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The QI question

— If we are given N qubits, do we know they live in 2 - dimensional Hilbert space?
- More precisely,

- a pair of anti-commuting Hermitian unitary operators X and Z defines a qubit.

- I |IX, Zj]H =0,Vi#je{l,2, ---,N} then we know we are in 2"V dimensional Hilbert space.
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The QI question

— If we are given N qubits, do we know they live in 2 - dimensional Hilbert space?

- More precisely,
- a pair of anti-commuting Hermitian unitary operators X and Z defines a qubit.

- I |IX, Zj]H =0,Vi#je{l,2, ---,N} then we know we are in 2"V dimensional Hilbert space.

® In reality, we hardly have perfect qubits + we have limited computational resources and finite experimental
precision, so the actual Hilbert space dimension of such qubits can be difficult to verify.

- From the theory building POV - you might be tempted to dismiss this as a nuisance.

“ Physical qubits are very close to exact ones, so I can just write them down in exact tensor factors

and I expect the deviations from the exact results would be small. ”

- this line-of-thought is fine when small changes actually lead to small effects.
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Overlapping Qubits

- HOWEVER, if you allow the Pauli algebra to overlap, i.e., ||[[P;, Pj]|| < € then with n exact qubits, then it
is possible to spoof N = O(exp(e’n)) qubits!

(en€2/4 Johnson-Lindenstrauld >

many unit vectors can be chosen in R* so that any pair |u),|v), |(u|v)]| <e€.) < lemma

Construction (Chao, Reichardt, Sutherland, Vidick 2017):

n

— —_ — 1 k=1
0 ,OT , e, 0 ,OT > 0 .= VZOZ’ kE [N] —_— 0 OT — ’
101, 0y). (0, 0,); : 1221 ¢ 11O O} vi v, <e, k#I
(Fermion algebra) Draw N random unit vectors, v, € R" and
define

X.Z X, Z X, Z

O 00

Xp,Zp XP7ZP Xpyzp

Q5

N
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Overlapping Qubits

HOWEVER, if you allow the Pauli algebra to overlap, i.e., [[[P;, P]]|| < € then with n exact qubits, then it
is possible to spoof N = O(exp(e’n)) qubits!

(6”62/4 many unit vectors can be chosen in R*" so that any pair |u),|v), |(u| V)| <€.) ( >

Construction (Chao, Reichardt, Sutherland, Vidick 2017):

n

— —_ — 1 k=1
0 ,OT , e, 0 ,OT > 0 .= VZOZ’ kE [N] —_— 0 OT — ’
101, 0y). (0, 0,); : 1221 ¢ 11O O} vi v, <e, k#I
(Fermion algebra) Draw N random unit vectors, v, € R" and
define

Verification protocol ~ poly(N); but with N being exponentially larger than n, it's operationally expensive.

Furthermore, gravity itself bounds the entropy/information one can have within a region.

We can be fooled into thinking that the Hilbert space is larger than it actually is!

Varun Kushwaha: varun.kushwaha®@lmu.de 2



mailto:varun.kushwaha@lmu.de

Reminds us of a problem in QG

- Volume vs area scaling

Suppose we naively put a QFT inside a region. Then the Hilbert space seems enormous:

A QFT = ® Z »  gives volume-scaling entropy, but BH entropy o Area.

x € lattice

Proposal by (Cao, Chemissany, Jahn, Zimboras 2024): could think of EFT dofs as overlapping qubits spoofing a system
with a larger apparent Hilbert space.

nature communications

Article https://doi.org/10.1038/s41467-024-55463-9

Overlapping qubits from non-isometric
maps and de Sitter tensor networks

Received: 11 January 2024 ChunJun Cao"??, Wissam Chemissany”, Alexander Jahn®%° | &
Zoltan Zimboras ® %78

Accepted: 13 December 2024

Varun Kushwaha: varun.kushwaha®@lmu.de 3



mailto:varun.kushwaha@lmu.de

Reminds us of a problem in QG

- Volume vs area scaling

Suppose we naively put a QFT inside a region. Then the Hilbert space seems enormous:

A QFT = ® Z »  gives volume-scaling entropy, but BH entropy o Area.

x € lattice

Proposal by (Cao, Chemissany, Jahn, Zimboras 2024): could think of EFT dofs as overlapping qubits spoofing a system
with a larger apparent Hilbert space.

- Building up on these insights (Friedrich, Cao, Carroll, Cheng, Singh 2024) modeled (Weyl) fermions with overlapping
qubits to see whether std. QFT be seen as constructed from overlapping dofs?
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Reminds us of a problem in QG

- Volume vs area scaling

Suppose we naively put a QFT inside a region. Then the Hilbert space seems enormous:

A QFT = ® Z »  gives volume-scaling entropy, but BH entropy o Area.

x € lattice

Proposal by (Cao, Chemissany, Jahn, Zimboras 2024): could think of EFT dofs as overlapping qubits spoofing a system
with a larger apparent Hilbert space.

- Building up on these insights (Friedrich, Cao, Carroll, Cheng, Singh 2024) modeled Weyl fermions with overlapping
qubits to see whether std. QFT be seen as constructed from overlapping dofs?

d3p

(27)3E,

WX, 1) = J {6‘p(t)u(p) e'P* + anti-particle part... }

Varun Kushwaha: varun.kushwaha®@lmu.de 3



mailto:varun.kushwaha@lmu.de

Reminds us of a problem in QG

- Volume vs area scaling

Suppose we naively put a QFT inside a region. Then the Hilbert space seems enormous:

A QFT = ® Z »  gives volume-scaling entropy, but BH entropy o Area.

x € lattice

Proposal by (Cao, Chemissany, Jahn, Zimboras 2024): could think of EFT dofs as overlapping qubits spoofing a system
with a larger apparent Hilbert space.

- Building up on these insights (Friedrich, Cao, Carroll, Cheng, Singh 2024) modeled Weyl fermions with overlapping
qubits to see whether std. QFT be seen as constructed from overlapping dofs?

3 gt A

d°p - .
(X, 1) = {C Hu e'P* + anti-particle art...} Cl Cq
(X, 1 J ZoE, | CHOu® particle p | 1 v voume
CN V 871 n < Area
H{Cp, 63}\\ = VJ Vg S € Ci - i (assumed)
: matrix of random :
~ ~ N vectors .
But, {C,, €1} =1 Cl ¢,
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Reminds us of a problem in QG

- Volume vs area scaling

Suppose we naively put a QFT inside a region. Then the Hilbert space seems enormous:

A QFT = ® Z »  gives volume-scaling entropy, but BH entropy o Area.

x € lattice

Proposal by (Cao, Chemissany, Jahn, Zimboras 2024): could think of EFT dofs as overlapping qubits spoofing a system
with a larger apparent Hilbert space.

- Building up on these insights (Friedrich, Cao, Carroll, Cheng, Singh 2024) modeled Weyl fermions with overlapping
qubits to see whether std. QFT be seen as constructed from overlapping dofs?

d’p = n

(X, 1) = {C Hu e'PX 1 anti-particle art...} C €1
WX, ) J(Zﬂ)3Ep p() (P) P P : : N &« Volume
éN Cy n x Area
~ ~ » — N
IH{C CE}H = VJ Vg S €(lP]) Oy g CJ{ C:1 (assumed)
Cl, ¢
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Reminds us of a problem in QG

- Volume vs area scaling

Suppose we naively put a QFT inside a region. Then the Hilbert space seems enormous:

A QFT = ® Z »  gives volume-scaling entropy, but BH entropy o Area.

x € lattice

Proposal by (Cao, Chemissany, Jahn, Zimboras 2024): could think of EFT dofs as overlapping qubits spoofing a system
with a larger apparent Hilbert space.

- Building up on these insights (Friedrich, Cao, Carroll, Cheng, Singh 2024) modeled Weyl fermions with overlapping
qubits to see whether std. QFT be seen as constructed from overlapping dofs?

10—15

10719 '\,

10—23_ .\. l

10-271 N,
. =~ =~ T
) ~ {Cy, CHI =vp vy <e(Ip]) )y g

X . ~-31] .
= 10 .

10735 "~

107371 "N\,

10431 N,

1014 10-10 1076 102 102 106 1010 1014
k [eV]

Varun Kushwaha: varun.kushwaha®@lmu.de 3



mailto:varun.kushwaha@lmu.de

Bridge to present work

- At least at the kinematics level, the construction seems to be doing pretty well.

- Beyond kinematics — dynamics? (Friedrich, Cao, Carroll, Cheng, Singh 2024) did primitive analysis and even made
connections with observations.
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Bridge to present work

- At least at the kinematics level, the construction seems to be doing pretty well.

- Beyond kinematics — dynamics? (Friedrich, Cao, Carroll, Cheng, Singh 2024) did primitive analysis and even made
connections with observations.

This work:

- We asked how V should be structured so that dynamics sector could also be captured?

- To start simple we consider a scalar field — classical scalar field.

- Is there a classical analog for these overlaps?
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Classical picture

Consider a Hamiltonian, H((j : P>) on a 2N dimensional phase space.

—

P,
IMm
Z(1)
[
" Q

0,0

| oww

A0 = P(1)

Py(®)
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Classical picture

Consider a Hamiltonian, H((j : P>) on a 2N dimensional phase space.

P4 P 1
\Y /
. 2(1) .
Ly
. (_2’ - q

0, (1) 0,() q,(1) n < N

sz;(f) ~ 0 (@) - V g, (1) not fixed yet; would like to
A1) = P,(7) ™~ 7. T 2N X 2n p,(0) determine it such that the

: 1 5 reconstruction is as perfect as
PN(t) FN(I) Pn(f) it can be.

Z(1) Varun Kushwaha: varun.kushwaha®lmu.de 5
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Loss function

We can turn this into an optimization problem. Minimize
Construct the snapshot matrix For a given n < N,
Q) - Qlty) +
X, = (_} 1 M <ty IX, = VV'X ||
P@) - P@y
2NxM over matrices in R*V*<?"
If it's possible to reconstruct the columns of this matrix from n (< N) many dofs, then

0.() / V-|- \ %:(t)

q,(1)

Qz\;(f) /
P, (1) / 2

P]\;(t) \ V / p,(0)

1. Compress — Retrieve & Minimal loss, i.e., VV™ & 15, where V1V = l,,..

Varun Kushwaha: varun.kushwaha®@lmu.de 6
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Loss function

We can turn this into an optimization problem. Minimize
Construct the snapshot matrix For a given n < N,
Q) - Qly) +
X, = (_} 1 M <ty IX, = VV'X ||
P@) - Py
2NxM over matrices in R2VX2"
2. Columns are obtained by solving Hamiltonian EOMs l
. , —» — 0 1,
Z(t) = I,y VH(Q, P — z()=J, VH(q,p), J :=< )
() N (Q ) () n (q p) 2k _[lk 0 HXS_VV_I_XSHF
—> V € R*™2" must preserve this symplectic structure over symplectic matrices in R*VX?"
O

T _ o g TyT
VidwV =y, andtake V7=,V doy Symplectic Model Order reduction

— (SMOR)
—> The lower dim. Hamiltonian, H(z) = H(Z — V).

(Peng, Mohseni 2014, Hesthaven, Pagliantini, Ripamonti 2021)
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Loss function

We can turn this into an optimization problem.

Construct the snapshot matrix
(Q(tl) Q(rM>) <
P@) - Pw/ ven

3. Specific to Scalar field theory, we impose orthogonality V'V =1, = V=V

X, =

S

— ﬁ(z) = H(VZ) becomes independent of V.

That is, the lower dim. model becomes independent of the reconstruction map,
only the reconstruction of states depends on V.

Minimize
For a given n < N,
_|_
X5 = VVIX(IE

over matrices in R2V*2n

|

HXS T VV_I_XsuF

over symplectic matrices in R*VX?"

|

_|_
X5 = VVIX(IE
over ortho-symplectic matrices in
RZNXZFL
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Optimal embedding

The minimizer of the loss function can be analytically obtained (Buchfink, Bhatt, Haasdonk 2019).

Do the SVD of the complex snapshot matrix
0 .. O Q) - Qi) P@) - Py
y _(Q(ro Q(rM>> RV Dt R S
2NXM Q)

P(r) - Ply) Qiw), ,, Pt - Paof

= UXW*
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Optimal embedding

The minimizer of the loss function can be analytically obtained (Buchfink, Bhatt, Haasdonk 2019).

Do the SVD of the complex snapshot matrix
Q) - Qty) Q@) - Q) P() - Py
Xy = > X, = : ' : +i] ' :

P@) - Pty 2NXM Q) - Qlry) NxM P Pl NxXM

U2XW*

For a given n < N, take the first n left singular vectors U, and let ® = Re(U,), ¥ = Im(U,), then

rank(X,)

2
2 °
\ J=n+1

— If we set n = rank(’X_) then the reconstruction is exact (Vt if the Hamiltonian is quadratic).

V | — o Y with reconstruction error N
Opt VvV o g HXS -V VOthSHF —
2NX2n

opt

*It'd be best if rank(X.) <« N, but generally rank(’X_,) ~ N.

Varun Kushwaha: varun.kushwaha®@lmu.de 0
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Free classical scalar field theory

Consider a scalar field in a box.

L[ ‘ 1
L=J d'x —|0h) = (V§)* = ms*| — H == ) <P§+QiQ§) Qk=\/\k\2+m§
B i _

2
K|<Ayy

Box: [—Lx/2, Lip/2]> LixApy)’
IR IR N(LIRa AUv) - ( 1R6 ﬂ[zjv)

Varun Kushwaha: varun.kushwaha®@lmu.de 10
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Free classical scalar field theory

Consider a scalar field in a box.

L= a2 0,0)° — (V)* —mip*| — H=— Z <P§+QiQ§> Qk=\/\k\2+mg

Jg 2

This is a simple theory in terms of dynamics. Solutions: O, (7) = A, cos(£2 1) + By sin(£2, 1)
Py (1) = Gy cos(L2 1) + Dy sin(€2; ¢)

Q1) -~ Qi) P() -~ Pliy) vy
: : +i] : and numerically compute the error - ~ soF
Q) - Q) P(,) - Ply)) Xl 7

XM XM

Construct X, =

Varun Kushwaha: varun.kushwaha®@lmu.de 10
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Free classical scalar field theory

rel. projection error &£y,

-

=

-

-

109

o
N

9
S

9
(@)

]
Q0

& O HE

¢® C1
X 1C 2
F IC 3

==+ dmin % (LirAyy)?

@

—
| R
—

7

14

101

10°
dmin(v)

103

On y-axis: , for projection
Xl 7

onto lower dimensional symplectic subspace.

The cliff scales with the area of the box.
No matter what the initial state.
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Free classical scalar field theory

Consider a scalar field in a box.

L= a2 0,0)° — (V)* —mip*| — H=— Z <P§+QiQ§> Qk=\/\k\2+mg

Jg 2

This is a simple theory in terms of dynamics. Solutions: O, (7) = A, cos(£2 1) + By sin(£2, 1)
Py (1) = Gy cos(L2 1) + Dy sin(€2; ¢)

Q) - Q) P) - Py

+i| : are spanned by sine and cosine functions.

Q) - Q) P@) - Plw)

XM XM

—> Columns of X_ =

—> Rank(X_.) < 2ng , i.e., 2 x (# of unique frequencies realized on the lattice).

Varun Kushwaha: varun.kushwaha®@lmu.de 12
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Counting the # of unique frequencies

Consider a scalar field in a box.

1] ] 1
L= J d°x > 0)* — (V)* — myp* — H= ) <P§+QiQ§) Qk=\/\k\2+mg
B - - K|<Ayy
Box: [—Ln/2, Lin/2] (LA )’
IR IR N( LIR, AUv) ~ IR67T12JV
For the flat box case:
- 2 2 - - 2, 1.2 4 1.2 2 27,
no = 7 of unique Q) = \/\k\ + my —> # of unique solutions of ki + kj + k3 < Ay where k; = T
IR

Using Legendre's three square problem one can obtain:

|02 |

2
lUV

# of dofs required = Rank(X.) = 2ng =~ O(1) F O(log(LirAyvy)) -

Varun Kushwaha: varun.kushwaha®@lmu.de
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Counting the # of unique frequencies

For maximally symmetric spacetimes with spherical boundary:

R sin(p/R)), K >0,

y;idx' dxl = dp* + Sg(p)( d6* + sin* 0 dyp?) S(p) =3 p, K=0,

10
Lzzuggaﬁx\/g_/

ng = # of unique Q , = \/kgl + my —> # of unique eigenvalues of -A, < Ayy (—A)f =

(0,)° = ¥0,p0;ep — myp”

R_sinh(p/R.), K <O.

1
_>H:5 Z (Pr%lm_l_gzl r%lm)

|kl <Ayy

1 y
\/}_/ ai(\/%’ljajf)
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Counting the # of unique frequencies

For maximally symmetric spacetimes with spherical boundary:

yidx' dx) = dp*+ Sg(p)( d6° + sin* 6 dy?)

Lzzuggaﬁx\/g_/

ng = # of unique Q , = \/kgl + my —> # of unique eigenvalues of -A, < Ayy (—A)f =

(0,)° = ¥0,p0;ep — myp”

Using WKB approximation methods one can obtain:

)
PIR

# of dofs required = Rank(X.) = 2ng & O(1)—

2
lUV

Flat (K = 0)

3 H=—

1
5 Z (P I Ot r%lm)

O(1)

RC

Sk(p) =4 P
RC

|kl <Ayy

47R?* , (
sinh
B

Open (K < 0)

sin(p/R.), K> 0,
K=0,
sinh(p/R.), K <O.

AnR?
LR O(1) ¢ gin? [ LR
oR.

Closed (K > 0)

1 y
\/}_/ ai(WVZ]ajf)
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Interacting case

Projection error with A¢* interactions.

|
100 4 = B W W e l
_ B SO
o t’:’“‘..: The cliff remains anchored to the free field
‘2 102 13 case. The initial state was chosen such that
O I the interactions don't become dominant
= : over the evolution duration.
—4 !
-
S 10 * /lfgg ¢t dx
'.8 I. e(t) ;=
- 2
O . | e A=0 . >, (1P +9210,01)
O 10 v A=107° :
o —10-4 Iy
— A 10_2 ! '. Evolution duration: max e(f) <« 1.
v 10—8 A=10 N _ 0<t<T,,
==+ dmin * (LirAuv) l ®
|
| T — ]
101 1072 10°
dmin(v)
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Classical overlaps

Dynamics also fixes the elements of the embedding map (depends on the initial state) and naturally gives a shell overlap
structure.

0,(®) q:(?) Al.(t) alft)

Q]\:l(t) B (q)Nxan _‘I’Nxzng) | Clzn;(f) . A]\;(t) B <q) L P 0 ) | a2n;z(t)

Pi) | \Waxang Prxong 1210, Al 0 e — ¥ aj (1)

Py pon®)  |ages i, (0
— (A, AT} =YY, 00k (A, At = (AT, AT} =0 where, Y = ® + /¥
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Summary

e Broadly we are asking a modest question:
How accurately can the std. QFT (esp. for the relevant purposes) be already spoofed with less dofs than we
conventionally take?

e Asked a resource-accuracy question for Hamiltonian field theory:
how many canonical degrees of freedom are needed to reproduce the field evolution?

e Used SMOR so that the reduction is not just data fitting:
the low dim. model remains an autonomous Hamiltonian system.

e For a free scalar field, the answer is controlled by the spectrum of the Hamiltonian.

e In flat space this gives an area-type threshold; curved maximally symmetric backgrounds give systematic deviations.

e Reconstructing the full field variables from the low dim. phase space induces classical overlap among apparent modes.

Varun Kushwaha: varun.kushwaha®@lmu.de 17
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Outlook

e Clarify state dependence: different trajectories may require different reconstruction maps. Can we do better?

¢ Develop the quantum version: quantize the reduced symplectic sector and study the induced operator overlap.

e Compare SMOR with Krylov-type complexity as two ways of extracting dynamically relevant subspaces.

Varun Kushwaha: varun.kushwaha®@lmu.de 17
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Outlook

e Clarify state dependence: different trajectories may require different reconstruction maps. Can we do better?
¢ Develop the quantum version: quantize the reduced symplectic sector and study the induced operator overlap.

e Compare SMOR with Krylov-type complexity as two ways of extracting dynamically relevant subspaces.

Thank you!
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