encoded
in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.
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therefore, the coe!cient operators in the above equation can be treated as usual functions. We can
now invert eq.( 5.1) for εεϑϖ as a function of ϑϱ, and inserting this expression into the equation of
motion for εεϑϖ, we find an e”ective equation of motion for the perturbed scalar field, given by
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and J̃(x0
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,ωω) is a complicated function that depends on spacetime coordinates both explicitly

and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →

2
ϑϱ̇ and →

4
ϑϱ.

If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
dence of the coe!cients in eq.(5.5) for both early and late time, and we find, respectively
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term J̃ , and we perform a Fourier transform on the spatial coordinates, writing
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• take WKB approx for the time-dependent part
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,ωω)

)
, (5.5)

and J̃(x0
, x

i
,ωω) is a complicated function that depends on spacetime coordinates both explicitly

and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →

2
ϑϱ̇ and →

4
ϑϱ.

If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
dence of the coe!cients in eq.(5.5) for both early and late time, and we find, respectively

ϑϱ̈↑ 3H
1 + 12 c2 a→6

1 + 4 c2 a→6
ϑϱ̇+ 3

(
24H2 c

2
a
→6

1 + 4 c2 a→6
↑ Ḣ
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assuming the adiabatic condition
∣∣∣ !̇k(x

0)
!k(x0)2

∣∣∣ → 1. Inserting the above parametrization into the

homogeneous version of eq.(5.4), we obtain the dispersion of the modes, given by

!k(x
0) =
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2
”k(x

0) ±

√
”k(x0)2 + 4 [k4 f4(x0)↑ k2 f3(x0) + f5(x0)], (5.10)

where we have defined ”k(x0) := k
2
f2(x0)↑ f1(x0).

Therefore, we notice that, in general, the dispersion relation includes dissipative terms encoded
in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.
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• the imaginary part includes a "Hubble friction" term (present also in GR, in some gauges) but also true dissipative terms

• the real part shows modifications to the standard relativistic dispersion relations

Complete (early- and late-time) dynamics of cosmological perturbations: effective scalar field theory

looking again at the effective scalar field dynamics
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and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →
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ϑϱ̇ and →
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If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
dence of the coe!cients in eq.(5.5) for both early and late time, and we find, respectively
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We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing

ϑϱ(x0
, x
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∫
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Then, we adopt a WKB approximation to describe the time-dependent part, writing
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from the kinetic part, we can derive the effective dispersion relations

QG-modified scalar field dynamics 

(wrt classical free massless scalar field)

dispersion relations
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Therefore, we notice that, in general, the dispersion relation includes dissipative terms encoded
in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.
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• take Fourier transform of the equation (without source term)
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)
ϑϱ+

φ

1 + 4 c2 a→6
→

2
ϑϱ+ J̃ = 0, (5.6)

ϑϱ̈↑ 3H ϑϱ̇↑ 3Ḣ ϑϱ+ φ→
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• take WKB approx for the time-dependent part
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are functions of x0 and ωω, and the operator Q, while the source-like term is given by

S(x0
, x

i
,ωω) = ϑϖ̈ εεωA+ ϑϖ̇ εεωB + (→2

ϑϖ) εεωC + (→4
ϑϖ) εεωE. (5.3)

In the small density, therefore, early time regime, we can approximate the operatorQ to the identity,
therefore, the coe!cient operators in the above equation can be treated as usual functions. We can
now invert eq.( 5.1) for εεϑϖ as a function of ϑϱ, and inserting this expression into the equation of
motion for εεϑϖ, we find an e”ective equation of motion for the perturbed scalar field, given by

ϑϱ̈+ f1 ϑϱ̇+ f2 →
2
ϑϱ̇+ f3 →

2
ϑϱ+ f4 →

4
ϑϱ+ f5 ϑϱ+ J = 0 (5.4)

where

f1(x
0
,ωω) =

B(x0
,ωω)

A(x0,ωω)
↑ 6H(x0

,ωω),

f2(x
0
,ωω) =

D(x0
,ωω)

A(x0,ωω)
,

f3(x
0
,ωω) =

C(x0
,ωω)

A(x0,ωω)
↑ 3H(x0

,ωω)
D(x0

,ωω)

A(x0,ωω)
,

f4(x
0
,ωω) =

E(x0
,ωω)

A(x0,ωω)
,

f5(x
0
,ωω) = 3

(
3H(x0

,ωω)
2
↑

B(x0
,ωω)

A(x0,ωω)
H(x0

,ωω)↑ Ḣ(x0
,ωω)

)
, (5.5)

and J̃(x0
, x

i
,ωω) is a complicated function that depends on spacetime coordinates both explicitly

and through ϑς and ϑϱ. Therefore, we see that the equation governing the perturbations of the
scalar field exhibits non-standard terms given by →

2
ϑϱ̇ and →

4
ϑϱ.

If we now assume the decoupling regime of eqs.(3.12) (φi = ↼ = 0), we can obtain the depen-
dence of the coe!cients in eq.(5.5) for both early and late time, and we find, respectively

ϑϱ̈↑ 3H
1 + 12 c2 a→6

1 + 4 c2 a→6
ϑϱ̇+ 3

(
24H2 c

2
a
→6

1 + 4 c2 a→6
↑ Ḣ

)
ϑϱ+

φ

1 + 4 c2 a→6
→

2
ϑϱ+ J̃ = 0, (5.6)

ϑϱ̈↑ 3H ϑϱ̇↑ 3Ḣ ϑϱ+ φ→
2
ϑϱ+ J̃ = 0. (5.7)

We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing

ϑϱ(x0
, x

i) =

∫
d3k

(2ω)3
ϑϱk(x

0) ei ki x
i

. (5.8)

Then, we adopt a WKB approximation to describe the time-dependent part, writing

ϑϱk(x
0) ↔

1√
2#k(x0)

e→i
∫ x0

ds!k(s), (5.9)
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assuming the adiabatic condition
∣∣∣ !̇k(x

0)
!k(x0)2

∣∣∣ → 1. Inserting the above parametrization into the

homogeneous version of eq.(5.4), we obtain the dispersion of the modes, given by

!k(x
0) =

i

2
”k(x

0) ±

√
”k(x0)2 + 4 [k4 f4(x0)↑ k2 f3(x0) + f5(x0)], (5.10)

where we have defined ”k(x0) := k
2
f2(x0)↑ f1(x0).

Therefore, we notice that, in general, the dispersion relation includes dissipative terms encoded
in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.
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• the imaginary part includes a "Hubble friction" term (present also in GR, in some gauges) but also true dissipative terms

• the real part shows modifications to the standard relativistic dispersion relations

Complete (early- and late-time) dynamics of cosmological perturbations: effective scalar field theory

looking again at the effective scalar field dynamics
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ϑϱ+ J̃ = 0. (5.7)

We notice that the late time behavior is the same that one would obtain from taking the a ↓ 1
limit in the early time equation. Another interesting feature is that the non-standard terms arise
only when considering the full coupled dynamics of the perturbed density and phase.

Dispersion relation. To find the dispersion relation, we consider eq.(5.4) in absence of the source
term J̃ , and we perform a Fourier transform on the spatial coordinates, writing

ϑϱ(x0
, x

i) =

∫
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(2ω)3
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Then, we adopt a WKB approximation to describe the time-dependent part, writing
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from the kinetic part, we can derive the effective dispersion relations

QG-modified scalar field dynamics 

(wrt classical free massless scalar field) new arena for QG phenomenology

dispersion relations

assuming the adiabatic condition
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homogeneous version of eq.(5.4), we obtain the dispersion of the modes, given by
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where we have defined ”k(x0) := k
2
f2(x0)↑ f1(x0).

Therefore, we notice that, in general, the dispersion relation includes dissipative terms encoded
in the imaginary part of !k. In the standard GR case, for certain gauge choices (for instance, cosmic
time), imaginary terms also appear in the dispersion relation. These terms are associated with the
so-called Hubble friction, and they do not yield a genuinely dissipative behavior, as they are k-
independent. In our case, we also find a term resembling Hubble friction, but in addition we have a
k-dependent term that signals a genuinely dissipative behavior. Furthermore, we observe dispersive
e#ects arising from the real part of !k. In fact, the presence of these terms in the dispersion relation
of the scalar field is simply an indicator of the e#ective approach we are adopting for the dynamics.
This is a typical feature of e#ective field theories [50] originating from quantum gravity, as discussed
in several works [51, 52]. Moreover, this feature also appears in analogue gravity treatments of BECs
[41] and in the field of spacetime thermodynamics [53, 54]. Since e#ective theories are generally
interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.

6 Conclusion

In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.
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interpreted as the low-energy, long-wavelength limit of a complete theory, dissipative e#ects are
usually attributed to integrating out the high-energy modes.
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In this paper, we outline a systematic approach to derive an e#ective field theory on a curved
background within the Group Field Theory (GFT) framework, incorporating scalar perturbations
at the e#ective level. By integrating relational formalism, which reintroduces the notion of reference
frames into quantum gravity, we can extract e#ective relational dynamics. Building on a previous
work [19] that introduced inhomogeneities at the level of the matter scalar field (distinct from the
clock and rods of the relational frame), we employ coherent states sharply peaked on the values
associated with four massless scalar fields to serve as this reference frame.

Assuming that the GFT condensate wavefunction can be decomposed into a sharply peaked
part and a reduced part, we demonstrate how to extract the condensate dynamics in the mesoscopic
regime by averaging the underlying quantum many-body dynamics. Using the Madelung represen-
tation, we analyze the dynamical equations governing both the homogeneous background and its
perturbations. These steps lay the groundwork for recasting the GFT dynamics as an e#ective field
theory on curved spacetime.

The first part of the paper is devoted to deriving solutions for the key quantum gravity pa-
rameters of the GFT condensate, namely the phase and density, for both the background and the
perturbed case. This analysis forms the essential basis for investigating the emergent matter content
within our framework.

Based on the information encoded in the GFT phase, we derive an inversion relation that allows
us to parameterize the e#ective dynamical equations in terms of the background scalar field ω0.
This relation enables us to extract an e#ective background metric felt by the scalar field, applicable
at both early and late times. This derivation assumes that the kinetic sector of the e#ective action
for ω0 is given by the standard d’Alembert operator. Notably, the resulting dynamics incorporate
a non-minimal coupling to gravity, absent in the original GFT action, with an emergent mass (or
potential) term that depends on quantum gravity parameters linked to the underlying geometry and
reference frame. This opens intriguing possibilities: one could interpret the emergent mass term as
a potential driving inflation, or further investigate its connection to the chameleon mechanism in
modified gravity theories.
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