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Charged particles and electromagnetic fields
cosmic rays are charged particles —> they are affected by electromagnetic fields

~E(~r, t) ~B(~r, t)

Simplifying assumption —> consider only constant fields

✘✘
A particle of charge q moving at a velocity u fill experience a force: 
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Lorentz force

⏊ to velocity —>

doesn’t change 


the particle energy!
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…because we deal with plasmas

to accelerate particles, you need an electric field

“…a basic property of plasma, its tendency towards electrical neutrality. If over 
a large volume the number of electrons per cubic centimeter deviates appreciably 
from the corresponding number of positive ions, the electrostatic forces resulting 
yield a potential energy per particle that is enormously greater than the mean 
thermal energy. Unless very special mechanisms are involved to support such large 
potentials, the charged particles will rapidly move in such a way as to reduce these 
potential difference, i.e., to restore electrical neutrality.”


                      (Lyman Spitzer “Physics of fully ionised gases”)

An excess of electrical charge is needed to maintain a static electric field. However we 
should remember…
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Excess charges are screened on a scale called Debye length

extremely small!
it does NOT depend on 

the charge excess!
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How long it takes?

τ ∼
λ

vth
dimensionally —>

plasma frequency ωp ∼ 1/τ

time to react to 
the presence of an 

electric charge

So? How are particles 
accelerated if E =0?
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Way-out: time varying B

We DO need electric fields to accelerate particles!

r ~E = 4⇡%

r⇥ ~E = �1

c

@ ~B

@t

r ~B = 0

r⇥ ~B =
4⇡

c
~j +

1

c

@ ~E

@t

Maxwell equations

= 0 —> plasma quasi-neutrality

A time varying magnetic field 
acts as a source of electric field!

Faraday law
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If you had to remember only one thing about cosmic ray acceleration, that 
would probably be the Hillas criterion. However, while this criterion imposes 

necessary conditions to accelerate particles, it tells us NOTHING about 
HOW particles are accelerated… 

Note: from now on we indicate particle energies with E rather E as there is no longer ambiguity with electric field

Advise…
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<latexit sha1_base64="LSmjEwNRLstODte0SJaNo1fMK80=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALaRjOY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>



add               to move to the rest frame where M is at rest

From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

head-on collision

V

<latexit sha1_base64="LSmjEwNRLstODte0SJaNo1fMK80=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALaRjOY=</latexit>

u+ V

<latexit sha1_base64="07rVsfH59ZepCyfsLoNIy1gCSbY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh/S82SuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6R5UfGqlev7arl2k8dRgGM4gTPw4BJqcAd1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz/z/42a</latexit>



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

head-on collision

elastic collision: same velocity but in the opposite direction

u+ V

<latexit sha1_base64="07rVsfH59ZepCyfsLoNIy1gCSbY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh/S82SuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6R5UfGqlev7arl2k8dRgGM4gTPw4BJqcAd1aACDATzDK7w5wnlx3p2PeeuKk88cwR84nz/z/42a</latexit>



add               to move back to the lab rest frame

From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

head-on collision

V

<latexit sha1_base64="LSmjEwNRLstODte0SJaNo1fMK80=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALaRjOY=</latexit>

V

<latexit sha1_base64="LSmjEwNRLstODte0SJaNo1fMK80=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALaRjOY=</latexit>

u+ 2V

<latexit sha1_base64="boeJqZaVIOP+qrYnLQHlseh9nig=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMpuKVRvRS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tFRoghtk4hHqhdgTTmTtG2Y4bQXK4pFwGk3mN5lfveJKs0i+WhmMfUFHksWMoJNJiVXtc6wXHGr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni1vn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQmv/ZTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TTq3q1as3D/VK8zaPowhncA6X4EEDmnAPLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fZZCN1g==</latexit>



Energy gain -> 

From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

head-on collision

V

<latexit sha1_base64="LSmjEwNRLstODte0SJaNo1fMK80=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALaRjOY=</latexit>

u+ 2V

<latexit sha1_base64="boeJqZaVIOP+qrYnLQHlseh9nig=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBEMpuKVRvRS8eK9gPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tFRoghtk4hHqhdgTTmTtG2Y4bQXK4pFwGk3mN5lfveJKs0i+WhmMfUFHksWMoJNJiVXtc6wXHGr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni1vn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQmv/ZTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TTq3q1as3D/VK8zaPowhncA6X4EEDmnAPLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8fZZCN1g==</latexit>

1

2
m(u+ 2V )2 � 1

2
mu2 = 2m(V 2 + uV )

<latexit sha1_base64="O/JIfbyZqXNl8NoZ3hHHfUEwlSg=">AAACIHicbVDJSgNBEO1xjXGLevTSGISEYJgZAtGDEPTiMYKZBLLR0+lJmnTPDL0IYcinePFXvHhQRG/6NXaWg0l8UPB4r4qqen7MqFS2/W2trW9sbm2ndtK7e/sHh5mjY09GWmBSwxGLRMNHkjAakpqiipFGLAjiPiN1f3g78euPREgahQ9qFJM2R/2QBhQjZaRuptwKBMKJM07cMeQwpwuul++48AIuGtpo19DlOa/jFrSX72aydtGeAq4SZ06yYI5qN/PV6kVYcxIqzJCUTceOVTtBQlHMyDjd0pLECA9RnzQNDREnsp1MHxzDc6P0YBAJU6GCU/XvRIK4lCPum06O1EAuexPxP6+pVXDZTmgYa0VCPFsUaAZVBCdpwR4VBCs2MgRhQc2tEA+QCUaZTNMmBGf55VXiuUWnVLy6L2UrN/M4UuAUnIEccEAZVMAdqIIawOAJvIA38G49W6/Wh/U5a12z5jMnYAHWzy+wT5+R</latexit>



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

running after collision

V

<latexit sha1_base64="LSmjEwNRLstODte0SJaNo1fMK80=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALaRjOY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

running after collision

V

<latexit sha1_base64="LSmjEwNRLstODte0SJaNo1fMK80=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALaRjOY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>

Energy gain -> 
1

2
m(u� 2V )2 � 1

2
mu2 = 2m(V 2 � uV )

<latexit sha1_base64="JImJ9sQUghd4IbIi6mZ9uo35O/8=">AAACIHicbVDJSgNBEO2JW4xb1KOXxiAkh4SZIRA9CEEvHiOYSSAbPZ2epEn3zNCLEIZ8ihd/xYsHRfSmX2NnOZjEBwWP96qoqufHjEpl299WamNza3snvZvZ2z84PMoen3gy0gKTOo5YJJo+koTRkNQVVYw0Y0EQ9xlp+KPbqd94JELSKHxQ45h0OBqENKAYKSP1spV2IBBOnEniTiCHeV10vULXhUW4bGijXUOX572uW9ReoZfN2SV7BrhOnAXJgQVqvexXux9hzUmoMENSthw7Vp0ECUUxI5NMW0sSIzxCA9IyNEScyE4ye3ACL4zSh0EkTIUKztS/EwniUo65bzo5UkO56k3F/7yWVsFlJ6FhrBUJ8XxRoBlUEZymBftUEKzY2BCEBTW3QjxEJhhlMs2YEJzVl9eJ55accunqvpyr3iziSIMzcA7ywAEVUAV3oAbqAIMn8ALewLv1bL1aH9bnvDVlLWZOwRKsn1+2sZ+V</latexit>



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

running after collision

V

<latexit sha1_base64="LSmjEwNRLstODte0SJaNo1fMK80=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmu1+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia88jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14l7YuqV6teN2uV+k0eRxFO4BTOwYNLqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/ALaRjOY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>

Energy gain -> 
1

2
m(u� 2V )2 � 1

2
mu2 = 2m(V 2 � uV )

<latexit sha1_base64="JImJ9sQUghd4IbIi6mZ9uo35O/8=">AAACIHicbVDJSgNBEO2JW4xb1KOXxiAkh4SZIRA9CEEvHiOYSSAbPZ2epEn3zNCLEIZ8ihd/xYsHRfSmX2NnOZjEBwWP96qoqufHjEpl299WamNza3snvZvZ2z84PMoen3gy0gKTOo5YJJo+koTRkNQVVYw0Y0EQ9xlp+KPbqd94JELSKHxQ45h0OBqENKAYKSP1spV2IBBOnEniTiCHeV10vULXhUW4bGijXUOX572uW9ReoZfN2SV7BrhOnAXJgQVqvexXux9hzUmoMENSthw7Vp0ECUUxI5NMW0sSIzxCA9IyNEScyE4ye3ACL4zSh0EkTIUKztS/EwniUo65bzo5UkO56k3F/7yWVsFlJ6FhrBUJ8XxRoBlUEZymBftUEKzY2BCEBTW3QjxEJhhlMs2YEJzVl9eJ55accunqvpyr3iziSIMzcA7ywAEVUAV3oAbqAIMn8ALewLv1bL1aH9bnvDVlLWZOwRKsn1+2sZ+V</latexit>

< 0

<latexit sha1_base64="zYTVlEuf1HQsqo0W7g55Tq9iLCU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUMFD0YvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hZXVtfaO4Wdra3tndK+8fNE2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9up33ri2ohYPeI44X5EB0qEglG00sM1cXvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdU7r17dn1dqN3kcRTiCYzgFDy6gBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBUtqNMA==</latexit>

loss



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

running after collision -> losshead-on collision -> gain



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

running after collision -> losshead-on collision -> gain

u+ V

2u

<latexit sha1_base64="b5CNYUVF4IH0C0w1FNpBT/MjvDw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIeyGgHoLevEYwTwgWcPsZDYZMju7zEMJy/6HFw+KePVfvPk3TpI9aGJBQ1HVTXdXkHCmtOt+Oyura+sbm4Wt4vbO7t5+6eCwpWIjCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpn67UcqFYvFvZ4k1I/wULCQEayt9NALJSapOW9ladVk/VLZrbgzoGXi5aQMORr90ldvEBMTUaEJx0p1PTfRfoqlZoTTrNgziiaYjPGQdi0VOKLKT2dXZ+jUKgMUxtKW0Gim/p5IcaTUJApsZ4T1SC16U/E/r2t0eOmnTCRGU0Hmi0LDkY7RNAI0YJISzSeWYCKZvRWREbZBaBtU0YbgLb68TFrVilerXN3VyvXrPI4CHMMJnIEHF1CHW2hAEwhIeIZXeHOenBfn3fmYt644+cwR/IHz+QOWK5KX</latexit>

u� V

2u

<latexit sha1_base64="nWtRK1NtloQ0tnqsJkUSQvLwVAY=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZDQL0FvXiMYB6QrGF2MpsMmZ1d5qGEZf/DiwdFvPov3vwbJ8keNLGgoajqprsrSDhT2nW/nZXVtfWNzcJWcXtnd2+/dHDYUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY30z99iOVisXiXk8S6kd4KFjICNZWeuiFEpPUnLeytGqyfqnsVtwZ0DLxclKGHI1+6as3iImJqNCEY6W6nptoP8VSM8JpVuwZRRNMxnhIu5YKHFHlp7OrM3RqlQEKY2lLaDRTf0+kOFJqEgW2M8J6pBa9qfif1zU6vPRTJhKjqSDzRaHhSMdoGgEaMEmJ5hNLMJHM3orICNsgtA2qaEPwFl9eJq1qxatVru5q5fp1HkcBjuEEzsCDC6jDLTSgCQQkPMMrvDlPzovz7nzMW1ecfOYI/sD5/AGZP5KZ</latexit>

probability



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

running after collision -> losshead-on collision -> gain

u+ V

2u

<latexit sha1_base64="b5CNYUVF4IH0C0w1FNpBT/MjvDw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIeyGgHoLevEYwTwgWcPsZDYZMju7zEMJy/6HFw+KePVfvPk3TpI9aGJBQ1HVTXdXkHCmtOt+Oyura+sbm4Wt4vbO7t5+6eCwpWIjCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpn67UcqFYvFvZ4k1I/wULCQEayt9NALJSapOW9ladVk/VLZrbgzoGXi5aQMORr90ldvEBMTUaEJx0p1PTfRfoqlZoTTrNgziiaYjPGQdi0VOKLKT2dXZ+jUKgMUxtKW0Gim/p5IcaTUJApsZ4T1SC16U/E/r2t0eOmnTCRGU0Hmi0LDkY7RNAI0YJISzSeWYCKZvRWREbZBaBtU0YbgLb68TFrVilerXN3VyvXrPI4CHMMJnIEHF1CHW2hAEwhIeIZXeHOenBfn3fmYt644+cwR/IHz+QOWK5KX</latexit>

u� V

2u

<latexit sha1_base64="nWtRK1NtloQ0tnqsJkUSQvLwVAY=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZDQL0FvXiMYB6QrGF2MpsMmZ1d5qGEZf/DiwdFvPov3vwbJ8keNLGgoajqprsrSDhT2nW/nZXVtfWNzcJWcXtnd2+/dHDYUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY30z99iOVisXiXk8S6kd4KFjICNZWeuiFEpPUnLeytGqyfqnsVtwZ0DLxclKGHI1+6as3iImJqNCEY6W6nptoP8VSM8JpVuwZRRNMxnhIu5YKHFHlp7OrM3RqlQEKY2lLaDRTf0+kOFJqEgW2M8J6pBa9qfif1zU6vPRTJhKjqSDzRaHhSMdoGgEaMEmJ5hNLMJHM3orICNsgtA2qaEPwFl9eJq1qxatVru5q5fp1HkcBjuEEzsCDC6jDLTSgCQQkPMMrvDlPzovz7nzMW1ecfOYI/sD5/AGZP5KZ</latexit>

probability

�E = 2m(V 2 + uV )
u+ V

2u
+ 2m(V 2 � uV )

u� V

2u
= 4mV 2

<latexit sha1_base64="5FP3MP4Loj/cDGTnf/C+i2KKXkE="></latexit>



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

running after collision -> losshead-on collision -> gain

u+ V

2u

<latexit sha1_base64="b5CNYUVF4IH0C0w1FNpBT/MjvDw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIeyGgHoLevEYwTwgWcPsZDYZMju7zEMJy/6HFw+KePVfvPk3TpI9aGJBQ1HVTXdXkHCmtOt+Oyura+sbm4Wt4vbO7t5+6eCwpWIjCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpn67UcqFYvFvZ4k1I/wULCQEayt9NALJSapOW9ladVk/VLZrbgzoGXi5aQMORr90ldvEBMTUaEJx0p1PTfRfoqlZoTTrNgziiaYjPGQdi0VOKLKT2dXZ+jUKgMUxtKW0Gim/p5IcaTUJApsZ4T1SC16U/E/r2t0eOmnTCRGU0Hmi0LDkY7RNAI0YJISzSeWYCKZvRWREbZBaBtU0YbgLb68TFrVilerXN3VyvXrPI4CHMMJnIEHF1CHW2hAEwhIeIZXeHOenBfn3fmYt644+cwR/IHz+QOWK5KX</latexit>

u� V

2u

<latexit sha1_base64="nWtRK1NtloQ0tnqsJkUSQvLwVAY=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZDQL0FvXiMYB6QrGF2MpsMmZ1d5qGEZf/DiwdFvPov3vwbJ8keNLGgoajqprsrSDhT2nW/nZXVtfWNzcJWcXtnd2+/dHDYUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY30z99iOVisXiXk8S6kd4KFjICNZWeuiFEpPUnLeytGqyfqnsVtwZ0DLxclKGHI1+6as3iImJqNCEY6W6nptoP8VSM8JpVuwZRRNMxnhIu5YKHFHlp7OrM3RqlQEKY2lLaDRTf0+kOFJqEgW2M8J6pBa9qfif1zU6vPRTJhKjqSDzRaHhSMdoGgEaMEmJ5hNLMJHM3orICNsgtA2qaEPwFl9eJq1qxatVru5q5fp1HkcBjuEEzsCDC6jDLTSgCQQkPMMrvDlPzovz7nzMW1ecfOYI/sD5/AGZP5KZ</latexit>

probability

�E = 2m(V 2 + uV )
u+ V

2u
+ 2m(V 2 � uV )

u� V

2u
= 4mV 2

<latexit sha1_base64="5FP3MP4Loj/cDGTnf/C+i2KKXkE="></latexit>

�E

E
= 8

✓
V

u

◆2

<latexit sha1_base64="V+RwwClDodd+QPxRxthk5VNEhOE=">AAACHHicbVDJSgNBEO2Je9yiHr00BkEvYSYGjAdB1IDHCCYKmRh6OjVJk56F7hohDPMhXvwVLx4U8eJB8G/sLAe3BwWP96qoqufFUmi07U8rNzM7N7+wuJRfXlldWy9sbDZ1lCgODR7JSN14TIMUITRQoISbWAELPAnX3uBs5F/fgdIiCq9wGEM7YL1Q+IIzNFKncOD6ivHUPQeJjNaytJbRY1qlrgQf9+jEbWZpklFXiV4f92/LnULRLtlj0L/EmZIimaLeKby73YgnAYTIJdO65dgxtlOmUHAJWd5NNMSMD1gPWoaGLADdTsfPZXTXKF3qR8pUiHSsfp9IWaD1MPBMZ8Cwr397I/E/r5WgX22nIowThJBPFvmJpBjRUVK0KxRwlENDGFfC3Ep5n5k80OSZNyE4v1/+S5rlklMpHV1Wiien0zgWyTbZIXvEIYfkhFyQOmkQTu7JI3kmL9aD9WS9Wm+T1pw1ndkiP2B9fAH+LaC3</latexit>



From Fermi’s notebook
Fermi started by considering a non-relativistic problem involving elastic collisions 

between two very different (in mass) solid bodies

running after collision -> losshead-on collision -> gain

u+ V

2u

<latexit sha1_base64="b5CNYUVF4IH0C0w1FNpBT/MjvDw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIeyGgHoLevEYwTwgWcPsZDYZMju7zEMJy/6HFw+KePVfvPk3TpI9aGJBQ1HVTXdXkHCmtOt+Oyura+sbm4Wt4vbO7t5+6eCwpWIjCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpn67UcqFYvFvZ4k1I/wULCQEayt9NALJSapOW9ladVk/VLZrbgzoGXi5aQMORr90ldvEBMTUaEJx0p1PTfRfoqlZoTTrNgziiaYjPGQdi0VOKLKT2dXZ+jUKgMUxtKW0Gim/p5IcaTUJApsZ4T1SC16U/E/r2t0eOmnTCRGU0Hmi0LDkY7RNAI0YJISzSeWYCKZvRWREbZBaBtU0YbgLb68TFrVilerXN3VyvXrPI4CHMMJnIEHF1CHW2hAEwhIeIZXeHOenBfn3fmYt644+cwR/IHz+QOWK5KX</latexit>

u� V

2u

<latexit sha1_base64="nWtRK1NtloQ0tnqsJkUSQvLwVAY=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZDQL0FvXiMYB6QrGF2MpsMmZ1d5qGEZf/DiwdFvPov3vwbJ8keNLGgoajqprsrSDhT2nW/nZXVtfWNzcJWcXtnd2+/dHDYUrGRhDZJzGPZCbCinAna1Exz2kkkxVHAaTsY30z99iOVisXiXk8S6kd4KFjICNZWeuiFEpPUnLeytGqyfqnsVtwZ0DLxclKGHI1+6as3iImJqNCEY6W6nptoP8VSM8JpVuwZRRNMxnhIu5YKHFHlp7OrM3RqlQEKY2lLaDRTf0+kOFJqEgW2M8J6pBa9qfif1zU6vPRTJhKjqSDzRaHhSMdoGgEaMEmJ5hNLMJHM3orICNsgtA2qaEPwFl9eJq1qxatVru5q5fp1HkcBjuEEzsCDC6jDLTSgCQQkPMMrvDlPzovz7nzMW1ecfOYI/sD5/AGZP5KZ</latexit>

probability

�E = 2m(V 2 + uV )
u+ V

2u
+ 2m(V 2 � uV )

u� V

2u
= 4mV 2

<latexit sha1_base64="5FP3MP4Loj/cDGTnf/C+i2KKXkE="></latexit>

�E

E
= 8

✓
V

u

◆2

<latexit sha1_base64="V+RwwClDodd+QPxRxthk5VNEhOE=">AAACHHicbVDJSgNBEO2Je9yiHr00BkEvYSYGjAdB1IDHCCYKmRh6OjVJk56F7hohDPMhXvwVLx4U8eJB8G/sLAe3BwWP96qoqufFUmi07U8rNzM7N7+wuJRfXlldWy9sbDZ1lCgODR7JSN14TIMUITRQoISbWAELPAnX3uBs5F/fgdIiCq9wGEM7YL1Q+IIzNFKncOD6ivHUPQeJjNaytJbRY1qlrgQf9+jEbWZpklFXiV4f92/LnULRLtlj0L/EmZIimaLeKby73YgnAYTIJdO65dgxtlOmUHAJWd5NNMSMD1gPWoaGLADdTsfPZXTXKF3qR8pUiHSsfp9IWaD1MPBMZ8Cwr397I/E/r5WgX22nIowThJBPFvmJpBjRUVK0KxRwlENDGFfC3Ep5n5k80OSZNyE4v1/+S5rlklMpHV1Wiien0zgWyTbZIXvEIYfkhFyQOmkQTu7JI3kmL9aD9WS9Wm+T1pw1ndkiP2B9fAH+LaC3</latexit>

second order



From Fermi’s notebook
Fermi ends his notes saying that for the relativistic case (u —> c) one should expect:

�E

E
⇡

✓
V

c

◆2

= �2

<latexit sha1_base64="Av1/wzbevpTEc3KUz0qR0xzc3dw="></latexit>



Fermi II



From Fermi’s paper
Fermi (1949, 1954)

~B0

<latexit sha1_base64="aZKltJ9x+gr1I8f3JPqyWGxNE/0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN5KvXisYD+giWWznbRLd5OwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0md3O/OwWpWBw96lkCviCjiIWMEm2kgW17U6BZM3/KvEQyAfnArjo1ZwG8TtyCVFGB1sD+8oYxTQVEmnKiVN91Eu1nRGpGOeQVL1WQEDohI+gbGhEBys8Wl+f4wihDHMbSVKTxQv09kRGh1EwEplMQPVar3lz8z+unOrzxMxYlqYaILheFKcc6xvMY8JBJoJrPDCFUMnMrpmMiCdUmrIoJwV19eZ10rmpuvXb7UK82mkUcZXSGztElctE1aqB71EJtRNEUPaNX9GZl1ov1bn0sW0tWMXOK/sD6/AEW0JP6</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

#

<latexit sha1_base64="vx8oGV1xI00Te/9IGjZtv7hiRwU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+kXUo2nW1Dk90lyRbK0l/hxYMiXv053vw3pu0etPVB4PHezGTmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWM7mZ+a4xK8zh6NJMEfUkHEQ85o8ZKT90xVWaIhvbKFbfqzkFWiZeTCuSo98pf3X7MUomRYYJq3fHcxPiZHceZwGmpm2pMKBvRAXYsjahE7WfzhafkzCp9EsbKvsiQufq7I6NS64kMbKWkZqiXvZn4n9dJTXjtZzxKUoMRW3wUpoKYmMyuJ32ukBkxsYQyxe2uhA2poszYjEo2BG/55FXSvKh6l9Wbh8tK7TaPowgncArn4MEV1OAe6tAABhKe4RXeHOW8OO/Ox6K04OQ9x/AHzucPEkaQmw==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>



From Fermi’s paper
Fermi (1949, 1954)

~B0

<latexit sha1_base64="aZKltJ9x+gr1I8f3JPqyWGxNE/0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN5KvXisYD+giWWznbRLd5OwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0md3O/OwWpWBw96lkCviCjiIWMEm2kgW17U6BZM3/KvEQyAfnArjo1ZwG8TtyCVFGB1sD+8oYxTQVEmnKiVN91Eu1nRGpGOeQVL1WQEDohI+gbGhEBys8Wl+f4wihDHMbSVKTxQv09kRGh1EwEplMQPVar3lz8z+unOrzxMxYlqYaILheFKcc6xvMY8JBJoJrPDCFUMnMrpmMiCdUmrIoJwV19eZ10rmpuvXb7UK82mkUcZXSGztElctE1aqB71EJtRNEUPaNX9GZl1ov1bn0sW0tWMXOK/sD6/AEW0JP6</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

#

<latexit sha1_base64="vx8oGV1xI00Te/9IGjZtv7hiRwU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+kXUo2nW1Dk90lyRbK0l/hxYMiXv053vw3pu0etPVB4PHezGTmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWM7mZ+a4xK8zh6NJMEfUkHEQ85o8ZKT90xVWaIhvbKFbfqzkFWiZeTCuSo98pf3X7MUomRYYJq3fHcxPiZHceZwGmpm2pMKBvRAXYsjahE7WfzhafkzCp9EsbKvsiQufq7I6NS64kMbKWkZqiXvZn4n9dJTXjtZzxKUoMRW3wUpoKYmMyuJ32ukBkxsYQyxe2uhA2poszYjEo2BG/55FXSvKh6l9Wbh8tK7TaPowgncArn4MEV1OAe6tAABhKe4RXeHOW8OO/Ox6K04OQ9x/AHzucPEkaQmw==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>

energy of the particle in the cloud frame —> E0 = �v (E + vp cos#)

<latexit sha1_base64="EFKKT4y4R4xFPqapfBS0gYZymFU="></latexit>



From Fermi’s paper
Fermi (1949, 1954)

~B0

<latexit sha1_base64="aZKltJ9x+gr1I8f3JPqyWGxNE/0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN5KvXisYD+giWWznbRLd5OwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0md3O/OwWpWBw96lkCviCjiIWMEm2kgW17U6BZM3/KvEQyAfnArjo1ZwG8TtyCVFGB1sD+8oYxTQVEmnKiVN91Eu1nRGpGOeQVL1WQEDohI+gbGhEBys8Wl+f4wihDHMbSVKTxQv09kRGh1EwEplMQPVar3lz8z+unOrzxMxYlqYaILheFKcc6xvMY8JBJoJrPDCFUMnMrpmMiCdUmrIoJwV19eZ10rmpuvXb7UK82mkUcZXSGztElctE1aqB71EJtRNEUPaNX9GZl1ov1bn0sW0tWMXOK/sD6/AEW0JP6</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

#

<latexit sha1_base64="vx8oGV1xI00Te/9IGjZtv7hiRwU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+kXUo2nW1Dk90lyRbK0l/hxYMiXv053vw3pu0etPVB4PHezGTmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWM7mZ+a4xK8zh6NJMEfUkHEQ85o8ZKT90xVWaIhvbKFbfqzkFWiZeTCuSo98pf3X7MUomRYYJq3fHcxPiZHceZwGmpm2pMKBvRAXYsjahE7WfzhafkzCp9EsbKvsiQufq7I6NS64kMbKWkZqiXvZn4n9dJTXjtZzxKUoMRW3wUpoKYmMyuJ32ukBkxsYQyxe2uhA2poszYjEo2BG/55FXSvKh6l9Wbh8tK7TaPowgncArn4MEV1OAe6tAABhKe4RXeHOW8OO/Ox6K04OQ9x/AHzucPEkaQmw==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>

energy of the particle in the cloud frame —> E0 = �v (E + vp cos#)

<latexit sha1_base64="EFKKT4y4R4xFPqapfBS0gYZymFU="></latexit>

p0x = p0 cos#0 = �v

✓
p cos#+

vE

c2

◆

<latexit sha1_base64="MB+SEImDS3r/oPUcGsEblR8r02k="></latexit>

momentum in the cloud frame —>
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~B0

<latexit sha1_base64="aZKltJ9x+gr1I8f3JPqyWGxNE/0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN5KvXisYD+giWWznbRLd5OwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0md3O/OwWpWBw96lkCviCjiIWMEm2kgW17U6BZM3/KvEQyAfnArjo1ZwG8TtyCVFGB1sD+8oYxTQVEmnKiVN91Eu1nRGpGOeQVL1WQEDohI+gbGhEBys8Wl+f4wihDHMbSVKTxQv09kRGh1EwEplMQPVar3lz8z+unOrzxMxYlqYaILheFKcc6xvMY8JBJoJrPDCFUMnMrpmMiCdUmrIoJwV19eZ10rmpuvXb7UK82mkUcZXSGztElctE1aqB71EJtRNEUPaNX9GZl1ov1bn0sW0tWMXOK/sD6/AEW0JP6</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

#

<latexit sha1_base64="vx8oGV1xI00Te/9IGjZtv7hiRwU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+kXUo2nW1Dk90lyRbK0l/hxYMiXv053vw3pu0etPVB4PHezGTmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWM7mZ+a4xK8zh6NJMEfUkHEQ85o8ZKT90xVWaIhvbKFbfqzkFWiZeTCuSo98pf3X7MUomRYYJq3fHcxPiZHceZwGmpm2pMKBvRAXYsjahE7WfzhafkzCp9EsbKvsiQufq7I6NS64kMbKWkZqiXvZn4n9dJTXjtZzxKUoMRW3wUpoKYmMyuJ32ukBkxsYQyxe2uhA2poszYjEo2BG/55FXSvKh6l9Wbh8tK7TaPowgncArn4MEV1OAe6tAABhKe4RXeHOW8OO/Ox6K04OQ9x/AHzucPEkaQmw==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>

energy of the particle in the cloud frame —> E0 = �v (E + vp cos#)

<latexit sha1_base64="EFKKT4y4R4xFPqapfBS0gYZymFU="></latexit>

p0x = p0 cos#0 = �v

✓
p cos#+

vE

c2

◆

<latexit sha1_base64="MB+SEImDS3r/oPUcGsEblR8r02k="></latexit>

momentum in the cloud frame —>

elastic scattering 
in the cloud frame

E0 �! E0

p0x �! �p0x
p0y �! p0y
p0z �! p0z

<latexit sha1_base64="OHmSZJh71OUeXUcOJL6Pfr2Z9nY=">AAACwXicfZFdSxtBFIZn1++1arSX3gyGShEMu1JQb4pUhF5aaFTIxjA7e7IZnK/OzFrXJX+yV/XfdLLmItGSAwMv7/MOM+ecTHNmXRy/BOHS8srq2vpGtPlha3untbt3Y1VpKHSp4srcZcQCZxK6jjkOd9oAERmH2+zhcsJvH8FYpuRPV2noC1JINmSUOG8NWn/TDAoma/gliTGkOhpHV/d1qg0TMMaHKVeyMKwYOU/V70M8A9 M00oOnReHjOd7kq0X5OdzEnxfHZ3CUgsxn2hi02nEnbgq/F8lUtNG0rgetP2muaClAOsqJtb0k1q5fE+MY5TCO0tKCJvSBFNDzUhIBtl83GxjjT97J8VAZf6TDjTt7oybC2kpkPimIG9m3bGL+j/VKNzzr10zq0oGkrw8NS46dwpN14pwZoI5XXhBqmP8rpiNiCHV+6ZEfQvK25ffi5qSTfOmc/zhpX3ybjmMd7aMD9Bkl6BRdoO/oGnURDb4GeSACGV6GLNSheY2GwfTORzRXYf0PVWveaQ==</latexit>



From Fermi’s paper
Fermi (1949, 1954)

~B0

<latexit sha1_base64="aZKltJ9x+gr1I8f3JPqyWGxNE/0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN5KvXisYD+giWWznbRLd5OwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0md3O/OwWpWBw96lkCviCjiIWMEm2kgW17U6BZM3/KvEQyAfnArjo1ZwG8TtyCVFGB1sD+8oYxTQVEmnKiVN91Eu1nRGpGOeQVL1WQEDohI+gbGhEBys8Wl+f4wihDHMbSVKTxQv09kRGh1EwEplMQPVar3lz8z+unOrzxMxYlqYaILheFKcc6xvMY8JBJoJrPDCFUMnMrpmMiCdUmrIoJwV19eZ10rmpuvXb7UK82mkUcZXSGztElctE1aqB71EJtRNEUPaNX9GZl1ov1bn0sW0tWMXOK/sD6/AEW0JP6</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

#

<latexit sha1_base64="vx8oGV1xI00Te/9IGjZtv7hiRwU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+kXUo2nW1Dk90lyRbK0l/hxYMiXv053vw3pu0etPVB4PHezGTmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWM7mZ+a4xK8zh6NJMEfUkHEQ85o8ZKT90xVWaIhvbKFbfqzkFWiZeTCuSo98pf3X7MUomRYYJq3fHcxPiZHceZwGmpm2pMKBvRAXYsjahE7WfzhafkzCp9EsbKvsiQufq7I6NS64kMbKWkZqiXvZn4n9dJTXjtZzxKUoMRW3wUpoKYmMyuJ32ukBkxsYQyxe2uhA2poszYjEo2BG/55FXSvKh6l9Wbh8tK7TaPowgncArn4MEV1OAe6tAABhKe4RXeHOW8OO/Ox6K04OQ9x/AHzucPEkaQmw==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

u

<latexit sha1_base64="91vJi9j8kooW8VkiNQmxz0Wlv7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2f+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+RmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5Y2NBQ==</latexit>

energy of the particle in the cloud frame —> E0 = �v (E + vp cos#)

<latexit sha1_base64="EFKKT4y4R4xFPqapfBS0gYZymFU="></latexit>

p0x = p0 cos#0 = �v

✓
p cos#+

vE

c2

◆

<latexit sha1_base64="MB+SEImDS3r/oPUcGsEblR8r02k="></latexit>

momentum in the cloud frame —>

E00 = �v (E
0 � vp0 cos#0)

<latexit sha1_base64="yn46QpMXuJ5llY3bBqbDp1rjjvU="></latexit>

back to the observer frame —>

elastic scattering 
in the cloud frame

E0 �! E0

p0x �! �p0x
p0y �! p0y
p0z �! p0z

<latexit sha1_base64="OHmSZJh71OUeXUcOJL6Pfr2Z9nY=">AAACwXicfZFdSxtBFIZn1++1arSX3gyGShEMu1JQb4pUhF5aaFTIxjA7e7IZnK/OzFrXJX+yV/XfdLLmItGSAwMv7/MOM+ecTHNmXRy/BOHS8srq2vpGtPlha3untbt3Y1VpKHSp4srcZcQCZxK6jjkOd9oAERmH2+zhcsJvH8FYpuRPV2noC1JINmSUOG8NWn/TDAoma/gliTGkOhpHV/d1qg0TMMaHKVeyMKwYOU/V70M8A9 M00oOnReHjOd7kq0X5OdzEnxfHZ3CUgsxn2hi02nEnbgq/F8lUtNG0rgetP2muaClAOsqJtb0k1q5fE+MY5TCO0tKCJvSBFNDzUhIBtl83GxjjT97J8VAZf6TDjTt7oybC2kpkPimIG9m3bGL+j/VKNzzr10zq0oGkrw8NS46dwpN14pwZoI5XXhBqmP8rpiNiCHV+6ZEfQvK25ffi5qSTfOmc/zhpX3ybjmMd7aMD9Bkl6BRdoO/oGnURDb4GeSACGV6GLNSheY2GwfTORzRXYf0PVWveaQ==</latexit>



From Fermi’s paper
Fermi (1949, 1954)

~B0

<latexit sha1_base64="aZKltJ9x+gr1I8f3JPqyWGxNE/0=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN5KvXisYD+giWWznbRLd5OwuymUkH/ixYMiXv0n3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0md3O/OwWpWBw96lkCviCjiIWMEm2kgW17U6BZM3/KvEQyAfnArjo1ZwG8TtyCVFGB1sD+8oYxTQVEmnKiVN91Eu1nRGpGOeQVL1WQEDohI+gbGhEBys8Wl+f4wihDHMbSVKTxQv09kRGh1EwEplMQPVar3lz8z+unOrzxMxYlqYaILheFKcc6xvMY8JBJoJrPDCFUMnMrpmMiCdUmrIoJwV19eZ10rmpuvXb7UK82mkUcZXSGztElctE1aqB71EJtRNEUPaNX9GZl1ov1bn0sW0tWMXOK/sD6/AEW0JP6</latexit>

M

<latexit sha1_base64="42YeUaR3YqN2BFpjTevt1tpNDPk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXgREjAPSJYwO+lNxszOLjOzQgj5Ai8eFPHqJ3nzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPInXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9Svq5XStWbLI48nMApnIMHl1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCo7Yzd</latexit>

m

<latexit sha1_base64="gmJQOVUg0BxXzrMqAuYYD8PdNoM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YGuhDWWznbRrd5OwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ch5hy3AjsJMopDIQ+BCMb2f+wxMqzePo3kwS9CUdRjzkjBorNWW/XHGr7hxklXg5qUCORr/81RvELJUYGSao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupRGVqP1sfuiUnFllQMJY2YoMmau/JzIqtZ7IwHZKakZ62ZuJ/3nd1IRXfsajJDUYscWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVq1Wvm7VK/SaPowgncArn4MEl1OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/2W2M/Q==</latexit>

M � m

<latexit sha1_base64="R9P7eSaNjjkp2cFo33Tldj1vZfg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXrwIFewHtKFstpt06e4m7G6EEvojvHhQxKu/x5v/xm2ag7Y+GHi8N8PMvCDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKPjVBHaJjGPVS/AmnImadsww2kvURSLgNNuMLmd+90nqjSL5aOZJtQXOJIsZAQbK3Xv0SCKkBhWa27dzYFWiVeQGhRoDatfg1FMUkGlIRxr3ffcxPgZVoYRTmeVQappgskER7RvqcSCaj/Lz52hM6uMUBgrW9KgXP09kWGh9VQEtlNgM9bL3lz8z+unJrzyMyaT1FBJFovClCMTo/nvaMQUJYZPLcFEMXsrImOsMDE2oYoNwVt+eZV0Lupeo3790Kg1b4o4ynACp3AOHlxCE+6gBW0gMIFneIU3J3FenHfnY9FacoqZY/gD5/MHVnyO8A==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

#

<latexit sha1_base64="vx8oGV1xI00Te/9IGjZtv7hiRwU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQb0VvXisYD+kXUo2nW1Dk90lyRbK0l/hxYMiXv053vw3pu0etPVB4PHezGTmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2nimGDxSJW7YBqFDzChuFGYDtRSGUgsBWM7mZ+a4xK8zh6NJMEfUkHEQ85o8ZKT90xVWaIhvbKFbfqzkFWiZeTCuSo98pf3X7MUomRYYJq3fHcxPiZHceZwGmpm2pMKBvRAXYsjahE7WfzhafkzCp9EsbKvsiQufq7I6NS64kMbKWkZqiXvZn4n9dJTXjtZzxKUoMRW3wUpoKYmMyuJ32ukBkxsYQyxe2uhA2poszYjEo2BG/55FXSvKh6l9Wbh8tK7TaPowgncArn4MEV1OAe6tAABhKe4RXeHOW8OO/Ox6K04OQ9x/AHzucPEkaQmw==</latexit>

v

<latexit sha1_base64="DAH+cxrktNpncmbTwQRhCmrrLtw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwGQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7ud+a4xK81g+mkmCfkQHkoecUWOl+rhXLLlldwGyTryMlCBDrVf86vZjlkYoDRNU647nJsafUmU4EzgrdFONCWUjOsCOpZJGqP3p4tAZubBKn4SxsiUNWai/J6Y00noSBbYzomaoV725+J/XSU1440+5TFKDki0XhakgJibzr0mfK2RGTCyhTHF7K2FDqigzNpuCDcFbfXmdNK/KXqV8W6+UqndZHHk4g3O4BA+uoQoPUIMGMEB4hld4c56cF+fd+Vi25pxs5hT+wPn8AecRjQY=</latexit>

u
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Figure 12.1 Acceleration by a moving, partially ionized gas cloud.

Two characteristic features of Fermi acceleration are apparent from Eq. 12.9. First,
higher-energy particles take longer to accelerate than low-energy particles. Second,
if a certain kind of Fermi accelerator has a limited lifetime, TA, then it will also be
characterized by a maximum energy per particle that it can produce. This would
be given by Eq. 12.9 with t “ TA if Tcycle were independent of energy, which,
however, turns out not to be the case for acceleration by supernovas, as we discuss
later in this chapter.

12.2.2 First- and second-order Fermi acceleration

Diffusion of charged particles in turbulent magnetic fields physically carried along
with moving plasma is the mechanism for energy gains and losses. In his original
paper, Fermi [365] considered encounters with moving clouds of plasma, as illus-
trated in Figure 12.1. A particle with energy E1 goes into the cloud where it begins
to diffuse by “scattering” on the irregularities in the magnetic field. (“Scattering” is
in quotes here because the process must be “collisionless” in terms of interactions
between particles that would prevent acceleration because of collisional energy
loss.) The result of the diffusion inside the gas cloud is that, after a few “scatter-
ings” the average motion of the particle coincides with that of the gas cloud. In
the rest frame of the moving gas the cosmic ray particle has total energy (rest mass
plus kinetic)

E 1
1 “ ! E1 p1 ´ β cos θ1q, (12.10)

where ! and β ” V {c are the Lorentz factor and velocity of the cloud and the
primes denote quantities measured in a frame moving with the cloud. All the “scat-
terings” inside the cloud are due to motion in the magnetic field and are therefore
elastic. Thus, the energy of the particle in the moving frame just before it escapes
is E 1

2 “ E 1
1. If we transform this energy back to the lab frame, we have the energy

of the particle after its encounter with the cloud,
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Figure 12.1 Acceleration by a moving, partially ionized gas cloud.

Two characteristic features of Fermi acceleration are apparent from Eq. 12.9. First,
higher-energy particles take longer to accelerate than low-energy particles. Second,
if a certain kind of Fermi accelerator has a limited lifetime, TA, then it will also be
characterized by a maximum energy per particle that it can produce. This would
be given by Eq. 12.9 with t “ TA if Tcycle were independent of energy, which,
however, turns out not to be the case for acceleration by supernovas, as we discuss
later in this chapter.

12.2.2 First- and second-order Fermi acceleration

Diffusion of charged particles in turbulent magnetic fields physically carried along
with moving plasma is the mechanism for energy gains and losses. In his original
paper, Fermi [365] considered encounters with moving clouds of plasma, as illus-
trated in Figure 12.1. A particle with energy E1 goes into the cloud where it begins
to diffuse by “scattering” on the irregularities in the magnetic field. (“Scattering” is
in quotes here because the process must be “collisionless” in terms of interactions
between particles that would prevent acceleration because of collisional energy
loss.) The result of the diffusion inside the gas cloud is that, after a few “scatter-
ings” the average motion of the particle coincides with that of the gas cloud. In
the rest frame of the moving gas the cosmic ray particle has total energy (rest mass
plus kinetic)

E 1
1 “ ! E1 p1 ´ β cos θ1q, (12.10)

where ! and β ” V {c are the Lorentz factor and velocity of the cloud and the
primes denote quantities measured in a frame moving with the cloud. All the “scat-
terings” inside the cloud are due to motion in the magnetic field and are therefore
elastic. Thus, the energy of the particle in the moving frame just before it escapes
is E 1

2 “ E 1
1. If we transform this energy back to the lab frame, we have the energy

of the particle after its encounter with the cloud,

E2 “ ! E 1
2 p1 ` β cos θ 1

2q. (12.11)
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Two characteristic features of Fermi acceleration are apparent from Eq. 12.9. First,
higher-energy particles take longer to accelerate than low-energy particles. Second,
if a certain kind of Fermi accelerator has a limited lifetime, TA, then it will also be
characterized by a maximum energy per particle that it can produce. This would
be given by Eq. 12.9 with t “ TA if Tcycle were independent of energy, which,
however, turns out not to be the case for acceleration by supernovas, as we discuss
later in this chapter.

12.2.2 First- and second-order Fermi acceleration

Diffusion of charged particles in turbulent magnetic fields physically carried along
with moving plasma is the mechanism for energy gains and losses. In his original
paper, Fermi [365] considered encounters with moving clouds of plasma, as illus-
trated in Figure 12.1. A particle with energy E1 goes into the cloud where it begins
to diffuse by “scattering” on the irregularities in the magnetic field. (“Scattering” is
in quotes here because the process must be “collisionless” in terms of interactions
between particles that would prevent acceleration because of collisional energy
loss.) The result of the diffusion inside the gas cloud is that, after a few “scatter-
ings” the average motion of the particle coincides with that of the gas cloud. In
the rest frame of the moving gas the cosmic ray particle has total energy (rest mass
plus kinetic)

E 1
1 “ ! E1 p1 ´ β cos θ1q, (12.10)

where ! and β ” V {c are the Lorentz factor and velocity of the cloud and the
primes denote quantities measured in a frame moving with the cloud. All the “scat-
terings” inside the cloud are due to motion in the magnetic field and are therefore
elastic. Thus, the energy of the particle in the moving frame just before it escapes
is E 1

2 “ E 1
1. If we transform this energy back to the lab frame, we have the energy

of the particle after its encounter with the cloud,
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Two characteristic features of Fermi acceleration are apparent from Eq. 12.9. First,
higher-energy particles take longer to accelerate than low-energy particles. Second,
if a certain kind of Fermi accelerator has a limited lifetime, TA, then it will also be
characterized by a maximum energy per particle that it can produce. This would
be given by Eq. 12.9 with t “ TA if Tcycle were independent of energy, which,
however, turns out not to be the case for acceleration by supernovas, as we discuss
later in this chapter.

12.2.2 First- and second-order Fermi acceleration

Diffusion of charged particles in turbulent magnetic fields physically carried along
with moving plasma is the mechanism for energy gains and losses. In his original
paper, Fermi [365] considered encounters with moving clouds of plasma, as illus-
trated in Figure 12.1. A particle with energy E1 goes into the cloud where it begins
to diffuse by “scattering” on the irregularities in the magnetic field. (“Scattering” is
in quotes here because the process must be “collisionless” in terms of interactions
between particles that would prevent acceleration because of collisional energy
loss.) The result of the diffusion inside the gas cloud is that, after a few “scatter-
ings” the average motion of the particle coincides with that of the gas cloud. In
the rest frame of the moving gas the cosmic ray particle has total energy (rest mass
plus kinetic)

E 1
1 “ ! E1 p1 ´ β cos θ1q, (12.10)

where ! and β ” V {c are the Lorentz factor and velocity of the cloud and the
primes denote quantities measured in a frame moving with the cloud. All the “scat-
terings” inside the cloud are due to motion in the magnetic field and are therefore
elastic. Thus, the energy of the particle in the moving frame just before it escapes
is E 1

2 “ E 1
1. If we transform this energy back to the lab frame, we have the energy

of the particle after its encounter with the cloud,
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How to build a simple transport equation
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E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>



How to build a simple transport equation

dE

dt
= b(E)

<latexit sha1_base64="5qS7gXbSNfoo7kdF3Ma4UthYilE=">AAACC3icbZA7SwNBFIVn4yvG16qFiM2QIMQm7IpgLISgBCwjmAdklzA7O5sMmX0wMyuEZXsb/4qNhSK29mKnja0/w8kD0cQDAx/n3sude5yIUSEN413LzM0vLC5ll3Mrq2vrG/rmVkOEMcekjkMW8paDBGE0IHVJJSOtiBPkO4w0nf75sN68JlzQMLiSg4jYPuoG1KMYSWV19LzlcYSTxOI+dFNYTX9QpvAUOsXqQUcvGCVjJDgL5gQKlfLn687H126to79ZbohjnwQSMyRE2zQiaSeIS4oZSXNWLEiEcB91SVthgHwi7GR0Swr3leNCL+TqBRKO3N8TCfKFGPiO6vSR7Inp2tD8r9aOpVe2ExpEsSQBHi/yYgZlCIfBQJdygiUbKECYU/VXiHtIhSNVfDkVgjl98iw0DkvmUenkUqVxBsbKgj2QB0VggmNQARegBuoAgxtwBx7Ao3ar3WtP2vO4NaNNZrbBH2kv36BkneQ=</latexit>

Take a generic acceleration rate: 

t

<latexit sha1_base64="dhzkCWc6xHxgLTv1rXFbYn/0oO4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEdRCDNpYJmAukCxhdjKbjJm9MHNWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/EQKjY7zZeUWFpeWV/Kr9tr6xuZWYXunruNUMV5jsYxV06eaSxHxGgqUvJkoTkNf8oY/uBrnjTuutIijGxwm3AtpLxKBYBSNVcVOoeiUnInIPLg/ULx4t8+Tt0+70il8tLsxS0MeIZNU65brJOhlVKFgko/sdqp5QtmA9njLYERDrr1sMuiIHBinS4JYmRchmbi/OzIaaj0MfVMZUuzr2Wxs/pe1UgxOvUxESYo8YtOPglQSjMl4a9IVijOUQwOUKWFmJaxPFWVobmObI7izK89D/ajkHpfOqk6xfAlT5WEP9uEQXDiBMlxDBWrAgMM9PMKTdWs9WM/Wy7Q0Z/307MIfWa/fQ5+QQQ==</latexit>

time —>
N(E)�E

<latexit sha1_base64="1/Cq/gDsKDRFBba7qHrVZvkkaqk=">AAAB9HicbVDJSgNBEK2JW4xb1KOXJkGICGFGBPUW1IAniWAWyAyhp9OTNOlZ7O4JDEP+QvDiQRGvfoy3/I2d5aCJDwoe71VRVc+NOJPKNMdGZmV1bX0ju5nb2t7Z3cvvHzRkGAtC6yTkoWi5WFLOAlpXTHHaigTFvstp0x3cTPzmkArJwuBRJRF1fNwLmMcIVlpy7kvVE2TfUq4wqnbyRbNsToGWiTUnxUrBPn0eV5JaJ/9td0MS+zRQhGMp25YZKSfFQjHC6Shnx5JGmAxwj7Y1DbBPpZNOjx6hY610kRcKXYFCU/X3RIp9KRPf1Z0+Vn256E3E/7x2rLxLJ2VBFCsakNkiL+ZIhWiSAOoyQYniiSaYCKZvRaSPBSZK55TTIViLLy+TxlnZOi9fPeg0rmGGLBxBAUpgwQVU4A5qUAcCT/ACb/BuDI1X48P4nLVmjPnMIfyB8fUDtEGTwg==</latexit>

E +�E

<latexit sha1_base64="XJjnvvn8SeOz0B3+Rznja/Psk5U=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQiCEGZEUG9BDXiMYBayEHo6laRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4khUHX/XKWlldW19YTydTG5tb2Tnp3r2TCWHMo8lCGuuIzA1IoKKJACZVIAwt8CWW/dz32yw+gjQjVPfYjaASso0RbcIZWquZP6jcgkdF8M51xs+4EdJF4M5LJJaNR9ePxu9BMf9ZbIY8DUMglM6bmuRE2Bkyj4BKGqXpsIGK8xzpQs1SxAExjMLl4SI+s0qLtUNtSSCfq74kBC4zpB77tDBh2zbw3Fv/zajG2LxoDoaIYQfHponYsKYZ0/D5tCQ0cZd8SxrWwt1LeZZpxtCGlbAje/MuLpHSa9c6yl3c2jSsyRYIckENyTDxyTnLklhRIkXCiyBN5Ji+OcUbOq/M2bV1yZjP75A+c9x9ixpPT</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E0

<latexit sha1_base64="uzDiq51ci4U7y0NXxR8uhW45V8U=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRFAXYlEElxXsBduxZNK0Dc1kQpIRytC3cONCEV36IO7diG9jello6w+Bj/8/h5xzQsmZNp737WTm5hcWl7LL7srq2vpGbnOrouNEEVomMY9VLcSaciZo2TDDaU0qiqOQ02rYuxjm1XuqNIvFjelLGkS4I1ibEWysdXt5lzakYhEdNHN5r+CNhGbBn0D+7MM9lW9fbqmZ+2y0YpJEVBjCsdZ135MmSLEyjHA6cBuJphKTHu7QukWBI6qDdDTxAO1Zp4XasbJPGDRyf3ekONK6H4W2MsKmq6ezoflfVk9M+zhImZCJoYKMP2onHJkYDddHLaYoMbxvARPF7KyIdLHCxNgjufYI/vTKs1A5KPiHhZNrL188h7GysAO7sA8+HEERrqAEZSAg4AGe4NnRzqPz4ryOSzPOpGcb/sh5/wEgKJQ7</latexit>

E0 +�E0

<latexit sha1_base64="68ZLTUx2Vk0/mFYxxYkoUV4XXG8=">AAACBXicbVDJSgNBEO2JWxK3UY96aAyCIIQZEdRbcAGPEcyCmTH0dCpJk56F7h4xDLl48Rv8Ay8iinj1H7z5NdpZQE18UPB4r4qqel7EmVSW9WmkpqZnZufSmez8wuLSsrmyWpZhLCiUaMhDUfWIBM4CKCmmOFQjAcT3OFS8znHfr1yDkCwMLlQ3AtcnrYA1GSVKS3Vz4/QqcSLBfOjtOCfAFcE/St3MWXlrADxJ7BHJFTLR/eXTzVexbn44jZDGPgSKciJlzbYi5SZEKEY59LJOLCEitENaUNM0ID5INxl80cNbWmngZih0BQoP1N8TCfGl7Pqe7vSJastxry/+59Vi1TxwExZEsYKADhc1Y45ViPuR4AYTQBXvakKoYPpWTNtEEKp0cFkdgj3+8iQp7+btvfzhuU7jCA2RRutoE20jG+2jAjpDRVRCFN2iB/SMXow749F4Nd6GrSljNLOG/sB4/waDoZxW</latexit>

��t

<latexit sha1_base64="m6UwALphVkWgAT5Bo+kO+i6RBJY=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQheDDMiqLegHjxGMAtZCD2dmqRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4shUHX/XKWlldW19ZT6czG5tb2TnZ3r2yiRHMo8UhGuuozA1IoKKFACdVYAwt9CRW/dz32Kw+gjYjUPfZjaIaso0QgOEMr1U5o4wYkMoqtbM7NuxPQReLNSK6Qjke1j8fvYiv72WhHPAlBIZfMmLrnxtgcMI2CSxhmGomBmPEe60DdUsVCMM3B5OIhPbJKmwaRtqWQTtTfEwMWGtMPfdsZMuyaeW8s/ufVEwwumgOh4gRB8emiIJEUIzp+n7aFBo6ybwnjWthbKe8yzTjakDI2BG/+5UVSPs17Z/nLO5vGFZkiRQ7IITkmHjknBXJLiqREOFHkiTyTF8c4I+fVeZu2LjmzmX3yB877D3PGk98=</latexit>



How to build a simple transport equation

dE

dt
= b(E)

<latexit sha1_base64="5qS7gXbSNfoo7kdF3Ma4UthYilE=">AAACC3icbZA7SwNBFIVn4yvG16qFiM2QIMQm7IpgLISgBCwjmAdklzA7O5sMmX0wMyuEZXsb/4qNhSK29mKnja0/w8kD0cQDAx/n3sude5yIUSEN413LzM0vLC5ll3Mrq2vrG/rmVkOEMcekjkMW8paDBGE0IHVJJSOtiBPkO4w0nf75sN68JlzQMLiSg4jYPuoG1KMYSWV19LzlcYSTxOI+dFNYTX9QpvAUOsXqQUcvGCVjJDgL5gQKlfLn687H126to79ZbohjnwQSMyRE2zQiaSeIS4oZSXNWLEiEcB91SVthgHwi7GR0Swr3leNCL+TqBRKO3N8TCfKFGPiO6vSR7Inp2tD8r9aOpVe2ExpEsSQBHi/yYgZlCIfBQJdygiUbKECYU/VXiHtIhSNVfDkVgjl98iw0DkvmUenkUqVxBsbKgj2QB0VggmNQARegBuoAgxtwBx7Ao3ar3WtP2vO4NaNNZrbBH2kv36BkneQ=</latexit>

Take a generic acceleration rate: 

t

<latexit sha1_base64="dhzkCWc6xHxgLTv1rXFbYn/0oO4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEdRCDNpYJmAukCxhdjKbjJm9MHNWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/EQKjY7zZeUWFpeWV/Kr9tr6xuZWYXunruNUMV5jsYxV06eaSxHxGgqUvJkoTkNf8oY/uBrnjTuutIijGxwm3AtpLxKBYBSNVcVOoeiUnInIPLg/ULx4t8+Tt0+70il8tLsxS0MeIZNU65brJOhlVKFgko/sdqp5QtmA9njLYERDrr1sMuiIHBinS4JYmRchmbi/OzIaaj0MfVMZUuzr2Wxs/pe1UgxOvUxESYo8YtOPglQSjMl4a9IVijOUQwOUKWFmJaxPFWVobmObI7izK89D/ajkHpfOqk6xfAlT5WEP9uEQXDiBMlxDBWrAgMM9PMKTdWs9WM/Wy7Q0Z/307MIfWa/fQ5+QQQ==</latexit>

time —>
N(E)�E

<latexit sha1_base64="1/Cq/gDsKDRFBba7qHrVZvkkaqk=">AAAB9HicbVDJSgNBEK2JW4xb1KOXJkGICGFGBPUW1IAniWAWyAyhp9OTNOlZ7O4JDEP+QvDiQRGvfoy3/I2d5aCJDwoe71VRVc+NOJPKNMdGZmV1bX0ju5nb2t7Z3cvvHzRkGAtC6yTkoWi5WFLOAlpXTHHaigTFvstp0x3cTPzmkArJwuBRJRF1fNwLmMcIVlpy7kvVE2TfUq4wqnbyRbNsToGWiTUnxUrBPn0eV5JaJ/9td0MS+zRQhGMp25YZKSfFQjHC6Shnx5JGmAxwj7Y1DbBPpZNOjx6hY610kRcKXYFCU/X3RIp9KRPf1Z0+Vn256E3E/7x2rLxLJ2VBFCsakNkiL+ZIhWiSAOoyQYniiSaYCKZvRaSPBSZK55TTIViLLy+TxlnZOi9fPeg0rmGGLBxBAUpgwQVU4A5qUAcCT/ACb/BuDI1X48P4nLVmjPnMIfyB8fUDtEGTwg==</latexit>

E +�E

<latexit sha1_base64="XJjnvvn8SeOz0B3+Rznja/Psk5U=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQiCEGZEUG9BDXiMYBayEHo6laRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4khUHX/XKWlldW19YTydTG5tb2Tnp3r2TCWHMo8lCGuuIzA1IoKKJACZVIAwt8CWW/dz32yw+gjQjVPfYjaASso0RbcIZWquZP6jcgkdF8M51xs+4EdJF4M5LJJaNR9ePxu9BMf9ZbIY8DUMglM6bmuRE2Bkyj4BKGqXpsIGK8xzpQs1SxAExjMLl4SI+s0qLtUNtSSCfq74kBC4zpB77tDBh2zbw3Fv/zajG2LxoDoaIYQfHponYsKYZ0/D5tCQ0cZd8SxrWwt1LeZZpxtCGlbAje/MuLpHSa9c6yl3c2jSsyRYIckENyTDxyTnLklhRIkXCiyBN5Ji+OcUbOq/M2bV1yZjP75A+c9x9ixpPT</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

E0

<latexit sha1_base64="uzDiq51ci4U7y0NXxR8uhW45V8U=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRFAXYlEElxXsBduxZNK0Dc1kQpIRytC3cONCEV36IO7diG9jello6w+Bj/8/h5xzQsmZNp737WTm5hcWl7LL7srq2vpGbnOrouNEEVomMY9VLcSaciZo2TDDaU0qiqOQ02rYuxjm1XuqNIvFjelLGkS4I1ibEWysdXt5lzakYhEdNHN5r+CNhGbBn0D+7MM9lW9fbqmZ+2y0YpJEVBjCsdZ135MmSLEyjHA6cBuJphKTHu7QukWBI6qDdDTxAO1Zp4XasbJPGDRyf3ekONK6H4W2MsKmq6ezoflfVk9M+zhImZCJoYKMP2onHJkYDddHLaYoMbxvARPF7KyIdLHCxNgjufYI/vTKs1A5KPiHhZNrL188h7GysAO7sA8+HEERrqAEZSAg4AGe4NnRzqPz4ryOSzPOpGcb/sh5/wEgKJQ7</latexit>

E0 +�E0

<latexit sha1_base64="68ZLTUx2Vk0/mFYxxYkoUV4XXG8=">AAACBXicbVDJSgNBEO2JWxK3UY96aAyCIIQZEdRbcAGPEcyCmTH0dCpJk56F7h4xDLl48Rv8Ay8iinj1H7z5NdpZQE18UPB4r4qqel7EmVSW9WmkpqZnZufSmez8wuLSsrmyWpZhLCiUaMhDUfWIBM4CKCmmOFQjAcT3OFS8znHfr1yDkCwMLlQ3AtcnrYA1GSVKS3Vz4/QqcSLBfOjtOCfAFcE/St3MWXlrADxJ7BHJFTLR/eXTzVexbn44jZDGPgSKciJlzbYi5SZEKEY59LJOLCEitENaUNM0ID5INxl80cNbWmngZih0BQoP1N8TCfGl7Pqe7vSJastxry/+59Vi1TxwExZEsYKADhc1Y45ViPuR4AYTQBXvakKoYPpWTNtEEKp0cFkdgj3+8iQp7+btvfzhuU7jCA2RRutoE20jG+2jAjpDRVRCFN2iB/SMXow749F4Nd6GrSljNLOG/sB4/waDoZxW</latexit>

��t

<latexit sha1_base64="m6UwALphVkWgAT5Bo+kO+i6RBJY=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQheDDMiqLegHjxGMAtZCD2dmqRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4shUHX/XKWlldW19ZT6czG5tb2TnZ3r2yiRHMo8UhGuuozA1IoKKFACdVYAwt9CRW/dz32Kw+gjYjUPfZjaIaso0QgOEMr1U5o4wYkMoqtbM7NuxPQReLNSK6Qjke1j8fvYiv72WhHPAlBIZfMmLrnxtgcMI2CSxhmGomBmPEe60DdUsVCMM3B5OIhPbJKmwaRtqWQTtTfEwMWGtMPfdsZMuyaeW8s/ufVEwwumgOh4gRB8emiIJEUIzp+n7aFBo6ybwnjWthbKe8yzTjakDI2BG/+5UVSPs17Z/nLO5vGFZkiRQ7IITkmHjknBXJLiqREOFHkiTyTF8c4I+fVeZu2LjmzmX3yB877D3PGk98=</latexit>



How to build a simple transport equation

dE

dt
= b(E)

<latexit sha1_base64="5qS7gXbSNfoo7kdF3Ma4UthYilE=">AAACC3icbZA7SwNBFIVn4yvG16qFiM2QIMQm7IpgLISgBCwjmAdklzA7O5sMmX0wMyuEZXsb/4qNhSK29mKnja0/w8kD0cQDAx/n3sude5yIUSEN413LzM0vLC5ll3Mrq2vrG/rmVkOEMcekjkMW8paDBGE0IHVJJSOtiBPkO4w0nf75sN68JlzQMLiSg4jYPuoG1KMYSWV19LzlcYSTxOI+dFNYTX9QpvAUOsXqQUcvGCVjJDgL5gQKlfLn687H126to79ZbohjnwQSMyRE2zQiaSeIS4oZSXNWLEiEcB91SVthgHwi7GR0Swr3leNCL+TqBRKO3N8TCfKFGPiO6vSR7Inp2tD8r9aOpVe2ExpEsSQBHi/yYgZlCIfBQJdygiUbKECYU/VXiHtIhSNVfDkVgjl98iw0DkvmUenkUqVxBsbKgj2QB0VggmNQARegBuoAgxtwBx7Ao3ar3WtP2vO4NaNNZrbBH2kv36BkneQ=</latexit>

Take a generic acceleration rate: 

t

<latexit sha1_base64="dhzkCWc6xHxgLTv1rXFbYn/0oO4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEdRCDNpYJmAukCxhdjKbjJm9MHNWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/EQKjY7zZeUWFpeWV/Kr9tr6xuZWYXunruNUMV5jsYxV06eaSxHxGgqUvJkoTkNf8oY/uBrnjTuutIijGxwm3AtpLxKBYBSNVcVOoeiUnInIPLg/ULx4t8+Tt0+70il8tLsxS0MeIZNU65brJOhlVKFgko/sdqp5QtmA9njLYERDrr1sMuiIHBinS4JYmRchmbi/OzIaaj0MfVMZUuzr2Wxs/pe1UgxOvUxESYo8YtOPglQSjMl4a9IVijOUQwOUKWFmJaxPFWVobmObI7izK89D/ajkHpfOqk6xfAlT5WEP9uEQXDiBMlxDBWrAgMM9PMKTdWs9WM/Wy7Q0Z/307MIfWa/fQ5+QQQ==</latexit>

time —>
N(E)�E

<latexit sha1_base64="1/Cq/gDsKDRFBba7qHrVZvkkaqk=">AAAB9HicbVDJSgNBEK2JW4xb1KOXJkGICGFGBPUW1IAniWAWyAyhp9OTNOlZ7O4JDEP+QvDiQRGvfoy3/I2d5aCJDwoe71VRVc+NOJPKNMdGZmV1bX0ju5nb2t7Z3cvvHzRkGAtC6yTkoWi5WFLOAlpXTHHaigTFvstp0x3cTPzmkArJwuBRJRF1fNwLmMcIVlpy7kvVE2TfUq4wqnbyRbNsToGWiTUnxUrBPn0eV5JaJ/9td0MS+zRQhGMp25YZKSfFQjHC6Shnx5JGmAxwj7Y1DbBPpZNOjx6hY610kRcKXYFCU/X3RIp9KRPf1Z0+Vn256E3E/7x2rLxLJ2VBFCsakNkiL+ZIhWiSAOoyQYniiSaYCKZvRaSPBSZK55TTIViLLy+TxlnZOi9fPeg0rmGGLBxBAUpgwQVU4A5qUAcCT/ACb/BuDI1X48P4nLVmjPnMIfyB8fUDtEGTwg==</latexit>

E +�E

<latexit sha1_base64="XJjnvvn8SeOz0B3+Rznja/Psk5U=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQiCEGZEUG9BDXiMYBayEHo6laRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4khUHX/XKWlldW19YTydTG5tb2Tnp3r2TCWHMo8lCGuuIzA1IoKKJACZVIAwt8CWW/dz32yw+gjQjVPfYjaASso0RbcIZWquZP6jcgkdF8M51xs+4EdJF4M5LJJaNR9ePxu9BMf9ZbIY8DUMglM6bmuRE2Bkyj4BKGqXpsIGK8xzpQs1SxAExjMLl4SI+s0qLtUNtSSCfq74kBC4zpB77tDBh2zbw3Fv/zajG2LxoDoaIYQfHponYsKYZ0/D5tCQ0cZd8SxrWwt1LeZZpxtCGlbAje/MuLpHSa9c6yl3c2jSsyRYIckENyTDxyTnLklhRIkXCiyBN5Ji+OcUbOq/M2bV1yZjP75A+c9x9ixpPT</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

E +�E = E0 +�E0 + b(E +�E)�t

<latexit sha1_base64="KcqFBrBt+9EvBUmDvf0LofbYilI=">AAACLXicbZBdSwJBFIZn7cvsy+qymyEJikB2Q6guAimFLgsyBXeT2fGog7MfzJwNZPEPddNfiaCLIrrtbzSaRVkvDLw85xzOnNePpdBo289WZmZ2bn4hu5hbWl5ZXcuvb1zrKFEcajySkWr4TIMUIdRQoIRGrIAFvoS63z8b1eu3oLSIwiscxOAFrBuKjuAMDWrlK1W6T90KSGS0Sk9o9SZ1YyUCGO5/0W9iOv3d6jff+5rDVr5gF+2x6F/jTEyBTHTRyj+67YgnAYTIJdO66dgxeilTKLiEYc5NNMSM91kXmsaGLADtpeNrh3THkDbtRMq8EOmY/pxIWaD1IPBNZ8Cwp6drI/hfrZlg58hLRRgnCCH/XNRJJMWIjqKjbaGAoxwYw7gS5q+U95hiHE3AOROCM33yX3N9UHRKxePLUqF8OokjS7bINtklDjkkZXJOLkiNcHJHHsgzebHurSfr1Xr7bM1Yk5lN8kvW+wc6tqUj</latexit>

E0

<latexit sha1_base64="uzDiq51ci4U7y0NXxR8uhW45V8U=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRFAXYlEElxXsBduxZNK0Dc1kQpIRytC3cONCEV36IO7diG9jello6w+Bj/8/h5xzQsmZNp737WTm5hcWl7LL7srq2vpGbnOrouNEEVomMY9VLcSaciZo2TDDaU0qiqOQ02rYuxjm1XuqNIvFjelLGkS4I1ibEWysdXt5lzakYhEdNHN5r+CNhGbBn0D+7MM9lW9fbqmZ+2y0YpJEVBjCsdZ135MmSLEyjHA6cBuJphKTHu7QukWBI6qDdDTxAO1Zp4XasbJPGDRyf3ekONK6H4W2MsKmq6ezoflfVk9M+zhImZCJoYKMP2onHJkYDddHLaYoMbxvARPF7KyIdLHCxNgjufYI/vTKs1A5KPiHhZNrL188h7GysAO7sA8+HEERrqAEZSAg4AGe4NnRzqPz4ryOSzPOpGcb/sh5/wEgKJQ7</latexit>

E0 +�E0

<latexit sha1_base64="68ZLTUx2Vk0/mFYxxYkoUV4XXG8=">AAACBXicbVDJSgNBEO2JWxK3UY96aAyCIIQZEdRbcAGPEcyCmTH0dCpJk56F7h4xDLl48Rv8Ay8iinj1H7z5NdpZQE18UPB4r4qqel7EmVSW9WmkpqZnZufSmez8wuLSsrmyWpZhLCiUaMhDUfWIBM4CKCmmOFQjAcT3OFS8znHfr1yDkCwMLlQ3AtcnrYA1GSVKS3Vz4/QqcSLBfOjtOCfAFcE/St3MWXlrADxJ7BHJFTLR/eXTzVexbn44jZDGPgSKciJlzbYi5SZEKEY59LJOLCEitENaUNM0ID5INxl80cNbWmngZih0BQoP1N8TCfGl7Pqe7vSJastxry/+59Vi1TxwExZEsYKADhc1Y45ViPuR4AYTQBXvakKoYPpWTNtEEKp0cFkdgj3+8iQp7+btvfzhuU7jCA2RRutoE20jG+2jAjpDRVRCFN2iB/SMXow749F4Nd6GrSljNLOG/sB4/waDoZxW</latexit>

��t

<latexit sha1_base64="m6UwALphVkWgAT5Bo+kO+i6RBJY=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQheDDMiqLegHjxGMAtZCD2dmqRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4shUHX/XKWlldW19ZT6czG5tb2TnZ3r2yiRHMo8UhGuuozA1IoKKFACdVYAwt9CRW/dz32Kw+gjYjUPfZjaIaso0QgOEMr1U5o4wYkMoqtbM7NuxPQReLNSK6Qjke1j8fvYiv72WhHPAlBIZfMmLrnxtgcMI2CSxhmGomBmPEe60DdUsVCMM3B5OIhPbJKmwaRtqWQTtTfEwMWGtMPfdsZMuyaeW8s/ufVEwwumgOh4gRB8emiIJEUIzp+n7aFBo6ybwnjWthbKe8yzTjakDI2BG/+5UVSPs17Z/nLO5vGFZkiRQ7IITkmHjknBXJLiqREOFHkiTyTF8c4I+fVeZu2LjmzmX3yB877D3PGk98=</latexit>



How to build a simple transport equation

dE

dt
= b(E)

<latexit sha1_base64="5qS7gXbSNfoo7kdF3Ma4UthYilE=">AAACC3icbZA7SwNBFIVn4yvG16qFiM2QIMQm7IpgLISgBCwjmAdklzA7O5sMmX0wMyuEZXsb/4qNhSK29mKnja0/w8kD0cQDAx/n3sude5yIUSEN413LzM0vLC5ll3Mrq2vrG/rmVkOEMcekjkMW8paDBGE0IHVJJSOtiBPkO4w0nf75sN68JlzQMLiSg4jYPuoG1KMYSWV19LzlcYSTxOI+dFNYTX9QpvAUOsXqQUcvGCVjJDgL5gQKlfLn687H126to79ZbohjnwQSMyRE2zQiaSeIS4oZSXNWLEiEcB91SVthgHwi7GR0Swr3leNCL+TqBRKO3N8TCfKFGPiO6vSR7Inp2tD8r9aOpVe2ExpEsSQBHi/yYgZlCIfBQJdygiUbKECYU/VXiHtIhSNVfDkVgjl98iw0DkvmUenkUqVxBsbKgj2QB0VggmNQARegBuoAgxtwBx7Ao3ar3WtP2vO4NaNNZrbBH2kv36BkneQ=</latexit>

Take a generic acceleration rate: 

t

<latexit sha1_base64="dhzkCWc6xHxgLTv1rXFbYn/0oO4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEdRCDNpYJmAukCxhdjKbjJm9MHNWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/EQKjY7zZeUWFpeWV/Kr9tr6xuZWYXunruNUMV5jsYxV06eaSxHxGgqUvJkoTkNf8oY/uBrnjTuutIijGxwm3AtpLxKBYBSNVcVOoeiUnInIPLg/ULx4t8+Tt0+70il8tLsxS0MeIZNU65brJOhlVKFgko/sdqp5QtmA9njLYERDrr1sMuiIHBinS4JYmRchmbi/OzIaaj0MfVMZUuzr2Wxs/pe1UgxOvUxESYo8YtOPglQSjMl4a9IVijOUQwOUKWFmJaxPFWVobmObI7izK89D/ajkHpfOqk6xfAlT5WEP9uEQXDiBMlxDBWrAgMM9PMKTdWs9WM/Wy7Q0Z/307MIfWa/fQ5+QQQ==</latexit>

time —>
N(E)�E

<latexit sha1_base64="1/Cq/gDsKDRFBba7qHrVZvkkaqk=">AAAB9HicbVDJSgNBEK2JW4xb1KOXJkGICGFGBPUW1IAniWAWyAyhp9OTNOlZ7O4JDEP+QvDiQRGvfoy3/I2d5aCJDwoe71VRVc+NOJPKNMdGZmV1bX0ju5nb2t7Z3cvvHzRkGAtC6yTkoWi5WFLOAlpXTHHaigTFvstp0x3cTPzmkArJwuBRJRF1fNwLmMcIVlpy7kvVE2TfUq4wqnbyRbNsToGWiTUnxUrBPn0eV5JaJ/9td0MS+zRQhGMp25YZKSfFQjHC6Shnx5JGmAxwj7Y1DbBPpZNOjx6hY610kRcKXYFCU/X3RIp9KRPf1Z0+Vn256E3E/7x2rLxLJ2VBFCsakNkiL+ZIhWiSAOoyQYniiSaYCKZvRaSPBSZK55TTIViLLy+TxlnZOi9fPeg0rmGGLBxBAUpgwQVU4A5qUAcCT/ACb/BuDI1X48P4nLVmjPnMIfyB8fUDtEGTwg==</latexit>

E +�E

<latexit sha1_base64="XJjnvvn8SeOz0B3+Rznja/Psk5U=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQiCEGZEUG9BDXiMYBayEHo6laRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4khUHX/XKWlldW19YTydTG5tb2Tnp3r2TCWHMo8lCGuuIzA1IoKKJACZVIAwt8CWW/dz32yw+gjQjVPfYjaASso0RbcIZWquZP6jcgkdF8M51xs+4EdJF4M5LJJaNR9ePxu9BMf9ZbIY8DUMglM6bmuRE2Bkyj4BKGqXpsIGK8xzpQs1SxAExjMLl4SI+s0qLtUNtSSCfq74kBC4zpB77tDBh2zbw3Fv/zajG2LxoDoaIYQfHponYsKYZ0/D5tCQ0cZd8SxrWwt1LeZZpxtCGlbAje/MuLpHSa9c6yl3c2jSsyRYIckENyTDxyTnLklhRIkXCiyBN5Ji+OcUbOq/M2bV1yZjP75A+c9x9ixpPT</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

E +�E = E0 +�E0 + b(E +�E)�t

<latexit sha1_base64="KcqFBrBt+9EvBUmDvf0LofbYilI=">AAACLXicbZBdSwJBFIZn7cvsy+qymyEJikB2Q6guAimFLgsyBXeT2fGog7MfzJwNZPEPddNfiaCLIrrtbzSaRVkvDLw85xzOnNePpdBo289WZmZ2bn4hu5hbWl5ZXcuvb1zrKFEcajySkWr4TIMUIdRQoIRGrIAFvoS63z8b1eu3oLSIwiscxOAFrBuKjuAMDWrlK1W6T90KSGS0Sk9o9SZ1YyUCGO5/0W9iOv3d6jff+5rDVr5gF+2x6F/jTEyBTHTRyj+67YgnAYTIJdO66dgxeilTKLiEYc5NNMSM91kXmsaGLADtpeNrh3THkDbtRMq8EOmY/pxIWaD1IPBNZ8Cwp6drI/hfrZlg58hLRRgnCCH/XNRJJMWIjqKjbaGAoxwYw7gS5q+U95hiHE3AOROCM33yX3N9UHRKxePLUqF8OokjS7bINtklDjkkZXJOLkiNcHJHHsgzebHurSfr1Xr7bM1Yk5lN8kvW+wc6tqUj</latexit>

= E0 +�E0 + b(E)�t+
db(E)

dE
�E�t

<latexit sha1_base64="dG5iTa9v6RPYWWugr+oDrWfHYUY="></latexit>

E0

<latexit sha1_base64="uzDiq51ci4U7y0NXxR8uhW45V8U=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRFAXYlEElxXsBduxZNK0Dc1kQpIRytC3cONCEV36IO7diG9jello6w+Bj/8/h5xzQsmZNp737WTm5hcWl7LL7srq2vpGbnOrouNEEVomMY9VLcSaciZo2TDDaU0qiqOQ02rYuxjm1XuqNIvFjelLGkS4I1ibEWysdXt5lzakYhEdNHN5r+CNhGbBn0D+7MM9lW9fbqmZ+2y0YpJEVBjCsdZ135MmSLEyjHA6cBuJphKTHu7QukWBI6qDdDTxAO1Zp4XasbJPGDRyf3ekONK6H4W2MsKmq6ezoflfVk9M+zhImZCJoYKMP2onHJkYDddHLaYoMbxvARPF7KyIdLHCxNgjufYI/vTKs1A5KPiHhZNrL188h7GysAO7sA8+HEERrqAEZSAg4AGe4NnRzqPz4ryOSzPOpGcb/sh5/wEgKJQ7</latexit>

E0 +�E0

<latexit sha1_base64="68ZLTUx2Vk0/mFYxxYkoUV4XXG8=">AAACBXicbVDJSgNBEO2JWxK3UY96aAyCIIQZEdRbcAGPEcyCmTH0dCpJk56F7h4xDLl48Rv8Ay8iinj1H7z5NdpZQE18UPB4r4qqel7EmVSW9WmkpqZnZufSmez8wuLSsrmyWpZhLCiUaMhDUfWIBM4CKCmmOFQjAcT3OFS8znHfr1yDkCwMLlQ3AtcnrYA1GSVKS3Vz4/QqcSLBfOjtOCfAFcE/St3MWXlrADxJ7BHJFTLR/eXTzVexbn44jZDGPgSKciJlzbYi5SZEKEY59LJOLCEitENaUNM0ID5INxl80cNbWmngZih0BQoP1N8TCfGl7Pqe7vSJastxry/+59Vi1TxwExZEsYKADhc1Y45ViPuR4AYTQBXvakKoYPpWTNtEEKp0cFkdgj3+8iQp7+btvfzhuU7jCA2RRutoE20jG+2jAjpDRVRCFN2iB/SMXow749F4Nd6GrSljNLOG/sB4/waDoZxW</latexit>

��t

<latexit sha1_base64="m6UwALphVkWgAT5Bo+kO+i6RBJY=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQheDDMiqLegHjxGMAtZCD2dmqRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4shUHX/XKWlldW19ZT6czG5tb2TnZ3r2yiRHMo8UhGuuozA1IoKKFACdVYAwt9CRW/dz32Kw+gjYjUPfZjaIaso0QgOEMr1U5o4wYkMoqtbM7NuxPQReLNSK6Qjke1j8fvYiv72WhHPAlBIZfMmLrnxtgcMI2CSxhmGomBmPEe60DdUsVCMM3B5OIhPbJKmwaRtqWQTtTfEwMWGtMPfdsZMuyaeW8s/ufVEwwumgOh4gRB8emiIJEUIzp+n7aFBo6ybwnjWthbKe8yzTjakDI2BG/+5UVSPs17Z/nLO5vGFZkiRQ7IITkmHjknBXJLiqREOFHkiTyTF8c4I+fVeZu2LjmzmX3yB877D3PGk98=</latexit>



How to build a simple transport equation

dE

dt
= b(E)

<latexit sha1_base64="5qS7gXbSNfoo7kdF3Ma4UthYilE=">AAACC3icbZA7SwNBFIVn4yvG16qFiM2QIMQm7IpgLISgBCwjmAdklzA7O5sMmX0wMyuEZXsb/4qNhSK29mKnja0/w8kD0cQDAx/n3sude5yIUSEN413LzM0vLC5ll3Mrq2vrG/rmVkOEMcekjkMW8paDBGE0IHVJJSOtiBPkO4w0nf75sN68JlzQMLiSg4jYPuoG1KMYSWV19LzlcYSTxOI+dFNYTX9QpvAUOsXqQUcvGCVjJDgL5gQKlfLn687H126to79ZbohjnwQSMyRE2zQiaSeIS4oZSXNWLEiEcB91SVthgHwi7GR0Swr3leNCL+TqBRKO3N8TCfKFGPiO6vSR7Inp2tD8r9aOpVe2ExpEsSQBHi/yYgZlCIfBQJdygiUbKECYU/VXiHtIhSNVfDkVgjl98iw0DkvmUenkUqVxBsbKgj2QB0VggmNQARegBuoAgxtwBx7Ao3ar3WtP2vO4NaNNZrbBH2kv36BkneQ=</latexit>

Take a generic acceleration rate: 

t

<latexit sha1_base64="dhzkCWc6xHxgLTv1rXFbYn/0oO4=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEdRCDNpYJmAukCxhdjKbjJm9MHNWCEuewMZCEVt9GHsb8W2cJBaa+MPAx/+fw5xz/EQKjY7zZeUWFpeWV/Kr9tr6xuZWYXunruNUMV5jsYxV06eaSxHxGgqUvJkoTkNf8oY/uBrnjTuutIijGxwm3AtpLxKBYBSNVcVOoeiUnInIPLg/ULx4t8+Tt0+70il8tLsxS0MeIZNU65brJOhlVKFgko/sdqp5QtmA9njLYERDrr1sMuiIHBinS4JYmRchmbi/OzIaaj0MfVMZUuzr2Wxs/pe1UgxOvUxESYo8YtOPglQSjMl4a9IVijOUQwOUKWFmJaxPFWVobmObI7izK89D/ajkHpfOqk6xfAlT5WEP9uEQXDiBMlxDBWrAgMM9PMKTdWs9WM/Wy7Q0Z/307MIfWa/fQ5+QQQ==</latexit>

time —>
N(E)�E

<latexit sha1_base64="1/Cq/gDsKDRFBba7qHrVZvkkaqk=">AAAB9HicbVDJSgNBEK2JW4xb1KOXJkGICGFGBPUW1IAniWAWyAyhp9OTNOlZ7O4JDEP+QvDiQRGvfoy3/I2d5aCJDwoe71VRVc+NOJPKNMdGZmV1bX0ju5nb2t7Z3cvvHzRkGAtC6yTkoWi5WFLOAlpXTHHaigTFvstp0x3cTPzmkArJwuBRJRF1fNwLmMcIVlpy7kvVE2TfUq4wqnbyRbNsToGWiTUnxUrBPn0eV5JaJ/9td0MS+zRQhGMp25YZKSfFQjHC6Shnx5JGmAxwj7Y1DbBPpZNOjx6hY610kRcKXYFCU/X3RIp9KRPf1Z0+Vn256E3E/7x2rLxLJ2VBFCsakNkiL+ZIhWiSAOoyQYniiSaYCKZvRaSPBSZK55TTIViLLy+TxlnZOi9fPeg0rmGGLBxBAUpgwQVU4A5qUAcCT/ACb/BuDI1X48P4nLVmjPnMIfyB8fUDtEGTwg==</latexit>

E +�E

<latexit sha1_base64="XJjnvvn8SeOz0B3+Rznja/Psk5U=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQiCEGZEUG9BDXiMYBayEHo6laRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4khUHX/XKWlldW19YTydTG5tb2Tnp3r2TCWHMo8lCGuuIzA1IoKKJACZVIAwt8CWW/dz32yw+gjQjVPfYjaASso0RbcIZWquZP6jcgkdF8M51xs+4EdJF4M5LJJaNR9ePxu9BMf9ZbIY8DUMglM6bmuRE2Bkyj4BKGqXpsIGK8xzpQs1SxAExjMLl4SI+s0qLtUNtSSCfq74kBC4zpB77tDBh2zbw3Fv/zajG2LxoDoaIYQfHponYsKYZ0/D5tCQ0cZd8SxrWwt1LeZZpxtCGlbAje/MuLpHSa9c6yl3c2jSsyRYIckENyTDxyTnLklhRIkXCiyBN5Ji+OcUbOq/M2bV1yZjP75A+c9x9ixpPT</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E

<latexit sha1_base64="BJ4nPCz9uuAaD82cO+yvduk4Bes=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEBHUhFkVw2YK9QBvKZHrSjp1MwsxEKKVP4MaFIm71Ydy7Ed/G6WWhrT8MfPz/Ocw5J0g4U9p1v63MwuLS8kp21V5b39jcym3vVFWcSooVGvNY1gOikDOBFc00x3oikUQBx1rQuxrltXuUisXiVvcT9CPSESxklGhjla9bubxbcMdy5sGbQv7iwz5P3r/sUiv32WzHNI1QaMqJUg3PTbQ/IFIzynFoN1OFCaE90sGGQUEiVP5gPOjQOTBO2wljaZ7Qztj93TEgkVL9KDCVEdFdNZuNzP+yRqrDU3/ARJJqFHTyUZhyR8fOaGunzSRSzfsGCJXMzOrQLpGEanMb2xzBm115HqpHBe+4cFZ288VLmCgLe7APh+DBCRThBkpQAQoID/AEz9ad9Wi9WK+T0ow17dmFP7LefgD8VJAS</latexit>

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

E +�E = E0 +�E0 + b(E +�E)�t

<latexit sha1_base64="KcqFBrBt+9EvBUmDvf0LofbYilI=">AAACLXicbZBdSwJBFIZn7cvsy+qymyEJikB2Q6guAimFLgsyBXeT2fGog7MfzJwNZPEPddNfiaCLIrrtbzSaRVkvDLw85xzOnNePpdBo289WZmZ2bn4hu5hbWl5ZXcuvb1zrKFEcajySkWr4TIMUIdRQoIRGrIAFvoS63z8b1eu3oLSIwiscxOAFrBuKjuAMDWrlK1W6T90KSGS0Sk9o9SZ1YyUCGO5/0W9iOv3d6jff+5rDVr5gF+2x6F/jTEyBTHTRyj+67YgnAYTIJdO66dgxeilTKLiEYc5NNMSM91kXmsaGLADtpeNrh3THkDbtRMq8EOmY/pxIWaD1IPBNZ8Cwp6drI/hfrZlg58hLRRgnCCH/XNRJJMWIjqKjbaGAoxwYw7gS5q+U95hiHE3AOROCM33yX3N9UHRKxePLUqF8OokjS7bINtklDjkkZXJOLkiNcHJHHsgzebHurSfr1Xr7bM1Yk5lN8kvW+wc6tqUj</latexit>

= E0 +�E0 + b(E)�t+
db(E)

dE
�E�t

<latexit sha1_base64="dG5iTa9v6RPYWWugr+oDrWfHYUY="></latexit>

�E = �E0 +
db(E)

dE
�E�t

<latexit sha1_base64="tZD3vQ2MDzW9RtsFTB3zZ0Yr8GU="></latexit>

subtract  ↓

E0

<latexit sha1_base64="uzDiq51ci4U7y0NXxR8uhW45V8U=">AAAB8XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmRFAXYlEElxXsBduxZNK0Dc1kQpIRytC3cONCEV36IO7diG9jello6w+Bj/8/h5xzQsmZNp737WTm5hcWl7LL7srq2vpGbnOrouNEEVomMY9VLcSaciZo2TDDaU0qiqOQ02rYuxjm1XuqNIvFjelLGkS4I1ibEWysdXt5lzakYhEdNHN5r+CNhGbBn0D+7MM9lW9fbqmZ+2y0YpJEVBjCsdZ135MmSLEyjHA6cBuJphKTHu7QukWBI6qDdDTxAO1Zp4XasbJPGDRyf3ekONK6H4W2MsKmq6ezoflfVk9M+zhImZCJoYKMP2onHJkYDddHLaYoMbxvARPF7KyIdLHCxNgjufYI/vTKs1A5KPiHhZNrL188h7GysAO7sA8+HEERrqAEZSAg4AGe4NnRzqPz4ryOSzPOpGcb/sh5/wEgKJQ7</latexit>

E0 +�E0

<latexit sha1_base64="68ZLTUx2Vk0/mFYxxYkoUV4XXG8=">AAACBXicbVDJSgNBEO2JWxK3UY96aAyCIIQZEdRbcAGPEcyCmTH0dCpJk56F7h4xDLl48Rv8Ay8iinj1H7z5NdpZQE18UPB4r4qqel7EmVSW9WmkpqZnZufSmez8wuLSsrmyWpZhLCiUaMhDUfWIBM4CKCmmOFQjAcT3OFS8znHfr1yDkCwMLlQ3AtcnrYA1GSVKS3Vz4/QqcSLBfOjtOCfAFcE/St3MWXlrADxJ7BHJFTLR/eXTzVexbn44jZDGPgSKciJlzbYi5SZEKEY59LJOLCEitENaUNM0ID5INxl80cNbWmngZih0BQoP1N8TCfGl7Pqe7vSJastxry/+59Vi1TxwExZEsYKADhc1Y45ViPuR4AYTQBXvakKoYPpWTNtEEKp0cFkdgj3+8iQp7+btvfzhuU7jCA2RRutoE20jG+2jAjpDRVRCFN2iB/SMXow749F4Nd6GrSljNLOG/sB4/waDoZxW</latexit>

��t

<latexit sha1_base64="m6UwALphVkWgAT5Bo+kO+i6RBJY=">AAAB8XicbVDJSgNBEO1xTeIW9eilMQheDDMiqLegHjxGMAtZCD2dmqRJT8/QXSOGkL/wkoMiXj34L978Gu0sB018UPB4r4qqen4shUHX/XKWlldW19ZT6czG5tb2TnZ3r2yiRHMo8UhGuuozA1IoKKFACdVYAwt9CRW/dz32Kw+gjYjUPfZjaIaso0QgOEMr1U5o4wYkMoqtbM7NuxPQReLNSK6Qjke1j8fvYiv72WhHPAlBIZfMmLrnxtgcMI2CSxhmGomBmPEe60DdUsVCMM3B5OIhPbJKmwaRtqWQTtTfEwMWGtMPfdsZMuyaeW8s/ufVEwwumgOh4gRB8emiIJEUIzp+n7aFBo6ybwnjWthbKe8yzTjakDI2BG/+5UVSPs17Z/nLO5vGFZkiRQ7IITkmHjknBXJLiqREOFHkiTyTF8c4I+fVeZu2LjmzmX3yB877D3PGk98=</latexit>



How to build a simple transport equation

N(E, t+�t)�E = N(E0, t)�E0

<latexit sha1_base64="sJzzP4+YfGxwlG4vJz4wXJWb9AQ="></latexit>

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

�E = �E0 +
db(E)

dE
�E�t

<latexit sha1_base64="tZD3vQ2MDzW9RtsFTB3zZ0Yr8GU="></latexit>



= N(E � b(E)�t, t)


�E � db(E)

dE
�E�t

�

<latexit sha1_base64="Lbu9tgJNnPtveM73kY47kOTDIpk="></latexit>

How to build a simple transport equation

N(E, t+�t)�E = N(E0, t)�E0

<latexit sha1_base64="sJzzP4+YfGxwlG4vJz4wXJWb9AQ="></latexit>

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

�E = �E0 +
db(E)

dE
�E�t

<latexit sha1_base64="tZD3vQ2MDzW9RtsFTB3zZ0Yr8GU="></latexit>



= N(E � b(E)�t, t)


�E � db(E)

dE
�E�t

�

<latexit sha1_base64="Lbu9tgJNnPtveM73kY47kOTDIpk="></latexit>

How to build a simple transport equation

N(E, t+�t)�E = N(E0, t)�E0

<latexit sha1_base64="sJzzP4+YfGxwlG4vJz4wXJWb9AQ="></latexit>

✗ ✗ ✗

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

�E = �E0 +
db(E)

dE
�E�t

<latexit sha1_base64="tZD3vQ2MDzW9RtsFTB3zZ0Yr8GU="></latexit>



= N(E � b(E)�t, t)


�E � db(E)

dE
�E�t

�

<latexit sha1_base64="Lbu9tgJNnPtveM73kY47kOTDIpk="></latexit>

How to build a simple transport equation

N(E, t+�t)�E = N(E0, t)�E0

<latexit sha1_base64="sJzzP4+YfGxwlG4vJz4wXJWb9AQ="></latexit>

✗ ✗ ✗

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

�E = �E0 +
db(E)

dE
�E�t

<latexit sha1_base64="tZD3vQ2MDzW9RtsFTB3zZ0Yr8GU="></latexit>

N(E, t)� dN(E, t)

dE
b(E)�t

<latexit sha1_base64="HRNPGX2SOazm3isk+elXRCyt1Sw="></latexit>



= N(E � b(E)�t, t)


�E � db(E)

dE
�E�t

�

<latexit sha1_base64="Lbu9tgJNnPtveM73kY47kOTDIpk="></latexit>

How to build a simple transport equation

N(E, t+�t)�E = N(E0, t)�E0

<latexit sha1_base64="sJzzP4+YfGxwlG4vJz4wXJWb9AQ="></latexit>

✗ ✗ ✗

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

�E = �E0 +
db(E)

dE
�E�t

<latexit sha1_base64="tZD3vQ2MDzW9RtsFTB3zZ0Yr8GU="></latexit>

N(E, t)� dN(E, t)

dE
b(E)�t

<latexit sha1_base64="HRNPGX2SOazm3isk+elXRCyt1Sw="></latexit>

N(E, t+�t) = N(E, t)�

N(E, t)

db(E)

dE
+

dN(E, t)

dE
b(E)

�
�t

<latexit sha1_base64="LWovTfbE/CPYae0pLuIsNWbfrjw=">AAACaXicbVHRahNBFJ1dq9ZYNVEsoi8Xg5BQDbuloD4IbW3AJ6lg2kJ2CbOTu8nQ2dll5q4QlgX/yXc/wjcffO1Lf6KTpBWbemHg3HPP4c6cSQolLQXBb8+/tXb7zt31e437Gw8ePmq2Hh/ZvDQCByJXuTlJuEUlNQ5IksKTwiDPEoXHyenH+fz4Gxorc/2VZgXGGZ9omUrByVGj5vfPnf5r2ooOUBEH6sIHWDBdeAORwpSGV3 2UGi6qKjIZjGtIOv1u/bfr17C1Ili6rknmHoiMnEwphquNo2Y76AWLgpsgvATt3b3gx5/WT304av6KxrkoM9QkFLd2GAYFxRU3JIXCuhGVFgsuTvkEhw5qnqGNq0VSNbxyzBjS3LijCRbsv46KZ9bOssQpM05Tuzqbk/+bDUtK38WV1EVJqMVyUVoqoBzmscNYGhSkZg5wYaS7K4gpd4GR+5yGCyFcffJNcLTdC3d677+4NPbZstbZC/aSdVjI3rJd9okdsgET7Mzb8J56m9653/Kf+c+XUt+79Dxh18pvXwCW17b7</latexit>



= N(E � b(E)�t, t)


�E � db(E)

dE
�E�t

�

<latexit sha1_base64="Lbu9tgJNnPtveM73kY47kOTDIpk="></latexit>

How to build a simple transport equation

N(E, t+�t)�E = N(E0, t)�E0

<latexit sha1_base64="sJzzP4+YfGxwlG4vJz4wXJWb9AQ="></latexit>

✗ ✗ ✗

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

�E = �E0 +
db(E)

dE
�E�t

<latexit sha1_base64="tZD3vQ2MDzW9RtsFTB3zZ0Yr8GU="></latexit>

N(E, t)� dN(E, t)

dE
b(E)�t

<latexit sha1_base64="HRNPGX2SOazm3isk+elXRCyt1Sw="></latexit>

N(E, t+�t) = N(E, t)�

N(E, t)

db(E)

dE
+

dN(E, t)

dE
b(E)

�
�t

<latexit sha1_base64="LWovTfbE/CPYae0pLuIsNWbfrjw=">AAACaXicbVHRahNBFJ1dq9ZYNVEsoi8Xg5BQDbuloD4IbW3AJ6lg2kJ2CbOTu8nQ2dll5q4QlgX/yXc/wjcffO1Lf6KTpBWbemHg3HPP4c6cSQolLQXBb8+/tXb7zt31e437Gw8ePmq2Hh/ZvDQCByJXuTlJuEUlNQ5IksKTwiDPEoXHyenH+fz4Gxorc/2VZgXGGZ9omUrByVGj5vfPnf5r2ooOUBEH6sIHWDBdeAORwpSGV3 2UGi6qKjIZjGtIOv1u/bfr17C1Ili6rknmHoiMnEwphquNo2Y76AWLgpsgvATt3b3gx5/WT304av6KxrkoM9QkFLd2GAYFxRU3JIXCuhGVFgsuTvkEhw5qnqGNq0VSNbxyzBjS3LijCRbsv46KZ9bOssQpM05Tuzqbk/+bDUtK38WV1EVJqMVyUVoqoBzmscNYGhSkZg5wYaS7K4gpd4GR+5yGCyFcffJNcLTdC3d677+4NPbZstbZC/aSdVjI3rJd9okdsgET7Mzb8J56m9653/Kf+c+XUt+79Dxh18pvXwCW17b7</latexit>



= N(E � b(E)�t, t)


�E � db(E)

dE
�E�t

�

<latexit sha1_base64="Lbu9tgJNnPtveM73kY47kOTDIpk="></latexit>

How to build a simple transport equation

N(E, t+�t)�E = N(E0, t)�E0

<latexit sha1_base64="sJzzP4+YfGxwlG4vJz4wXJWb9AQ="></latexit>

✗ ✗ ✗

E = E0 + b(E)�t

<latexit sha1_base64="dYNaqvaob3IWnxJEPVztI8F6eAE=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUGICGFGAupBCGrAYwSzQBJDT6eSNOlZ6K4RwpCTF3/FiwdFvPoN3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVB1BaBP4dDkJoeqzri47gDI3USu8X6QUt3seNUAkPhsdutnhEG9cgkVGkrXTGztlj0HniTEmGTFFqpb8a7YBHHvjIJdO67tghNmOmUHAJw1Qj0hAy3mddqBvqMw90Mx6/MaSHRmnTTqBM+UjH6u+JmHlaDzzXdHoMe3rWG4n/efUIO2fNWPhhhODzyaJOJCkGdJQJbQsFHOXAEMaVMLdS3mOKcTTJpUwIzuzL86RyknPyufPbfKZwOY0jSfbIAckSh5ySArkhJVImnDySZ/JK3qwn68V6tz4mrQlrOrNL/sD6/AH53pbs</latexit>

�E = �E0 +
db(E)

dE
�E�t

<latexit sha1_base64="tZD3vQ2MDzW9RtsFTB3zZ0Yr8GU="></latexit>

N(E, t)� dN(E, t)

dE
b(E)�t

<latexit sha1_base64="HRNPGX2SOazm3isk+elXRCyt1Sw="></latexit>

N(E, t+�t) = N(E, t)�

N(E, t)

db(E)

dE
+

dN(E, t)

dE
b(E)

�
�t

<latexit sha1_base64="LWovTfbE/CPYae0pLuIsNWbfrjw=">AAACaXicbVHRahNBFJ1dq9ZYNVEsoi8Xg5BQDbuloD4IbW3AJ6lg2kJ2CbOTu8nQ2dll5q4QlgX/yXc/wjcffO1Lf6KTpBWbemHg3HPP4c6cSQolLQXBb8+/tXb7zt31e437Gw8ePmq2Hh/ZvDQCByJXuTlJuEUlNQ5IksKTwiDPEoXHyenH+fz4Gxorc/2VZgXGGZ9omUrByVGj5vfPnf5r2ooOUBEH6sIHWDBdeAORwpSGV3 2UGi6qKjIZjGtIOv1u/bfr17C1Ili6rknmHoiMnEwphquNo2Y76AWLgpsgvATt3b3gx5/WT304av6KxrkoM9QkFLd2GAYFxRU3JIXCuhGVFgsuTvkEhw5qnqGNq0VSNbxyzBjS3LijCRbsv46KZ9bOssQpM05Tuzqbk/+bDUtK38WV1EVJqMVyUVoqoBzmscNYGhSkZg5wYaS7K4gpd4GR+5yGCyFcffJNcLTdC3d677+4NPbZstbZC/aSdVjI3rJd9okdsgET7Mzb8J56m9653/Kf+c+XUt+79Dxh18pvXwCW17b7</latexit>

dN(E)

dt
= � d

dE
[b(E)N(E)]

<latexit sha1_base64="drdNVDFvOyBe/uQrOVKeL6nb3xY="></latexit>



Particle escape

2L

<latexit sha1_base64="UNvcLcySO9gfMwLR9nysDGjkZY8=">AAAB6nicbZC7SgNBFIbPxltcb1FLm8EgWIXdIKiFGLSxsIhoLpAsYXYymwyZnV1mZoWw5BFsLBSx1HextxHfxkk2hSb+MPDx/+cw5xw/5kxpx/m2cguLS8sr+VV7bX1jc6uwvVNXUSIJrZGIR7LpY0U5E7Smmea0GUuKQ5/Thj+4HOeNeyoVi8SdHsbUC3FPsIARrI11W0bXnULRKTkToXlwp1A8/7DP4rcvu9opfLa7EUlCKj ThWKmW68TaS7HUjHA6stuJojEmA9yjLYMCh1R56WTUETowThcFkTRPaDRxf3ekOFRqGPqmMsS6r2azsflf1kp0cOKlTMSJpoJkHwUJRzpC471Rl0lKNB8awEQyMysifSwx0eY6tjmCO7vyPNTLJfeodHrjFCsXkCkPe7APh+DCMVTgCqpQAwI9eIAneLa49Wi9WK9Zac6a9uzCH1nvP82VkH8=</latexit>

�

<latexit sha1_base64="P5XFp5MiLVu5MBG981UUbK2Muf4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7APaUG4mk3boZBJmJkIJ/Qg3LhRx6/e482+ctllo64GBwznnMveeIBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0DNBJesZbgRrJsqhnEgWCcY3838zhNTmify0UxS5sc4lDziFI2VOn1hoyEOqjW37s5BVolXkBoUaA6qX/0woVnMpKECte55bmr8HJXhVLBppZ9pliId45D1LJUYM+3n83Wn5MwqIYkSZZ80ZK7+nsgx1noSBzYZoxnpZW8m/uf1MhNd+zmXaWaYpIuPokwQk5DZ7STkilEjJpYgVdzuSugIFVJjG6rYErzlk1dJ+6LuXdZvHi5rjduijjKcwCmcgwdX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+AEClj4k=</latexit>



Particle escape

2L

<latexit sha1_base64="UNvcLcySO9gfMwLR9nysDGjkZY8=">AAAB6nicbZC7SgNBFIbPxltcb1FLm8EgWIXdIKiFGLSxsIhoLpAsYXYymwyZnV1mZoWw5BFsLBSx1HextxHfxkk2hSb+MPDx/+cw5xw/5kxpx/m2cguLS8sr+VV7bX1jc6uwvVNXUSIJrZGIR7LpY0U5E7Smmea0GUuKQ5/Thj+4HOeNeyoVi8SdHsbUC3FPsIARrI11W0bXnULRKTkToXlwp1A8/7DP4rcvu9opfLa7EUlCKj ThWKmW68TaS7HUjHA6stuJojEmA9yjLYMCh1R56WTUETowThcFkTRPaDRxf3ekOFRqGPqmMsS6r2azsflf1kp0cOKlTMSJpoJkHwUJRzpC471Rl0lKNB8awEQyMysifSwx0eY6tjmCO7vyPNTLJfeodHrjFCsXkCkPe7APh+DCMVTgCqpQAwI9eIAneLa49Wi9WK9Zac6a9uzCH1nvP82VkH8=</latexit>

�

<latexit sha1_base64="P5XFp5MiLVu5MBG981UUbK2Muf4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQiqLuiG5cV7APaUG4mk3boZBJmJkIJ/Qg3LhRx6/e482+ctllo64GBwznnMveeIBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0DNBJesZbgRrJsqhnEgWCcY3838zhNTmify0UxS5sc4lDziFI2VOn1hoyEOqjW37s5BVolXkBoUaA6qX/0woVnMpKECte55bmr8HJXhVLBppZ9pliId45D1LJUYM+3n83Wn5MwqIYkSZZ80ZK7+nsgx1noSBzYZoxnpZW8m/uf1MhNd+zmXaWaYpIuPokwQk5DZ7STkilEjJpYgVdzuSugIFVJjG6rYErzlk1dJ+6LuXdZvHi5rjduijjKcwCmcgwdX0IB7aEILKIzhGV7hzUmdF+fd+VhES04xcwx/4Hz+AEClj4k=</latexit>

Random walk


escape after           scatterings


escape time ->                               energy independent     

✓
L

�

◆2

<latexit sha1_base64="h8KoAglkyZ8cObmF0wFaBwHTy6I=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZDQO2CNhYWEcwDsmuYncwmQ2YfzNwVwrK9jb9iY6GIrT9g5984SbbQxAMDh3Pu4c49Xiy4Asv6NlZW19Y3Ngtbxe2d3b198+CwraJEUtaikYhk1yOKCR6yFnAQrBtLRgJPsI43vpr6nQcmFY/CO5jEzA3IMOQ+pwS01DdLjmA+VLDjS0LTmyx1hA4PSIYdyYcjOL2v9c2yVbVmwMvEzkkZ5Wj2zS9nENEkYCFQQZTq2VYMbkokcCpYVnQSxWJCx2TIepqGJGDKTWe3ZPhEKwPsR1K/EPBM/Z1ISaDUJPD0ZEBgpBa9qfif10vAP3dTHsYJsJDOF/mJwBDhaTF4wCWjICaaECq5/iumI6JbAV1fUZdgL568TNq1ql2vXtzWy43LvI4COkYlVEE2OkMNdI2aqIUoekTP6BW9GU/Gi/FufMxHV4w8c4T+wPj8AVYXmp4=</latexit>

�

c

✓
L

�
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�c

<latexit sha1_base64="fd3X1w5EnOxpRw0JjxW3utY0klw="></latexit>



Spectrum of accelerated particles

dN(E)

dt
= � d

dE
[b(E)N(E)]� N(E)

⌧esc

<latexit sha1_base64="ADA+SE01FpFN8WJL7nbdHc0TE8k="></latexit>



Spectrum of accelerated particles

dN(E)

dt
= � d

dE
[b(E)N(E)]� N(E)

⌧esc

<latexit sha1_base64="ADA+SE01FpFN8WJL7nbdHc0TE8k="></latexit>
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Spectrum of accelerated particles

dE

dt
=

E

⌧acc

<latexit sha1_base64="Ol7+6wDi0NVzzMwAcJoysVrhZDg=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIrspMKagLpSqKuKpgW6FTSibNtKGZC8kZoQzzHLrxOdy5caGIK8GFb2PaKaKtBwIf/38OJ+d3QsEVmOaXkZmZnZtfyC7mlpZXVtfy6xt1FUSSshoNRCBvHKKY4D6rAQfBbkLJiOcI1nD6p0O/ccuk4oF/DYOQtTzS9bnLKQEttfMl25WExrEtPdxJ8Fnyg5DgQ5y6WrWBRO2YUJok7XzBLJqjwtNgjaFQOTov3z0eX1bb+Q+7E9DIYz5QQZRqWmYIrZhI4FSwJGdHioWE9kmXNTX6xGOqFY9uS/COVjrYDaR+PuCR+nsiJp5SA8/RnR6Bnpr0huJ/XjMCd78Vcz+MgPk0XeRGAkOAh0HhDpeMghhoIFRy/VdMe0THATrOnA7Bmjx5GuqlolUuHlzpNE5QWlm0hbbRLrLQHqqgC1RFNUTRPXpCL+jVeDCejTfjPW3NGOOZTfSnjM9vV/mklQ==</latexit>

dN(E)

dt
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dE
[b(E)N(E)]� N(E)

⌧esc

<latexit sha1_base64="ADA+SE01FpFN8WJL7nbdHc0TE8k="></latexit>

✗



Spectrum of accelerated particles

dE

dt
=

E

⌧acc

<latexit sha1_base64="Ol7+6wDi0NVzzMwAcJoysVrhZDg=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIrspMKagLpSqKuKpgW6FTSibNtKGZC8kZoQzzHLrxOdy5caGIK8GFb2PaKaKtBwIf/38OJ+d3QsEVmOaXkZmZnZtfyC7mlpZXVtfy6xt1FUSSshoNRCBvHKKY4D6rAQfBbkLJiOcI1nD6p0O/ccuk4oF/DYOQtTzS9bnLKQEttfMl25WExrEtPdxJ8Fnyg5DgQ5y6WrWBRO2YUJok7XzBLJqjwtNgjaFQOTov3z0eX1bb+Q+7E9DIYz5QQZRqWmYIrZhI4FSwJGdHioWE9kmXNTX6xGOqFY9uS/COVjrYDaR+PuCR+nsiJp5SA8/RnR6Bnpr0huJ/XjMCd78Vcz+MgPk0XeRGAkOAh0HhDpeMghhoIFRy/VdMe0THATrOnA7Bmjx5GuqlolUuHlzpNE5QWlm0hbbRLrLQHqqgC1RFNUTRPXpCL+jVeDCejTfjPW3NGOOZTfSnjM9vV/mklQ==</latexit>

dN(E)

dt
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dE
[b(E)N(E)]� N(E)

⌧esc

<latexit sha1_base64="ADA+SE01FpFN8WJL7nbdHc0TE8k="></latexit>

✗
N(E) + E

dN(E)

dE
= �⌧acc

⌧esc
N(E)

<latexit sha1_base64="dd+jukJgCdGKmp+Vk4cnTp9FRqE="></latexit>



Spectrum of accelerated particles

dE

dt
=

E

⌧acc

<latexit sha1_base64="Ol7+6wDi0NVzzMwAcJoysVrhZDg=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIrspMKagLpSqKuKpgW6FTSibNtKGZC8kZoQzzHLrxOdy5caGIK8GFb2PaKaKtBwIf/38OJ+d3QsEVmOaXkZmZnZtfyC7mlpZXVtfy6xt1FUSSshoNRCBvHKKY4D6rAQfBbkLJiOcI1nD6p0O/ccuk4oF/DYOQtTzS9bnLKQEttfMl25WExrEtPdxJ8Fnyg5DgQ5y6WrWBRO2YUJok7XzBLJqjwtNgjaFQOTov3z0eX1bb+Q+7E9DIYz5QQZRqWmYIrZhI4FSwJGdHioWE9kmXNTX6xGOqFY9uS/COVjrYDaR+PuCR+nsiJp5SA8/RnR6Bnpr0huJ/XjMCd78Vcz+MgPk0XeRGAkOAh0HhDpeMghhoIFRy/VdMe0THATrOnA7Bmjx5GuqlolUuHlzpNE5QWlm0hbbRLrLQHqqgC1RFNUTRPXpCL+jVeDCejTfjPW3NGOOZTfSnjM9vV/mklQ==</latexit>

dN(E)

dt
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dE
[b(E)N(E)]� N(E)

⌧esc

<latexit sha1_base64="ADA+SE01FpFN8WJL7nbdHc0TE8k="></latexit>

✗
N(E) + E

dN(E)

dE
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⌧esc
N(E)

<latexit sha1_base64="dd+jukJgCdGKmp+Vk4cnTp9FRqE="></latexit>

dN(E)

N(E)
= �

✓
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⌧esc

◆
dE

E

<latexit sha1_base64="uksbA/r5b3jjSEFaDw5qMF0g7io="></latexit>



Spectrum of accelerated particles

dE

dt
=

E

⌧acc

<latexit sha1_base64="Ol7+6wDi0NVzzMwAcJoysVrhZDg=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIrspMKagLpSqKuKpgW6FTSibNtKGZC8kZoQzzHLrxOdy5caGIK8GFb2PaKaKtBwIf/38OJ+d3QsEVmOaXkZmZnZtfyC7mlpZXVtfy6xt1FUSSshoNRCBvHKKY4D6rAQfBbkLJiOcI1nD6p0O/ccuk4oF/DYOQtTzS9bnLKQEttfMl25WExrEtPdxJ8Fnyg5DgQ5y6WrWBRO2YUJok7XzBLJqjwtNgjaFQOTov3z0eX1bb+Q+7E9DIYz5QQZRqWmYIrZhI4FSwJGdHioWE9kmXNTX6xGOqFY9uS/COVjrYDaR+PuCR+nsiJp5SA8/RnR6Bnpr0huJ/XjMCd78Vcz+MgPk0XeRGAkOAh0HhDpeMghhoIFRy/VdMe0THATrOnA7Bmjx5GuqlolUuHlzpNE5QWlm0hbbRLrLQHqqgC1RFNUTRPXpCL+jVeDCejTfjPW3NGOOZTfSnjM9vV/mklQ==</latexit>

dN(E)

dt
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dE
[b(E)N(E)]� N(E)

⌧esc

<latexit sha1_base64="ADA+SE01FpFN8WJL7nbdHc0TE8k="></latexit>

✗
N(E) + E

dN(E)

dE
= �⌧acc

⌧esc
N(E)

<latexit sha1_base64="dd+jukJgCdGKmp+Vk4cnTp9FRqE="></latexit>

dN(E)

N(E)
= �

✓
1 +

⌧acc
⌧esc

◆
dE

E

<latexit sha1_base64="uksbA/r5b3jjSEFaDw5qMF0g7io="></latexit>

N(E) / E�(1+ ⌧acc
⌧esc

)

<latexit sha1_base64="uvcTT20HAnIDOTsbELLfaq+yEAs="></latexit>

power law
!



Fine tuning problem?

N(E) / E�(1+ ⌧acc
⌧esc

)

<latexit sha1_base64="uvcTT20HAnIDOTsbELLfaq+yEAs="></latexit>
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Fig. 17.2 Comparison of the acceleration rate and energy loss rate due to ionisation losses for a high energy particle.

very diverse types of source were such that the product of the characteristic escape
time τesc and the rate of energy gain, as represented by the constant α, conspired to
give the same value of x .

This version of second-order Fermi acceleration disguises a key aspect of the acceleration
process. The particle’s energy changes all the time stochastically and so, if particles were
injected with a single energy, the energy distribution would be broadened by random
encounters with interstellar clouds. On average, the root mean square change of energy of
the particle is O(V/c), whereas the systematic increase in energy is only O(V/c)2. In the
full calculation, we have to take account of the statistical nature of the acceleration process
as well as the average systematic increase in energy.

The problem is exactly the same as that discussed in the context of Comptonisation and
the Sunyaev–Zeldovich effect in Sect. 9.5 and illustrated in Fig. 9.12. That figure shows
the broadening of the photon spectrum which necessarily accompanies the second-order
mean increase in energy. The full treatment which takes account of the stochastic nature
of the acceleration process and the spreading of the energy spectrum by scattering starts
from the Fokker–Planck equation for the diffusion of the particles in momentum space.
This approach is described in the review by Blandford and Eichler (1987) who show that,
for an isotropic distribution of scatterers, the differential energy spectral index is

x = 3
2

(
1 + 4cL

3〈V 2〉τesc

)1/2

− 1
2

. (17.21)

This result is slightly different from that found in the simple Fermi argument, except in the
limit of small accelerations.

The Fokker–Planck equation can be reduced to a diffusion-loss equation with an addi-
tional term which describe the diffusion of the particles in momentum space, or energy
space in the case of isotropic scatterers. From (7.42),

dN
dt

= D∇2 N + ∂

∂ E
[b(E)N (E)] − N

τesc
+ Q(E) + 1

2
∂2

∂ E2
[d(E)N (E)] , (17.22)
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this is known as “injection problem” and belongs to all acceleration mechanisms
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(rates) are in units of 1/k0 (k0).
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 Systematic(gain) plus stochastic variation of particle energies

 Power law spectra can be generated!
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Good things about the Fermi II mechanism


 Particles are accelerated!

 Systematic(gain) plus stochastic variation of particle energies

 Power law spectra can be generated!

Bad things about the Fermi II mechanism


 It is too slow! (second order…)

 Injection problem (in fact, this is a problem of virtually any 
acceleration mechanism)

 Need to be fine tuned. The slope of the power law depends on 
physical parameters which are a priori unknown
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Maths: because it is second order! 

Physics: because particles gain energy in some collisions, and lose is in others

running after collision -> losshead-on collision -> gain
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Krymskii 1977, Axford et al. 1977, Blandford & Ostriker 1978, Bell 1978
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Diffusive Shock Acceleration
Symmetry

u1 � u2 u1 � u2

Every time the particle crosses the shock (up -> down or down -> up), it undergoes an 
head-on collision with a plasma moving with velocity u1-u2

Asymmetry

(Infinite and plane shock:) Upstream particles always return the shock, while 
downstream particles may be advected and never come back to the shock

Up-stream Down-stream



Universality 

of diffusive shock acceleration

Assumption: scattering is so effective at shocks that 
the distribution of particles is very close to isotropy


-> an universal solution of the problem can be found

Let’s search for a test-particle solution
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Let’s calculate Rin...

n -> density of accelerated particles close to the shock
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-> the same result is obtained for down -> up
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Residence time downstream
number of downstream particles that will return to the shock:

same expression upstream!

UP DOWN

ld ld

mean residence time upstream <-> mean residence time downstream



Rate at which particles leave the system

UP DOWN

ld ld

cosmic ray density n is constant downstream…

Rout = nu2
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u1c

+ 4D
u2c

<latexit sha1_base64="HyXsTcyt5lTL7p8gaBbaZhD+pgI=">AAACIXicbVBNS8MwGE7n15xfVY9egkMQhNGOgfMgDPXgcYL7gK2UNEu3sDQtSSqM0r/ixb/ixYMiu4l/xrTrQTcfSHje531ekvfxIkalsqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddGcYCkw4OWSj6HpKEUU46iipG+pEgKPAY6XnT26zfeyJC0pA/qllEnACNOfUpRkpLrtm8hkNfIJws7ti10wSnaVE24F2aaTi9KIS8rmuHa1atmpUDrhK7IFVQoO2a8+EoxHFAuMIMSTmwrUg5CRKKYkbSyjCWJEJ4isZkoClHAZFOkm+YwjOtjKAfCn24grn6eyJBgZSzwNPOAKmJXO5l4n+9Qaz8ppNQHsWKcLx4yI8ZVCHM4oIjKghWbKYJwoLqv0I8QToKpUOt6BDs5ZVXSbdesxu1q4dGtXVTxFEGJ+AUnAMbXIIWuAdt0AEYPINX8A4+jBfjzfg05gtryShmjsEfGN8/dZCkWA==</latexit>
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1
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How fast?
let’s compute the acceleration rate

energy gain 
in a cycle

duration 
of a cycle

=
u1
c

4D
u1c

+ 4D
u2c

<latexit sha1_base64="HyXsTcyt5lTL7p8gaBbaZhD+pgI=">AAACIXicbVBNS8MwGE7n15xfVY9egkMQhNGOgfMgDPXgcYL7gK2UNEu3sDQtSSqM0r/ixb/ixYMiu4l/xrTrQTcfSHje531ekvfxIkalsqwvo7S2vrG5Vd6u7Ozu7R+Yh0ddGcYCkw4OWSj6HpKEUU46iipG+pEgKPAY6XnT26zfeyJC0pA/qllEnACNOfUpRkpLrtm8hkNfIJws7ti10wSnaVE24F2aaTi9KIS8rmuHa1atmpUDrhK7IFVQoO2a8+EoxHFAuMIMSTmwrUg5CRKKYkbSyjCWJEJ4isZkoClHAZFOkm+YwjOtjKAfCn24grn6eyJBgZSzwNPOAKmJXO5l4n+9Qaz8ppNQHsWKcLx4yI8ZVCHM4oIjKghWbKYJwoLqv0I8QToKpUOt6BDs5ZVXSbdesxu1q4dGtXVTxFEGJ+AUnAMbXIIWuAdt0AEYPINX8A4+jBfjzfg05gtryShmjsEfGN8/dZCkWA==</latexit>

=
u2
1

20D

<latexit sha1_base64="dKOD/fSqXMbNtZXdzBACZzdwAc8=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpBXUhFHXhsoJ9QBvDZDpph04ezEyEGoK/4saFIm79D3f+jdM2C209cOFwzr3ce48XcyaVZX0bhaXlldW14nppY3Nre8fc3WvJKBGENknEI9HxsKSchbSpmOK0EwuKA4/Ttje6mvjtByoki8I7NY6pE+BByHxGsNKSax5coJ4vMEkT176vZmnVQteZa5atijUFWiR2TsqQo+GaX71+RJKAhopwLGXXtmLlpFgoRjjNSr1E0hiTER7QrqYhDqh00un1GTrWSh/5kdAVKjRVf0+kOJByHHi6M8BqKOe9ifif102Uf+akLIwTRUMyW+QnHKkITaJAfSYoUXysCSaC6VsRGWIdhtKBlXQI9vzLi6RVrdi1yvltrVy/zOMowiEcwQnYcAp1uIEGNIHAIzzDK7wZT8aL8W58zFoLRj6zD39gfP4Atg2UHw==</latexit>

mean free path for 
isotropisation

particle velocity

D =
1
3

λc

the “elementary” 
process is resonant 

scattering

⟶
1
3

RLc τacc =
1

racc
=

20RLc
3u2

1

most optimistic choice for D
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Comparison with Hillas

Hillas acceleration time —> τH
acc = ( v

c )
−1 RL

c

Fermi II —> τacc = α−1 λ
RL ( v

c )
−1

τH
acc

shock acceleration —> τacc = a ( v
c )

−1

τH
acc

factor of 
several

>>1

DSA is faster than Fermi II but still (obviously) slower than Hillas



Particle acceleration at 
relativistic shocks

Achterberg et al. (2001)

Achterberg, Lecture notes, Les Houches School (2004)
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Acceleration @non-relativistic/relativistic 
shocks: most important difference

DSA at non relativistic shock EXISTS!

Ellison+ 1990

space probes “saw” it! (down-up-downstream passage at the Earth bow shock)



Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream



Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream

 diffusive transport —> isotropy



Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream

 diffusive transport —> isotropy

 energy gain per cycle —> small �acc = �E/E = u1/c

<latexit sha1_base64="Fcxd+o5VWIB8O710ZV2Oq4QRenA=">AAACCnicbVDLSsNAFJ3UV62vqEs3Y4sgCG0igroQilpwWcE+oAlhMp20QyeTMDMRSujajUt/w40LRdz6Be76N04bF9p6YODcc+7lzj1+zKhUljU2cguLS8sr+dXC2vrG5pa5vdOUUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4mviteyIkjfidGsbEDVGP04BipLTkmfvONWEKeSnCeAQvYFbCWqWmi8SzK9gzS1bZmgLOE/uHlKpF5+hpXB3WPfPL6UY4CQlXmCEpO7YVKzdFQlHMyKjgJJLECA9Qj3Q05Sgk0k2np4zggVa6MIiEflzBqfp7IkWhlMPQ150hUn05603E/7xOooIzN6U8ThThOFsUJAyqCE5ygV0qCFZsqAnCguq/QtxHAmGl0yvoEOzZk+dJ87hsn5TPb3UalyBDHuyBIjgENjgFVXAD6qABMHgAz+AVvBmPxovxbnxkrTnjZ2YX/IHx+Q33iZuA</latexit>



Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream

 diffusive transport —> isotropy

 energy gain per cycle —> small

 escape probability per cycle —> small Pesc = u1/c

<latexit sha1_base64="yz84+33lkaMTIB3W3T2OOQR5r4M=">AAAB+XicbVBNS8NAEN34WetX1KOXpUUQhJqIoB6EohePFewHtCFsttN26WYTdjeFEPovPHrxoIhX/4m3/hs3bQ/a+mDg8d4MM/OCmDOlHWdirayurW9sFraK2zu7e/v2wWFDRYmkUKcRj2QrIAo4E1DXTHNoxRJIGHBoBsP73G+OQCoWiSedxuCFpC9Yj1GijeTbds3PQNExvsWJ757Tom+XnYozBV4m7pyUq6XO2fOkmtZ8+7vTjWgSgtCUE6XarhNrLyNSM8phXOwkCmJCh6QPbUMFCUF52fTyMT4xShf3ImlKaDxVf09kJFQqDQPTGRI9UIteLv7ntRPdu/YyJuJEg6CzRb2EYx3hPAbcZRKo5qkhhEpmbsV0QCSh2oSVh+AuvrxMGhcV97Jy82jSuEMzFNAxKqFT5KIrVEUPqIbqiKIRekFv6N3KrFfrw/qcta5Y85kj9AfW1w+wD5Vi</latexit>

�acc = �E/E = u1/c

<latexit sha1_base64="Fcxd+o5VWIB8O710ZV2Oq4QRenA=">AAACCnicbVDLSsNAFJ3UV62vqEs3Y4sgCG0igroQilpwWcE+oAlhMp20QyeTMDMRSujajUt/w40LRdz6Be76N04bF9p6YODcc+7lzj1+zKhUljU2cguLS8sr+dXC2vrG5pa5vdOUUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4mviteyIkjfidGsbEDVGP04BipLTkmfvONWEKeSnCeAQvYFbCWqWmi8SzK9gzS1bZmgLOE/uHlKpF5+hpXB3WPfPL6UY4CQlXmCEpO7YVKzdFQlHMyKjgJJLECA9Qj3Q05Sgk0k2np4zggVa6MIiEflzBqfp7IkWhlMPQ150hUn05603E/7xOooIzN6U8ThThOFsUJAyqCE5ygV0qCFZsqAnCguq/QtxHAmGl0yvoEOzZk+dJ87hsn5TPb3UalyBDHuyBIjgENjgFVXAD6qABMHgAz+AVvBmPxovxbnxkrTnjZ2YX/IHx+Q33iZuA</latexit>



Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream

 diffusive transport —> isotropy

 energy gain per cycle —> small

 escape probability per cycle —> small

 spectral slope —> E-s s = 1 +
Pesc

�acc

<latexit sha1_base64="L1K3nt9tx6HATu4/NQTAH06+BZE=">AAACDXicbVDJSgNBEO1xjXGLevTSGAVBCDMSUA9KXBDxFMEskBmGnk5N0qRnobtHCEN+wItHf8OLiCJevXvzb+wsB018UPD6vSq66nkxZ1KZ5rcxNT0zOzefWcguLi2vrObW1qsySgSFCo14JOoekcBZCBXFFId6LIAEHoea1znv+7U7EJJF4a3qxuAEpBUyn1GitOTmtiU+xhbew7YvCE3LbgqS9nqpfQFcETclVL/cXN4smAPgSWKNSL50cll8fDm9Lru5L7sZ0SSAUFFOpGxYZqyclAjFKIde1k4kxIR2SAsamoYkAOmkg2t6eEcrTexHQleo8ED9PZGSQMpu4OnOgKi2HPf64n9eI1H+oZOyME4UhHT4kZ9wrCLcjwY3mQCqeFcTQgXTu2LaJjoWpQPM6hCs8ZMnSXW/YBULRzc6jTM0RAZtoi20iyx0gEroCpVRBVF0j57QK3ozHoxn4934GLZOGaOZDfQHxucPL1meBg==</latexit>

Pesc = u1/c

<latexit sha1_base64="yz84+33lkaMTIB3W3T2OOQR5r4M=">AAAB+XicbVBNS8NAEN34WetX1KOXpUUQhJqIoB6EohePFewHtCFsttN26WYTdjeFEPovPHrxoIhX/4m3/hs3bQ/a+mDg8d4MM/OCmDOlHWdirayurW9sFraK2zu7e/v2wWFDRYmkUKcRj2QrIAo4E1DXTHNoxRJIGHBoBsP73G+OQCoWiSedxuCFpC9Yj1GijeTbds3PQNExvsWJ757Tom+XnYozBV4m7pyUq6XO2fOkmtZ8+7vTjWgSgtCUE6XarhNrLyNSM8phXOwkCmJCh6QPbUMFCUF52fTyMT4xShf3ImlKaDxVf09kJFQqDQPTGRI9UIteLv7ntRPdu/YyJuJEg6CzRb2EYx3hPAbcZRKo5qkhhEpmbsV0QCSh2oSVh+AuvrxMGhcV97Jy82jSuEMzFNAxKqFT5KIrVEUPqIbqiKIRekFv6N3KrFfrw/qcta5Y85kj9AfW1w+wD5Vi</latexit>

�acc = �E/E = u1/c

<latexit sha1_base64="Fcxd+o5VWIB8O710ZV2Oq4QRenA=">AAACCnicbVDLSsNAFJ3UV62vqEs3Y4sgCG0igroQilpwWcE+oAlhMp20QyeTMDMRSujajUt/w40LRdz6Be76N04bF9p6YODcc+7lzj1+zKhUljU2cguLS8sr+dXC2vrG5pa5vdOUUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4mviteyIkjfidGsbEDVGP04BipLTkmfvONWEKeSnCeAQvYFbCWqWmi8SzK9gzS1bZmgLOE/uHlKpF5+hpXB3WPfPL6UY4CQlXmCEpO7YVKzdFQlHMyKjgJJLECA9Qj3Q05Sgk0k2np4zggVa6MIiEflzBqfp7IkWhlMPQ150hUn05603E/7xOooIzN6U8ThThOFsUJAyqCE5ygV0qCFZsqAnCguq/QtxHAmGl0yvoEOzZk+dJ87hsn5TPb3UalyBDHuyBIjgENjgFVXAD6qABMHgAz+AVvBmPxovxbnxkrTnjZ2YX/IHx+Q33iZuA</latexit>



What happens if we consider

a relativistic shock

The velocity of the shock is comparable 
to the velocity of accelerated particles

c=1



What happens if we consider

a relativistic shock

The velocity of the shock is comparable 
to the velocity of accelerated particles

consider an ultra-relativistic shock �s � 1

<latexit sha1_base64="NFBzyhP1I9GsczDAX6wHC+tlMG0=">AAAB9XicbVDLSsNAFL3xWeurKrhxM1gEVyURQd2VutBlC/YBTSyT6SQdOpOEmYlSQv/DjQtF3Ik/4Re4c+O3OH0stPXAhcM593LvPX7CmdK2/WUtLC4tr6zm1vLrG5tb24Wd3YaKU0loncQ8li0fK8pZROuaaU5biaRY+Jw2/f7lyG/eUalYHN3oQUI9gcOIBYxgbaRb9woLgTsKuWGInE6haJfsMdA8caakWN6vfbO3yke1U/h0uzFJBY004ViptmMn2suw1IxwOsy7qaIJJn0c0rahERZUedn46iE6MkoXBbE0FWk0Vn9PZFgoNRC+6RRY99SsNxL/89qpDs69jEVJqmlEJouClCMdo1EEqMskJZoPDMFEMnMrIj0sMdEmqLwJwZl9eZ40TkrOaemiZtKowAQ5OIBDOAYHzqAM11CFOhCQ8ABP8GzdW4/Wi/U6aV2wpjN78AfW+w8pEJVb</latexit>
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What happens if we consider

a relativistic shock

The velocity of the shock is comparable 
to the velocity of accelerated particles

consider an ultra-relativistic shock �s � 1

<latexit sha1_base64="NFBzyhP1I9GsczDAX6wHC+tlMG0=">AAAB9XicbVDLSsNAFL3xWeurKrhxM1gEVyURQd2VutBlC/YBTSyT6SQdOpOEmYlSQv/DjQtF3Ik/4Re4c+O3OH0stPXAhcM593LvPX7CmdK2/WUtLC4tr6zm1vLrG5tb24Wd3YaKU0loncQ8li0fK8pZROuaaU5biaRY+Jw2/f7lyG/eUalYHN3oQUI9gcOIBYxgbaRb9woLgTsKuWGInE6haJfsMdA8caakWN6vfbO3yke1U/h0uzFJBY004ViptmMn2suw1IxwOsy7qaIJJn0c0rahERZUedn46iE6MkoXBbE0FWk0Vn9PZFgoNRC+6RRY99SsNxL/89qpDs69jEVJqmlEJouClCMdo1EEqMskJZoPDMFEMnMrIj0sMdEmqLwJwZl9eZ40TkrOaemiZtKowAQ5OIBDOAYHzqAM11CFOhCQ8ABP8GzdW4/Wi/U6aV2wpjN78AfW+w8pEJVb</latexit>
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✓
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�2
s
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⇡ 1� 1

2�2
s

<latexit sha1_base64="DTzdHVdyNAGOdXR7jX2OL+fWJ8Q="></latexit>
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What happens if we consider

a relativistic shock

The velocity of the shock is comparable 
to the velocity of accelerated particles

consider an ultra-relativistic shock �s � 1

<latexit sha1_base64="NFBzyhP1I9GsczDAX6wHC+tlMG0=">AAAB9XicbVDLSsNAFL3xWeurKrhxM1gEVyURQd2VutBlC/YBTSyT6SQdOpOEmYlSQv/DjQtF3Ik/4Re4c+O3OH0stPXAhcM593LvPX7CmdK2/WUtLC4tr6zm1vLrG5tb24Wd3YaKU0loncQ8li0fK8pZROuaaU5biaRY+Jw2/f7lyG/eUalYHN3oQUI9gcOIBYxgbaRb9woLgTsKuWGInE6haJfsMdA8caakWN6vfbO3yke1U/h0uzFJBY004ViptmMn2suw1IxwOsy7qaIJJn0c0rahERZUedn46iE6MkoXBbE0FWk0Vn9PZFgoNRC+6RRY99SsNxL/89qpDs69jEVJqmlEJouClCMdo1EEqMskJZoPDMFEMnMrIj0sMdEmqLwJwZl9eZ40TkrOaemiZtKowAQ5OIBDOAYHzqAM11CFOhCQ8ABP8GzdW4/Wi/U6aV2wpjN78AfW+w8pEJVb</latexit>
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1
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1/2
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✓
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s

<latexit sha1_base64="DTzdHVdyNAGOdXR7jX2OL+fWJ8Q="></latexit>

�s ⇡ 1� 1

2�2
s

<latexit sha1_base64="xql2Afg1aSIn2YYtYA24AoMYrxM="></latexit>

c=1



Ultra-relativistic shocks

Shock
Up-streamDown-stream —

>

shock frame

�1 = �s

<latexit sha1_base64="R/jhx857c9ZIe6xHyhHx9wZhrRE=">AAAB+nicbZC7SgNBFIbPeo3xttFSkcEgWIVdEdRCCNpYJmAukCzL7GQ2GTJ7YWZWCWtKH8PGQhFbizyHnc/gSzjJptDEHwY+/nMO58zvxZxJZVlfxsLi0vLKam4tv76xubVtFnbqMkoEoTUS8Ug0PSwpZyGtKaY4bcaC4sDjtOH1r8f1xh0VkkXhrRrE1AlwN2Q+I1hpyzULbY8q7NroEmUkXbNolayJ0DzYUyiW90fV78eDUcU1P9udiCQBDRXhWMqWbcXKSbFQjHA6zLcTSWNM+rhLWxpDHFDppJPTh+hIOx3kR0K/UKGJ+3sixYGUg8DTnQFWPTlbG5v/1VqJ8s+dlIVxomhIskV+wpGK0DgH1GGCEsUHGjARTN+KSA8LTJROK69DsGe/PA/1k5J9Wrqo6jSuIFMO9uAQjsGGMyjDDVSgBgTu4Qle4NV4MJ6NN+M9a10wpjO78EfGxw/kOpbX</latexit>

�2

<latexit sha1_base64="SlNmjbjdYvvFBBhLjp/xkrcYsrw=">AAAB73icbVDJSgNBEK1xjXGLelSkMQiewkwQ1FvQi8cEzALJEHo6PUmTnsXuGiEMOfoDXjwo4tU/yHd48xv8CTvLQRMfFDzeq6KqnhdLodG2v6yl5ZXVtfXMRnZza3tnN7e3X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3nd69+M/foDV1pE4R0OYu4GtBsKXzCKRmq0PI60XSTtXN4u2BOQReLMSL50NKp8Px6Pyu3cZ6sTsSTgITJJtW46doxuShUKJvkw20o0jynr0y5vGhrSgGs3ndw7JKdG6RA/UqZCJBP190RKA60HgWc6A4o9Pe+Nxf+8ZoL+pZuKME6Qh2y6yE8kwYiMnycdoThDOTCEMiXMrYT1qKIMTURZE4Iz//IiqRULznnhqmLSuIYpMnAIJ3AGDlxACW6hDFVgIOEJXuDVureerTfrfdq6ZM1mDuAPrI8fNrmTJg==</latexit>



Ultra-relativistic shocks

Shock
Up-streamDown-stream —

>

shock frame

�1 = �s

<latexit sha1_base64="R/jhx857c9ZIe6xHyhHx9wZhrRE=">AAAB+nicbZC7SgNBFIbPeo3xttFSkcEgWIVdEdRCCNpYJmAukCzL7GQ2GTJ7YWZWCWtKH8PGQhFbizyHnc/gSzjJptDEHwY+/nMO58zvxZxJZVlfxsLi0vLKam4tv76xubVtFnbqMkoEoTUS8Ug0PSwpZyGtKaY4bcaC4sDjtOH1r8f1xh0VkkXhrRrE1AlwN2Q+I1hpyzULbY8q7NroEmUkXbNolayJ0DzYUyiW90fV78eDUcU1P9udiCQBDRXhWMqWbcXKSbFQjHA6zLcTSWNM+rhLWxpDHFDppJPTh+hIOx3kR0K/UKGJ+3sixYGUg8DTnQFWPTlbG5v/1VqJ8s+dlIVxomhIskV+wpGK0DgH1GGCEsUHGjARTN+KSA8LTJROK69DsGe/PA/1k5J9Wrqo6jSuIFMO9uAQjsGGMyjDDVSgBgTu4Qle4NV4MJ6NN+M9a10wpjO78EfGxw/kOpbX</latexit>

�2

<latexit sha1_base64="SlNmjbjdYvvFBBhLjp/xkrcYsrw=">AAAB73icbVDJSgNBEK1xjXGLelSkMQiewkwQ1FvQi8cEzALJEHo6PUmTnsXuGiEMOfoDXjwo4tU/yHd48xv8CTvLQRMfFDzeq6KqnhdLodG2v6yl5ZXVtfXMRnZza3tnN7e3X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3nd69+M/foDV1pE4R0OYu4GtBsKXzCKRmq0PI60XSTtXN4u2BOQReLMSL50NKp8Px6Pyu3cZ6sTsSTgITJJtW46doxuShUKJvkw20o0jynr0y5vGhrSgGs3ndw7JKdG6RA/UqZCJBP190RKA60HgWc6A4o9Pe+Nxf+8ZoL+pZuKME6Qh2y6yE8kwYiMnycdoThDOTCEMiXMrYT1qKIMTURZE4Iz//IiqRULznnhqmLSuIYpMnAIJ3AGDlxACW6hDFVgIOEJXuDVureerTfrfdq6ZM1mDuAPrI8fNrmTJg==</latexit>

jump 
condition

�2 =
�1

3

<latexit sha1_base64="L5tSj2W6O8xt39LIwIwkj2D2wRg=">AAACBXicbVC7SgNBFJ31GeNr1UJEi8EgWIXdKBgLIWhjGcE8ILsss5PZZMjs7DIzK4RlGxt/xcZCEVt/Qey0sfUznDwKTTxw4cw59zL3Hj9mVCrL+jBmZufmFxZzS/nlldW1dXNjsy6jRGBSwxGLRNNHkjDKSU1RxUgzFgSFPiMNv3cx8Bs3REga8WvVj4kbog6nAcVIackz9xyfKOSV4Bl0AoFwOnrbWXqUQc8sWEVrCDhN7DEpVMpfb9uf3ztVz3x32hFOQsIVZkjKlm3Fyk2RUBQzkuWdRJIY4R7qkJamHIVEuunwigweaKUNg0jo4goO1d8TKQql7Ie+7gyR6spJbyD+57USFZTdlPI4UYTj0UdBwqCK4CAS2KaCYMX6miAsqN4V4i7SYSgdXF6HYE+ePE3qpaJ9XDy90mmcgxFyYBfsg0NggxNQAZegCmoAg1twDx7Bk3FnPBjPxsuodcYYz2yBPzBefwBu/Jut</latexit>



Ultra-relativistic shocks
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Up-streamDown-stream —

>

shock frame

�1 = �s

<latexit sha1_base64="R/jhx857c9ZIe6xHyhHx9wZhrRE=">AAAB+nicbZC7SgNBFIbPeo3xttFSkcEgWIVdEdRCCNpYJmAukCzL7GQ2GTJ7YWZWCWtKH8PGQhFbizyHnc/gSzjJptDEHwY+/nMO58zvxZxJZVlfxsLi0vLKam4tv76xubVtFnbqMkoEoTUS8Ug0PSwpZyGtKaY4bcaC4sDjtOH1r8f1xh0VkkXhrRrE1AlwN2Q+I1hpyzULbY8q7NroEmUkXbNolayJ0DzYUyiW90fV78eDUcU1P9udiCQBDRXhWMqWbcXKSbFQjHA6zLcTSWNM+rhLWxpDHFDppJPTh+hIOx3kR0K/UKGJ+3sixYGUg8DTnQFWPTlbG5v/1VqJ8s+dlIVxomhIskV+wpGK0DgH1GGCEsUHGjARTN+KSA8LTJROK69DsGe/PA/1k5J9Wrqo6jSuIFMO9uAQjsGGMyjDDVSgBgTu4Qle4NV4MJ6NN+M9a10wpjO78EfGxw/kOpbX</latexit>

�2

<latexit sha1_base64="SlNmjbjdYvvFBBhLjp/xkrcYsrw=">AAAB73icbVDJSgNBEK1xjXGLelSkMQiewkwQ1FvQi8cEzALJEHo6PUmTnsXuGiEMOfoDXjwo4tU/yHd48xv8CTvLQRMfFDzeq6KqnhdLodG2v6yl5ZXVtfXMRnZza3tnN7e3X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3nd69+M/foDV1pE4R0OYu4GtBsKXzCKRmq0PI60XSTtXN4u2BOQReLMSL50NKp8Px6Pyu3cZ6sTsSTgITJJtW46doxuShUKJvkw20o0jynr0y5vGhrSgGs3ndw7JKdG6RA/UqZCJBP190RKA60HgWc6A4o9Pe+Nxf+8ZoL+pZuKME6Qh2y6yE8kwYiMnycdoThDOTCEMiXMrYT1qKIMTURZE4Iz//IiqRULznnhqmLSuIYpMnAIJ3AGDlxACW6hDFVgIOEJXuDVureerTfrfdq6ZM1mDuAPrI8fNrmTJg==</latexit>

jump 
condition

�2 =
�1

3

<latexit sha1_base64="L5tSj2W6O8xt39LIwIwkj2D2wRg=">AAACBXicbVC7SgNBFJ31GeNr1UJEi8EgWIXdKBgLIWhjGcE8ILsss5PZZMjs7DIzK4RlGxt/xcZCEVt/Qey0sfUznDwKTTxw4cw59zL3Hj9mVCrL+jBmZufmFxZzS/nlldW1dXNjsy6jRGBSwxGLRNNHkjDKSU1RxUgzFgSFPiMNv3cx8Bs3REga8WvVj4kbog6nAcVIackz9xyfKOSV4Bl0AoFwOnrbWXqUQc8sWEVrCDhN7DEpVMpfb9uf3ztVz3x32hFOQsIVZkjKlm3Fyk2RUBQzkuWdRJIY4R7qkJamHIVEuunwigweaKUNg0jo4goO1d8TKQql7Ie+7gyR6spJbyD+57USFZTdlPI4UYTj0UdBwqCK4CAS2KaCYMX6miAsqN4V4i7SYSgdXF6HYE+ePE3qpaJ9XDy90mmcgxFyYBfsg0NggxNQAZegCmoAg1twDx7Bk3FnPBjPxsuodcYYz2yBPzBefwBu/Jut</latexit>

For non-relativistic shocks it is 
u2=u1/4. Very naive guess: 

spectra are in this case steeper 
than E-2?



Ultra-relativistic shocks

Shock
Up-streamDown-stream —

>

shock frame

�1 = �s

<latexit sha1_base64="R/jhx857c9ZIe6xHyhHx9wZhrRE=">AAAB+nicbZC7SgNBFIbPeo3xttFSkcEgWIVdEdRCCNpYJmAukCzL7GQ2GTJ7YWZWCWtKH8PGQhFbizyHnc/gSzjJptDEHwY+/nMO58zvxZxJZVlfxsLi0vLKam4tv76xubVtFnbqMkoEoTUS8Ug0PSwpZyGtKaY4bcaC4sDjtOH1r8f1xh0VkkXhrRrE1AlwN2Q+I1hpyzULbY8q7NroEmUkXbNolayJ0DzYUyiW90fV78eDUcU1P9udiCQBDRXhWMqWbcXKSbFQjHA6zLcTSWNM+rhLWxpDHFDppJPTh+hIOx3kR0K/UKGJ+3sixYGUg8DTnQFWPTlbG5v/1VqJ8s+dlIVxomhIskV+wpGK0DgH1GGCEsUHGjARTN+KSA8LTJROK69DsGe/PA/1k5J9Wrqo6jSuIFMO9uAQjsGGMyjDDVSgBgTu4Qle4NV4MJ6NN+M9a10wpjO78EfGxw/kOpbX</latexit>

�2

<latexit sha1_base64="SlNmjbjdYvvFBBhLjp/xkrcYsrw=">AAAB73icbVDJSgNBEK1xjXGLelSkMQiewkwQ1FvQi8cEzALJEHo6PUmTnsXuGiEMOfoDXjwo4tU/yHd48xv8CTvLQRMfFDzeq6KqnhdLodG2v6yl5ZXVtfXMRnZza3tnN7e3X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3nd69+M/foDV1pE4R0OYu4GtBsKXzCKRmq0PI60XSTtXN4u2BOQReLMSL50NKp8Px6Pyu3cZ6sTsSTgITJJtW46doxuShUKJvkw20o0jynr0y5vGhrSgGs3ndw7JKdG6RA/UqZCJBP190RKA60HgWc6A4o9Pe+Nxf+8ZoL+pZuKME6Qh2y6yE8kwYiMnycdoThDOTCEMiXMrYT1qKIMTURZE4Iz//IiqRULznnhqmLSuIYpMnAIJ3AGDlxACW6hDFVgIOEJXuDVureerTfrfdq6ZM1mDuAPrI8fNrmTJg==</latexit>

jump 
condition

�2 =
�1

3

<latexit sha1_base64="L5tSj2W6O8xt39LIwIwkj2D2wRg=">AAACBXicbVC7SgNBFJ31GeNr1UJEi8EgWIXdKBgLIWhjGcE8ILsss5PZZMjs7DIzK4RlGxt/xcZCEVt/Qey0sfUznDwKTTxw4cw59zL3Hj9mVCrL+jBmZufmFxZzS/nlldW1dXNjsy6jRGBSwxGLRNNHkjDKSU1RxUgzFgSFPiMNv3cx8Bs3REga8WvVj4kbog6nAcVIackz9xyfKOSV4Bl0AoFwOnrbWXqUQc8sWEVrCDhN7DEpVMpfb9uf3ztVz3x32hFOQsIVZkjKlm3Fyk2RUBQzkuWdRJIY4R7qkJamHIVEuunwigweaKUNg0jo4goO1d8TKQql7Ie+7gyR6spJbyD+57USFZTdlPI4UYTj0UdBwqCK4CAS2KaCYMX6miAsqN4V4i7SYSgdXF6HYE+ePE3qpaJ9XDy90mmcgxFyYBfsg0NggxNQAZegCmoAg1twDx7Bk3FnPBjPxsuodcYYz2yBPzBefwBu/Jut</latexit>

For non-relativistic shocks it is 
u2=u1/4. Very naive guess: 

spectra are in this case steeper 
than E-2?

relative speed

�rel =
�1 � �2

1� �1�2

<latexit sha1_base64="IpbCIZGK6uY4OPz3GXBwUufWKQs=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2AR3LTMFMEqiEUXuqxgL9CWkknPtKGZC0lGLEPfxY2v4saFWty4EF/FtFNBWw+E/Hz/OSTnd0LOpLKsDyO1sLi0vJJezaytb2xumds7VRlEgkKFBjwQdYdI4MyHimKKQz0UQDyHQ83pX4792h0IyQL/Vg1CaHmk6zOXUaI0apunTQcUaccC+BCf4aYrCI0TZueSuzCMbZzDU4h/IG6bWStvTQrPC3sqsqXzr7f7XPGq3DZHzU5AIw98RTmRsmFboWrFRChGOQwzzUhCSGifdKGhpU88kK14suMQH2jSwW4g9PEVntDfEzHxpBx4ju70iOrJWW8M//MakXKLrZj5YaTAp8lDbsSxCvA4MNxhAqjiAy0IFUz/FdMe0TEpHWtGh2DPrjwvqoW8fZQ/udFpXKCk0mgP7aNDZKNjVELXqIwqiKIH9IRe0KvxaDwbI+M9aU0Z05ld9KeMz29LXaZu</latexit>
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Up-streamDown-stream —

>

shock frame

�1 = �s

<latexit sha1_base64="R/jhx857c9ZIe6xHyhHx9wZhrRE=">AAAB+nicbZC7SgNBFIbPeo3xttFSkcEgWIVdEdRCCNpYJmAukCzL7GQ2GTJ7YWZWCWtKH8PGQhFbizyHnc/gSzjJptDEHwY+/nMO58zvxZxJZVlfxsLi0vLKam4tv76xubVtFnbqMkoEoTUS8Ug0PSwpZyGtKaY4bcaC4sDjtOH1r8f1xh0VkkXhrRrE1AlwN2Q+I1hpyzULbY8q7NroEmUkXbNolayJ0DzYUyiW90fV78eDUcU1P9udiCQBDRXhWMqWbcXKSbFQjHA6zLcTSWNM+rhLWxpDHFDppJPTh+hIOx3kR0K/UKGJ+3sixYGUg8DTnQFWPTlbG5v/1VqJ8s+dlIVxomhIskV+wpGK0DgH1GGCEsUHGjARTN+KSA8LTJROK69DsGe/PA/1k5J9Wrqo6jSuIFMO9uAQjsGGMyjDDVSgBgTu4Qle4NV4MJ6NN+M9a10wpjO78EfGxw/kOpbX</latexit>

�2

<latexit sha1_base64="SlNmjbjdYvvFBBhLjp/xkrcYsrw=">AAAB73icbVDJSgNBEK1xjXGLelSkMQiewkwQ1FvQi8cEzALJEHo6PUmTnsXuGiEMOfoDXjwo4tU/yHd48xv8CTvLQRMfFDzeq6KqnhdLodG2v6yl5ZXVtfXMRnZza3tnN7e3X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3nd69+M/foDV1pE4R0OYu4GtBsKXzCKRmq0PI60XSTtXN4u2BOQReLMSL50NKp8Px6Pyu3cZ6sTsSTgITJJtW46doxuShUKJvkw20o0jynr0y5vGhrSgGs3ndw7JKdG6RA/UqZCJBP190RKA60HgWc6A4o9Pe+Nxf+8ZoL+pZuKME6Qh2y6yE8kwYiMnycdoThDOTCEMiXMrYT1qKIMTURZE4Iz//IiqRULznnhqmLSuIYpMnAIJ3AGDlxACW6hDFVgIOEJXuDVureerTfrfdq6ZM1mDuAPrI8fNrmTJg==</latexit>

jump 
condition

�2 =
�1

3

<latexit sha1_base64="L5tSj2W6O8xt39LIwIwkj2D2wRg=">AAACBXicbVC7SgNBFJ31GeNr1UJEi8EgWIXdKBgLIWhjGcE8ILsss5PZZMjs7DIzK4RlGxt/xcZCEVt/Qey0sfUznDwKTTxw4cw59zL3Hj9mVCrL+jBmZufmFxZzS/nlldW1dXNjsy6jRGBSwxGLRNNHkjDKSU1RxUgzFgSFPiMNv3cx8Bs3REga8WvVj4kbog6nAcVIackz9xyfKOSV4Bl0AoFwOnrbWXqUQc8sWEVrCDhN7DEpVMpfb9uf3ztVz3x32hFOQsIVZkjKlm3Fyk2RUBQzkuWdRJIY4R7qkJamHIVEuunwigweaKUNg0jo4goO1d8TKQql7Ie+7gyR6spJbyD+57USFZTdlPI4UYTj0UdBwqCK4CAS2KaCYMX6miAsqN4V4i7SYSgdXF6HYE+ePE3qpaJ9XDy90mmcgxFyYBfsg0NggxNQAZegCmoAg1twDx7Bk3FnPBjPxsuodcYYz2yBPzBefwBu/Jut</latexit>

For non-relativistic shocks it is 
u2=u1/4. Very naive guess: 

spectra are in this case steeper 
than E-2?

relative speed

�rel =
�1 � �2

1� �1�2

<latexit sha1_base64="IpbCIZGK6uY4OPz3GXBwUufWKQs=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2AR3LTMFMEqiEUXuqxgL9CWkknPtKGZC0lGLEPfxY2v4saFWty4EF/FtFNBWw+E/Hz/OSTnd0LOpLKsDyO1sLi0vJJezaytb2xumds7VRlEgkKFBjwQdYdI4MyHimKKQz0UQDyHQ83pX4792h0IyQL/Vg1CaHmk6zOXUaI0apunTQcUaccC+BCf4aYrCI0TZueSuzCMbZzDU4h/IG6bWStvTQrPC3sqsqXzr7f7XPGq3DZHzU5AIw98RTmRsmFboWrFRChGOQwzzUhCSGifdKGhpU88kK14suMQH2jSwW4g9PEVntDfEzHxpBx4ju70iOrJWW8M//MakXKLrZj5YaTAp8lDbsSxCvA4MNxhAqjiAy0IFUz/FdMe0TEpHWtGh2DPrjwvqoW8fZQ/udFpXKCk0mgP7aNDZKNjVELXqIwqiKIH9IRe0KvxaDwbI+M9aU0Z05ld9KeMz29LXaZu</latexit>

=
2
3�1

1� �2
1
3

<latexit sha1_base64="Vsidw0qpp/TJHIQJ5H4SUvV7zik=">AAACHHicbVC7TsMwFHV4lvIKMLJYVEgsVEmLBAxIFSwdi0QfUhOC4zqtVech2wFVUQY+g4WBH2FhAPEYGJD4G9ymA7Qc6V4dnXOv7HvciFEhDeNbm5mdm19YzC3ll1dW19b1jc2GCGOOSR2HLOQtFwnCaEDqkkpGWhEnyHcZabr9s6HfvCZc0DC4kIOI2D7qBtSjGEklOXr5BFoeRzjJeilNyim0XCKRY6aJuT82M+FyZKeOXjCKxghwmphjUqhUr24ePt5ua47+aXVCHPskkJghIdqmEUk7QVxSzEiat2JBIoT7qEvaigbIJ8JORselcFcpHeiFXFUg4Uj9vZEgX4iB76pJH8memPSG4n9eO5bekZ3QIIolCXD2kBczKEM4TAp2KCdYsoEiCHOq/gpxD6k4pMozr0IwJ0+eJo1S0TwoHp+rNE5BhhzYBjtgD5jgEFRAFdRAHWBwBx7BM3jR7rUn7VV7z0ZntPHOFvgD7esHwA6lmA==</latexit>
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�1 = �s

<latexit sha1_base64="R/jhx857c9ZIe6xHyhHx9wZhrRE=">AAAB+nicbZC7SgNBFIbPeo3xttFSkcEgWIVdEdRCCNpYJmAukCzL7GQ2GTJ7YWZWCWtKH8PGQhFbizyHnc/gSzjJptDEHwY+/nMO58zvxZxJZVlfxsLi0vLKam4tv76xubVtFnbqMkoEoTUS8Ug0PSwpZyGtKaY4bcaC4sDjtOH1r8f1xh0VkkXhrRrE1AlwN2Q+I1hpyzULbY8q7NroEmUkXbNolayJ0DzYUyiW90fV78eDUcU1P9udiCQBDRXhWMqWbcXKSbFQjHA6zLcTSWNM+rhLWxpDHFDppJPTh+hIOx3kR0K/UKGJ+3sixYGUg8DTnQFWPTlbG5v/1VqJ8s+dlIVxomhIskV+wpGK0DgH1GGCEsUHGjARTN+KSA8LTJROK69DsGe/PA/1k5J9Wrqo6jSuIFMO9uAQjsGGMyjDDVSgBgTu4Qle4NV4MJ6NN+M9a10wpjO78EfGxw/kOpbX</latexit>

�2

<latexit sha1_base64="SlNmjbjdYvvFBBhLjp/xkrcYsrw=">AAAB73icbVDJSgNBEK1xjXGLelSkMQiewkwQ1FvQi8cEzALJEHo6PUmTnsXuGiEMOfoDXjwo4tU/yHd48xv8CTvLQRMfFDzeq6KqnhdLodG2v6yl5ZXVtfXMRnZza3tnN7e3X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3nd69+M/foDV1pE4R0OYu4GtBsKXzCKRmq0PI60XSTtXN4u2BOQReLMSL50NKp8Px6Pyu3cZ6sTsSTgITJJtW46doxuShUKJvkw20o0jynr0y5vGhrSgGs3ndw7JKdG6RA/UqZCJBP190RKA60HgWc6A4o9Pe+Nxf+8ZoL+pZuKME6Qh2y6yE8kwYiMnycdoThDOTCEMiXMrYT1qKIMTURZE4Iz//IiqRULznnhqmLSuIYpMnAIJ3AGDlxACW6hDFVgIOEJXuDVureerTfrfdq6ZM1mDuAPrI8fNrmTJg==</latexit>

jump 
condition

�2 =
�1

3

<latexit sha1_base64="L5tSj2W6O8xt39LIwIwkj2D2wRg=">AAACBXicbVC7SgNBFJ31GeNr1UJEi8EgWIXdKBgLIWhjGcE8ILsss5PZZMjs7DIzK4RlGxt/xcZCEVt/Qey0sfUznDwKTTxw4cw59zL3Hj9mVCrL+jBmZufmFxZzS/nlldW1dXNjsy6jRGBSwxGLRNNHkjDKSU1RxUgzFgSFPiMNv3cx8Bs3REga8WvVj4kbog6nAcVIackz9xyfKOSV4Bl0AoFwOnrbWXqUQc8sWEVrCDhN7DEpVMpfb9uf3ztVz3x32hFOQsIVZkjKlm3Fyk2RUBQzkuWdRJIY4R7qkJamHIVEuunwigweaKUNg0jo4goO1d8TKQql7Ie+7gyR6spJbyD+57USFZTdlPI4UYTj0UdBwqCK4CAS2KaCYMX6miAsqN4V4i7SYSgdXF6HYE+ePE3qpaJ9XDy90mmcgxFyYBfsg0NggxNQAZegCmoAg1twDx7Bk3FnPBjPxsuodcYYz2yBPzBefwBu/Jut</latexit>

For non-relativistic shocks it is 
u2=u1/4. Very naive guess: 

spectra are in this case steeper 
than E-2?

relative speed

�rel =
�1 � �2

1� �1�2

<latexit sha1_base64="IpbCIZGK6uY4OPz3GXBwUufWKQs=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2AR3LTMFMEqiEUXuqxgL9CWkknPtKGZC0lGLEPfxY2v4saFWty4EF/FtFNBWw+E/Hz/OSTnd0LOpLKsDyO1sLi0vJJezaytb2xumds7VRlEgkKFBjwQdYdI4MyHimKKQz0UQDyHQ83pX4792h0IyQL/Vg1CaHmk6zOXUaI0apunTQcUaccC+BCf4aYrCI0TZueSuzCMbZzDU4h/IG6bWStvTQrPC3sqsqXzr7f7XPGq3DZHzU5AIw98RTmRsmFboWrFRChGOQwzzUhCSGifdKGhpU88kK14suMQH2jSwW4g9PEVntDfEzHxpBx4ju70iOrJWW8M//MakXKLrZj5YaTAp8lDbsSxCvA4MNxhAqjiAy0IFUz/FdMe0TEpHWtGh2DPrjwvqoW8fZQ/udFpXKCk0mgP7aNDZKNjVELXqIwqiKIH9IRe0KvxaDwbI+M9aU0Z05ld9KeMz29LXaZu</latexit>

=
2
3�1

1� �2
1
3

<latexit sha1_base64="Vsidw0qpp/TJHIQJ5H4SUvV7zik=">AAACHHicbVC7TsMwFHV4lvIKMLJYVEgsVEmLBAxIFSwdi0QfUhOC4zqtVech2wFVUQY+g4WBH2FhAPEYGJD4G9ymA7Qc6V4dnXOv7HvciFEhDeNbm5mdm19YzC3ll1dW19b1jc2GCGOOSR2HLOQtFwnCaEDqkkpGWhEnyHcZabr9s6HfvCZc0DC4kIOI2D7qBtSjGEklOXr5BFoeRzjJeilNyim0XCKRY6aJuT82M+FyZKeOXjCKxghwmphjUqhUr24ePt5ua47+aXVCHPskkJghIdqmEUk7QVxSzEiat2JBIoT7qEvaigbIJ8JORselcFcpHeiFXFUg4Uj9vZEgX4iB76pJH8memPSG4n9eO5bekZ3QIIolCXD2kBczKEM4TAp2KCdYsoEiCHOq/gpxD6k4pMozr0IwJ0+eJo1S0TwoHp+rNE5BhhzYBjtgD5jgEFRAFdRAHWBwBx7BM3jR7rUn7VV7z0ZntPHOFvgD7esHwA6lmA==</latexit>

=

⇣
1� 1

�2
s

⌘1/2

⇣
1 + 1

2�2
s

⌘

<latexit sha1_base64="mOqpoVmd4C1G6XQb5FnqZ9j/wn8=">AAACSnicbVBNSxtBGJ6NWjVqjUpPXoYGIaUYd4OgHgSxh3oSC40Rskl4dzKbDM7sLjPvCmHZS39I/44XT3ryR/TSQ0W8dPIBavSBgYfng5l5gkQKg6577xRmZuc+zC8sFpeWVz6ultbWz02casbrLJaxvgjAcCkiXkeBkl8kmoMKJG8El9+GfuOKayPi6CcOEt5S0ItEKBiglTolOKR+qIFlvuQhVqhHtyeCl2f+d1AKOqZdy6 mvRa+PX9qZt1PL8+f41+d4jb4oTPI57ZTKbtUdgb4l3oSUj05//S7LT3dnndKt341ZqniETIIxTc9NsJWBRsEkz4t+angC7BJ6vGlpBIqbVjaaIqdbVunSMNb2REhH6stGBsqYgQpsUgH2zbQ3FN/zmimG+61MREmKPGLji8JUUozpcFfaFZozlANLgGlh30pZH+wyaNcv2hG86S+/Jee1qrdbPfhh1zgmYyyQTfKZVIhH9sgROSFnpE4YuSZ/yD/y4Nw4f51H52kcLTiTzgZ5hcLsf5tqs/Q=</latexit>

=

<latexit sha1_base64="Atys3wu+EouoZckwoW8Y0v7PIyg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdRDMOjFYwJmgWQIPZ2apE3PQnePEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevpuJUMqyyWMSy4VOFgkdY1VwLbCQSaegLrPv963Fev0epeBzd6kGCXki7EQ84o9pYlWI7l3cKzkRkEdwZ5C8/7GLy/mWX27nPVidmaYiRZoIq1XSdRHtDKjVnAkd2K1WYUNanXWwajGiIyhtOBh2RI+N0SBBL8yJNJu7vjiENlRqEvqkMqe6p+Wxs/pc1Ux2ce0MeJanGiE0/ClJBdEzGW5MOl8i0GBigTHIzK2E9KinT5ja2OYI7v/Ii1E4K7mnhouLkS1cwVRYO4BCOwYUzKMENlKEKDBAe4AmerTvr0XqxXqelGWvWsw9/ZL39APA0kAo=</latexit>



Ultra-relativistic shocks

Shock
Up-streamDown-stream —

>

shock frame

�1 = �s

<latexit sha1_base64="R/jhx857c9ZIe6xHyhHx9wZhrRE=">AAAB+nicbZC7SgNBFIbPeo3xttFSkcEgWIVdEdRCCNpYJmAukCzL7GQ2GTJ7YWZWCWtKH8PGQhFbizyHnc/gSzjJptDEHwY+/nMO58zvxZxJZVlfxsLi0vLKam4tv76xubVtFnbqMkoEoTUS8Ug0PSwpZyGtKaY4bcaC4sDjtOH1r8f1xh0VkkXhrRrE1AlwN2Q+I1hpyzULbY8q7NroEmUkXbNolayJ0DzYUyiW90fV78eDUcU1P9udiCQBDRXhWMqWbcXKSbFQjHA6zLcTSWNM+rhLWxpDHFDppJPTh+hIOx3kR0K/UKGJ+3sixYGUg8DTnQFWPTlbG5v/1VqJ8s+dlIVxomhIskV+wpGK0DgH1GGCEsUHGjARTN+KSA8LTJROK69DsGe/PA/1k5J9Wrqo6jSuIFMO9uAQjsGGMyjDDVSgBgTu4Qle4NV4MJ6NN+M9a10wpjO78EfGxw/kOpbX</latexit>

�2

<latexit sha1_base64="SlNmjbjdYvvFBBhLjp/xkrcYsrw=">AAAB73icbVDJSgNBEK1xjXGLelSkMQiewkwQ1FvQi8cEzALJEHo6PUmTnsXuGiEMOfoDXjwo4tU/yHd48xv8CTvLQRMfFDzeq6KqnhdLodG2v6yl5ZXVtfXMRnZza3tnN7e3X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3nd69+M/foDV1pE4R0OYu4GtBsKXzCKRmq0PI60XSTtXN4u2BOQReLMSL50NKp8Px6Pyu3cZ6sTsSTgITJJtW46doxuShUKJvkw20o0jynr0y5vGhrSgGs3ndw7JKdG6RA/UqZCJBP190RKA60HgWc6A4o9Pe+Nxf+8ZoL+pZuKME6Qh2y6yE8kwYiMnycdoThDOTCEMiXMrYT1qKIMTURZE4Iz//IiqRULznnhqmLSuIYpMnAIJ3AGDlxACW6hDFVgIOEJXuDVureerTfrfdq6ZM1mDuAPrI8fNrmTJg==</latexit>

jump 
condition

�2 =
�1

3

<latexit sha1_base64="L5tSj2W6O8xt39LIwIwkj2D2wRg=">AAACBXicbVC7SgNBFJ31GeNr1UJEi8EgWIXdKBgLIWhjGcE8ILsss5PZZMjs7DIzK4RlGxt/xcZCEVt/Qey0sfUznDwKTTxw4cw59zL3Hj9mVCrL+jBmZufmFxZzS/nlldW1dXNjsy6jRGBSwxGLRNNHkjDKSU1RxUgzFgSFPiMNv3cx8Bs3REga8WvVj4kbog6nAcVIackz9xyfKOSV4Bl0AoFwOnrbWXqUQc8sWEVrCDhN7DEpVMpfb9uf3ztVz3x32hFOQsIVZkjKlm3Fyk2RUBQzkuWdRJIY4R7qkJamHIVEuunwigweaKUNg0jo4goO1d8TKQql7Ie+7gyR6spJbyD+57USFZTdlPI4UYTj0UdBwqCK4CAS2KaCYMX6miAsqN4V4i7SYSgdXF6HYE+ePE3qpaJ9XDy90mmcgxFyYBfsg0NggxNQAZegCmoAg1twDx7Bk3FnPBjPxsuodcYYz2yBPzBefwBu/Jut</latexit>

For non-relativistic shocks it is 
u2=u1/4. Very naive guess: 

spectra are in this case steeper 
than E-2?

relative speed

�rel =
�1 � �2

1� �1�2

<latexit sha1_base64="IpbCIZGK6uY4OPz3GXBwUufWKQs=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2AR3LTMFMEqiEUXuqxgL9CWkknPtKGZC0lGLEPfxY2v4saFWty4EF/FtFNBWw+E/Hz/OSTnd0LOpLKsDyO1sLi0vJJezaytb2xumds7VRlEgkKFBjwQdYdI4MyHimKKQz0UQDyHQ83pX4792h0IyQL/Vg1CaHmk6zOXUaI0apunTQcUaccC+BCf4aYrCI0TZueSuzCMbZzDU4h/IG6bWStvTQrPC3sqsqXzr7f7XPGq3DZHzU5AIw98RTmRsmFboWrFRChGOQwzzUhCSGifdKGhpU88kK14suMQH2jSwW4g9PEVntDfEzHxpBx4ju70iOrJWW8M//MakXKLrZj5YaTAp8lDbsSxCvA4MNxhAqjiAy0IFUz/FdMe0TEpHWtGh2DPrjwvqoW8fZQ/udFpXKCk0mgP7aNDZKNjVELXqIwqiKIH9IRe0KvxaDwbI+M9aU0Z05ld9KeMz29LXaZu</latexit>

=
2
3�1

1� �2
1
3

<latexit sha1_base64="Vsidw0qpp/TJHIQJ5H4SUvV7zik=">AAACHHicbVC7TsMwFHV4lvIKMLJYVEgsVEmLBAxIFSwdi0QfUhOC4zqtVech2wFVUQY+g4WBH2FhAPEYGJD4G9ymA7Qc6V4dnXOv7HvciFEhDeNbm5mdm19YzC3ll1dW19b1jc2GCGOOSR2HLOQtFwnCaEDqkkpGWhEnyHcZabr9s6HfvCZc0DC4kIOI2D7qBtSjGEklOXr5BFoeRzjJeilNyim0XCKRY6aJuT82M+FyZKeOXjCKxghwmphjUqhUr24ePt5ua47+aXVCHPskkJghIdqmEUk7QVxSzEiat2JBIoT7qEvaigbIJ8JORselcFcpHeiFXFUg4Uj9vZEgX4iB76pJH8memPSG4n9eO5bekZ3QIIolCXD2kBczKEM4TAp2KCdYsoEiCHOq/gpxD6k4pMozr0IwJ0+eJo1S0TwoHp+rNE5BhhzYBjtgD5jgEFRAFdRAHWBwBx7BM3jR7rUn7VV7z0ZntPHOFvgD7esHwA6lmA==</latexit>

=

⇣
1� 1

�2
s

⌘1/2

⇣
1 + 1

2�2
s

⌘

<latexit sha1_base64="mOqpoVmd4C1G6XQb5FnqZ9j/wn8=">AAACSnicbVBNSxtBGJ6NWjVqjUpPXoYGIaUYd4OgHgSxh3oSC40Rskl4dzKbDM7sLjPvCmHZS39I/44XT3ryR/TSQ0W8dPIBavSBgYfng5l5gkQKg6577xRmZuc+zC8sFpeWVz6ultbWz02casbrLJaxvgjAcCkiXkeBkl8kmoMKJG8El9+GfuOKayPi6CcOEt5S0ItEKBiglTolOKR+qIFlvuQhVqhHtyeCl2f+d1AKOqZdy6 mvRa+PX9qZt1PL8+f41+d4jb4oTPI57ZTKbtUdgb4l3oSUj05//S7LT3dnndKt341ZqniETIIxTc9NsJWBRsEkz4t+angC7BJ6vGlpBIqbVjaaIqdbVunSMNb2REhH6stGBsqYgQpsUgH2zbQ3FN/zmimG+61MREmKPGLji8JUUozpcFfaFZozlANLgGlh30pZH+wyaNcv2hG86S+/Jee1qrdbPfhh1zgmYyyQTfKZVIhH9sgROSFnpE4YuSZ/yD/y4Nw4f51H52kcLTiTzgZ5hcLsf5tqs/Q=</latexit>

=

<latexit sha1_base64="Atys3wu+EouoZckwoW8Y0v7PIyg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdRDMOjFYwJmgWQIPZ2apE3PQnePEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevpuJUMqyyWMSy4VOFgkdY1VwLbCQSaegLrPv963Fev0epeBzd6kGCXki7EQ84o9pYlWI7l3cKzkRkEdwZ5C8/7GLy/mWX27nPVidmaYiRZoIq1XSdRHtDKjVnAkd2K1WYUNanXWwajGiIyhtOBh2RI+N0SBBL8yJNJu7vjiENlRqEvqkMqe6p+Wxs/pc1Ux2ce0MeJanGiE0/ClJBdEzGW5MOl8i0GBigTHIzK2E9KinT5ja2OYI7v/Ii1E4K7mnhouLkS1cwVRYO4BCOwYUzKMENlKEKDBAe4AmerTvr0XqxXqelGWvWsw9/ZL39APA0kAo=</latexit>

⇡
✓
1� 1

2�2
s

◆✓
1� 1

2�2
s

◆
⇡ 1� 1

�2
s

<latexit sha1_base64="lMe+agQ6A6b/rdPH5u1UQoILDW8="></latexit>



Ultra-relativistic shocks

Shock
Up-streamDown-stream —

>

shock frame

�1 = �s

<latexit sha1_base64="R/jhx857c9ZIe6xHyhHx9wZhrRE=">AAAB+nicbZC7SgNBFIbPeo3xttFSkcEgWIVdEdRCCNpYJmAukCzL7GQ2GTJ7YWZWCWtKH8PGQhFbizyHnc/gSzjJptDEHwY+/nMO58zvxZxJZVlfxsLi0vLKam4tv76xubVtFnbqMkoEoTUS8Ug0PSwpZyGtKaY4bcaC4sDjtOH1r8f1xh0VkkXhrRrE1AlwN2Q+I1hpyzULbY8q7NroEmUkXbNolayJ0DzYUyiW90fV78eDUcU1P9udiCQBDRXhWMqWbcXKSbFQjHA6zLcTSWNM+rhLWxpDHFDppJPTh+hIOx3kR0K/UKGJ+3sixYGUg8DTnQFWPTlbG5v/1VqJ8s+dlIVxomhIskV+wpGK0DgH1GGCEsUHGjARTN+KSA8LTJROK69DsGe/PA/1k5J9Wrqo6jSuIFMO9uAQjsGGMyjDDVSgBgTu4Qle4NV4MJ6NN+M9a10wpjO78EfGxw/kOpbX</latexit>

�2

<latexit sha1_base64="SlNmjbjdYvvFBBhLjp/xkrcYsrw=">AAAB73icbVDJSgNBEK1xjXGLelSkMQiewkwQ1FvQi8cEzALJEHo6PUmTnsXuGiEMOfoDXjwo4tU/yHd48xv8CTvLQRMfFDzeq6KqnhdLodG2v6yl5ZXVtfXMRnZza3tnN7e3X9NRohivskhGquFRzaUIeRUFSt6IFaeBJ3nd69+M/foDV1pE4R0OYu4GtBsKXzCKRmq0PI60XSTtXN4u2BOQReLMSL50NKp8Px6Pyu3cZ6sTsSTgITJJtW46doxuShUKJvkw20o0jynr0y5vGhrSgGs3ndw7JKdG6RA/UqZCJBP190RKA60HgWc6A4o9Pe+Nxf+8ZoL+pZuKME6Qh2y6yE8kwYiMnycdoThDOTCEMiXMrYT1qKIMTURZE4Iz//IiqRULznnhqmLSuIYpMnAIJ3AGDlxACW6hDFVgIOEJXuDVureerTfrfdq6ZM1mDuAPrI8fNrmTJg==</latexit>

jump 
condition

�2 =
�1

3

<latexit sha1_base64="L5tSj2W6O8xt39LIwIwkj2D2wRg=">AAACBXicbVC7SgNBFJ31GeNr1UJEi8EgWIXdKBgLIWhjGcE8ILsss5PZZMjs7DIzK4RlGxt/xcZCEVt/Qey0sfUznDwKTTxw4cw59zL3Hj9mVCrL+jBmZufmFxZzS/nlldW1dXNjsy6jRGBSwxGLRNNHkjDKSU1RxUgzFgSFPiMNv3cx8Bs3REga8WvVj4kbog6nAcVIackz9xyfKOSV4Bl0AoFwOnrbWXqUQc8sWEVrCDhN7DEpVMpfb9uf3ztVz3x32hFOQsIVZkjKlm3Fyk2RUBQzkuWdRJIY4R7qkJamHIVEuunwigweaKUNg0jo4goO1d8TKQql7Ie+7gyR6spJbyD+57USFZTdlPI4UYTj0UdBwqCK4CAS2KaCYMX6miAsqN4V4i7SYSgdXF6HYE+ePE3qpaJ9XDy90mmcgxFyYBfsg0NggxNQAZegCmoAg1twDx7Bk3FnPBjPxsuodcYYz2yBPzBefwBu/Jut</latexit>

For non-relativistic shocks it is 
u2=u1/4. Very naive guess: 

spectra are in this case steeper 
than E-2?

relative speed

�rel =
�1 � �2

1� �1�2

<latexit sha1_base64="IpbCIZGK6uY4OPz3GXBwUufWKQs=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2AR3LTMFMEqiEUXuqxgL9CWkknPtKGZC0lGLEPfxY2v4saFWty4EF/FtFNBWw+E/Hz/OSTnd0LOpLKsDyO1sLi0vJJezaytb2xumds7VRlEgkKFBjwQdYdI4MyHimKKQz0UQDyHQ83pX4792h0IyQL/Vg1CaHmk6zOXUaI0apunTQcUaccC+BCf4aYrCI0TZueSuzCMbZzDU4h/IG6bWStvTQrPC3sqsqXzr7f7XPGq3DZHzU5AIw98RTmRsmFboWrFRChGOQwzzUhCSGifdKGhpU88kK14suMQH2jSwW4g9PEVntDfEzHxpBx4ju70iOrJWW8M//MakXKLrZj5YaTAp8lDbsSxCvA4MNxhAqjiAy0IFUz/FdMe0TEpHWtGh2DPrjwvqoW8fZQ/udFpXKCk0mgP7aNDZKNjVELXqIwqiKIH9IRe0KvxaDwbI+M9aU0Z05ld9KeMz29LXaZu</latexit>

=
2
3�1

1� �2
1
3

<latexit sha1_base64="Vsidw0qpp/TJHIQJ5H4SUvV7zik=">AAACHHicbVC7TsMwFHV4lvIKMLJYVEgsVEmLBAxIFSwdi0QfUhOC4zqtVech2wFVUQY+g4WBH2FhAPEYGJD4G9ymA7Qc6V4dnXOv7HvciFEhDeNbm5mdm19YzC3ll1dW19b1jc2GCGOOSR2HLOQtFwnCaEDqkkpGWhEnyHcZabr9s6HfvCZc0DC4kIOI2D7qBtSjGEklOXr5BFoeRzjJeilNyim0XCKRY6aJuT82M+FyZKeOXjCKxghwmphjUqhUr24ePt5ua47+aXVCHPskkJghIdqmEUk7QVxSzEiat2JBIoT7qEvaigbIJ8JORselcFcpHeiFXFUg4Uj9vZEgX4iB76pJH8memPSG4n9eO5bekZ3QIIolCXD2kBczKEM4TAp2KCdYsoEiCHOq/gpxD6k4pMozr0IwJ0+eJo1S0TwoHp+rNE5BhhzYBjtgD5jgEFRAFdRAHWBwBx7BM3jR7rUn7VV7z0ZntPHOFvgD7esHwA6lmA==</latexit>

=

⇣
1� 1

�2
s

⌘1/2

⇣
1 + 1

2�2
s

⌘

<latexit sha1_base64="mOqpoVmd4C1G6XQb5FnqZ9j/wn8=">AAACSnicbVBNSxtBGJ6NWjVqjUpPXoYGIaUYd4OgHgSxh3oSC40Rskl4dzKbDM7sLjPvCmHZS39I/44XT3ryR/TSQ0W8dPIBavSBgYfng5l5gkQKg6577xRmZuc+zC8sFpeWVz6ultbWz02casbrLJaxvgjAcCkiXkeBkl8kmoMKJG8El9+GfuOKayPi6CcOEt5S0ItEKBiglTolOKR+qIFlvuQhVqhHtyeCl2f+d1AKOqZdy6 mvRa+PX9qZt1PL8+f41+d4jb4oTPI57ZTKbtUdgb4l3oSUj05//S7LT3dnndKt341ZqniETIIxTc9NsJWBRsEkz4t+angC7BJ6vGlpBIqbVjaaIqdbVunSMNb2REhH6stGBsqYgQpsUgH2zbQ3FN/zmimG+61MREmKPGLji8JUUozpcFfaFZozlANLgGlh30pZH+wyaNcv2hG86S+/Jee1qrdbPfhh1zgmYyyQTfKZVIhH9sgROSFnpE4YuSZ/yD/y4Nw4f51H52kcLTiTzgZ5hcLsf5tqs/Q=</latexit>

=

<latexit sha1_base64="Atys3wu+EouoZckwoW8Y0v7PIyg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdRDMOjFYwJmgWQIPZ2apE3PQnePEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevpuJUMqyyWMSy4VOFgkdY1VwLbCQSaegLrPv963Fev0epeBzd6kGCXki7EQ84o9pYlWI7l3cKzkRkEdwZ5C8/7GLy/mWX27nPVidmaYiRZoIq1XSdRHtDKjVnAkd2K1WYUNanXWwajGiIyhtOBh2RI+N0SBBL8yJNJu7vjiENlRqEvqkMqe6p+Wxs/pc1Ux2ce0MeJanGiE0/ClJBdEzGW5MOl8i0GBigTHIzK2E9KinT5ja2OYI7v/Ii1E4K7mnhouLkS1cwVRYO4BCOwYUzKMENlKEKDBAe4AmerTvr0XqxXqelGWvWsw9/ZL39APA0kAo=</latexit>

⇡
✓
1� 1

2�2
s

◆✓
1� 1

2�2
s

◆
⇡ 1� 1

�2
s

<latexit sha1_base64="lMe+agQ6A6b/rdPH5u1UQoILDW8="></latexit>



Ultra-relativistic shocks: summary

relative speed

shock velocity �s ⇡ 1� 1

2�2
s

<latexit sha1_base64="xql2Afg1aSIn2YYtYA24AoMYrxM="></latexit>

�rel ⇡ 1� 1

�2
s

<latexit sha1_base64="6AofggnV0AZJUbCj3Os1Gg7JjE8="></latexit>

jump condition �2 =
�1

3

<latexit sha1_base64="Fky/Jy1tAfrpoRG/JKTAuLfTJqk=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDYBV2o2AshKCNZQTzgGRZZiezyZDZ2WVmVgjLFjb+io2FIrZ+g9hpY+tnOMlaaOKBC2fOuZe593gRo1JZ1ruRm5tfWFzKLxdWVtfWN8zNraYMY4FJA4csFG0PScIoJw1FFSPtSBAUeIy0vOH52G9dEyFpyK/UKCJOgPqc+hQjpSXXLHY9opBbgaew6wuEk+xtp8lh6polq2xNAGeJ/UNKtern687H127dNd+6vRDHAeEKMyRlx7Yi5SRIKIoZSQvdWJII4SHqk46mHAVEOsnkiBTua6UH/VDo4gpO1N8TCQqkHAWe7gyQGshpbyz+53Vi5VedhPIoVoTj7CM/ZlCFcJwI7FFBsGIjTRAWVO8K8QDpLJTOraBDsKdPniXNStk+Kp9c6jTOQIY8KII9cABscAxq4ALUQQNgcAPuwAN4NG6Ne+PJeM5ac8bPzDb4A+PlGw+cm4M=</latexit>



Loss cone

Shock

Up-streamDown-stream —
>

z

<latexit sha1_base64="41fiUQgyycPGBPOIG7FPAmSl5v8=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobtHiCFP4MWDIl71Ybx7Ed/GznLQxB8aPv6/iq4qPxFcacf5tjILi0vLK9lVe219Y3Mrt71TVXEqGVZYLGJZ96lCwSOsaK4F1hOJNPQF1vze1Siv3aFUPI5udD9BL6SdiAecUW2s8n0rl3cKzlhkHtwp5C8+7PPk/csutXKfzXbM0hAjzQRVquE6ifYGVGrOBA7tZqowoaxHO9gwGNEQlTcYDzokB8ZpkyCW5kWajN3fHQMaKtUPfVMZUt1Vs9nI/C9rpDo49QY8SlKNEZt8FKSC6JiMtiZtLpFp0TdAmeRmVsK6VFKmzW1scwR3duV5qB4V3OPCWdnJFy9hoizswT4cggsnUIRrKEEFGCA8wBM8W7fWo/VivU5KM9a0Zxf+yHr7AUy3kEc=</latexit>

#

<latexit sha1_base64="3k8/M7bEONzi6cqSTuRTBcwyEqw=">AAAB8HicbVC7SgNBFJ2Nr7i+opY2g0GwCrsiqIUYtLGMYB6SLGF2cjcZMjO7zMwGwpKvsLFQROz8EXsb8W+cJBaaeODC4Zz7DhPOtPG8Lye3sLi0vJJfddfWNza3Cts7NR2nikKVxjxWjZBo4ExC1TDDoZEoICLkUA/7V2O/PgClWSxvzTCBQJCuZBGjxFjprjUgyvTAkHah6JW8CfA88X9I8eLdPU9eP91Ku/DR6sQ0FSAN5UTrpu8lJshsO0Y5jNxWqiEhtE+60LRUEgE6yCYLj/CBVTo4ipUNafBE/V2REaH1UIQ2UxDT07PeWPzPa6YmOg0yJpPUgKTTQVHKsYnx+HrcYQqo4UNLCFXM7oppjyhCjf2Ra5/gz548T2pHJf+4dHbjFcuXaIo82kP76BD56ASV0TWqoCqiSKB79IieHOU8OM/OyzQ15/zU7KI/cN6+AXHNk9g=</latexit>

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>

�s

<latexit sha1_base64="sG2QWMf05vMOwuJzLoW9tbQz/oQ=">AAAB7nicbVDLSgNBEJz1GeMr6lGRwSB4CrsiqLegF48JmAckS5iddJIhs7PLTK8Qlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66u4JYCoOu++UsLa+srq1nNrKbW9s7u7m9/aqJEs2hwiMZ6XrADEihoIICJdRjDSwMJNSC/u3Yrz2ANiJS9ziIwQ9ZV4mO4AytVGsGgKxlWrm8W3AnoIvEm5F88WhU/n48HpVauc9mO+JJCAq5ZMY0PDdGP2UaBZcwzDYTAzHjfdaFhqWKhWD8dHLukJ5apU07kbalkE7U3xMpC40ZhIHtDBn2zLw3Fv/zGgl2rvxUqDhBUHy6qJNIihEd/07bQgNHObCEcS3srZT3mGYcbUJZG4I3//IiqZ4XvIvCddmmcUOmyJBDckLOiEcuSZHckRKpEE765Im8kFcndp6dN+d92rrkzGYOyB84Hz9BRJM9</latexit>



Loss cone

Shock
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>

z

<latexit sha1_base64="41fiUQgyycPGBPOIG7FPAmSl5v8=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobtHiCFP4MWDIl71Ybx7Ed/GznLQxB8aPv6/iq4qPxFcacf5tjILi0vLK9lVe219Y3Mrt71TVXEqGVZYLGJZ96lCwSOsaK4F1hOJNPQF1vze1Siv3aFUPI5udD9BL6SdiAecUW2s8n0rl3cKzlhkHtwp5C8+7PPk/csutXKfzXbM0hAjzQRVquE6ifYGVGrOBA7tZqowoaxHO9gwGNEQlTcYDzokB8ZpkyCW5kWajN3fHQMaKtUPfVMZUt1Vs9nI/C9rpDo49QY8SlKNEZt8FKSC6JiMtiZtLpFp0TdAmeRmVsK6VFKmzW1scwR3duV5qB4V3OPCWdnJFy9hoizswT4cggsnUIRrKEEFGCA8wBM8W7fWo/VivU5KM9a0Zxf+yHr7AUy3kEc=</latexit>

#

<latexit sha1_base64="3k8/M7bEONzi6cqSTuRTBcwyEqw=">AAAB8HicbVC7SgNBFJ2Nr7i+opY2g0GwCrsiqIUYtLGMYB6SLGF2cjcZMjO7zMwGwpKvsLFQROz8EXsb8W+cJBaaeODC4Zz7DhPOtPG8Lye3sLi0vJJfddfWNza3Cts7NR2nikKVxjxWjZBo4ExC1TDDoZEoICLkUA/7V2O/PgClWSxvzTCBQJCuZBGjxFjprjUgyvTAkHah6JW8CfA88X9I8eLdPU9eP91Ku/DR6sQ0FSAN5UTrpu8lJshsO0Y5jNxWqiEhtE+60LRUEgE6yCYLj/CBVTo4ipUNafBE/V2REaH1UIQ2UxDT07PeWPzPa6YmOg0yJpPUgKTTQVHKsYnx+HrcYQqo4UNLCFXM7oppjyhCjf2Ra5/gz548T2pHJf+4dHbjFcuXaIo82kP76BD56ASV0TWqoCqiSKB79IieHOU8OM/OyzQ15/zU7KI/cN6+AXHNk9g=</latexit>

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>

�s

<latexit sha1_base64="sG2QWMf05vMOwuJzLoW9tbQz/oQ=">AAAB7nicbVDLSgNBEJz1GeMr6lGRwSB4CrsiqLegF48JmAckS5iddJIhs7PLTK8Qlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66u4JYCoOu++UsLa+srq1nNrKbW9s7u7m9/aqJEs2hwiMZ6XrADEihoIICJdRjDSwMJNSC/u3Yrz2ANiJS9ziIwQ9ZV4mO4AytVGsGgKxlWrm8W3AnoIvEm5F88WhU/n48HpVauc9mO+JJCAq5ZMY0PDdGP2UaBZcwzDYTAzHjfdaFhqWKhWD8dHLukJ5apU07kbalkE7U3xMpC40ZhIHtDBn2zLw3Fv/zGgl2rvxUqDhBUHy6qJNIihEd/07bQgNHObCEcS3srZT3mGYcbUJZG4I3//IiqZ4XvIvCddmmcUOmyJBDckLOiEcuSZHckRKpEE765Im8kFcndp6dN+d92rrkzGYOyB84Hz9BRJM9</latexit>

will the shock catch the particle?

�s > vz ⇠ cos#

<latexit sha1_base64="mONp5xDcjY6n852y1ELvRoQMBSk=">AAACC3icbVDLSgMxFM3UV62vUZeKhBbBVZkRQd1I0Y3LFuwDOsOQSdM2NJkMSaZQhy4FN/6KGxcWcesPuPMb/AnTx0JbD1w4nHNvcu8JY0aVdpwvK7O0vLK6ll3PbWxube/Yu3s1JRKJSRULJmQjRIowGpGqppqRRiwJ4iEj9bB3M/brfSIVFdGdHsTE56gT0TbFSBspsPNeSDQKFLyC/eAeeopy6GGhoNdHUneNBwO74BSdCeAicWekUDocVb4fjkblwP70WgInnEQaM6RU03Vi7afmPYoZGea8RJEY4R7qkKahEeJE+enkliE8NkoLtoU0FWk4UX9PpIgrNeCh6eRId9W8Nxb/85qJbl/4KY3iRJMITz9qJwxqAcfBwBaVBGs2MARhSc2uEHeRRFib+HImBHf+5EVSOy26Z8XLiknjGkyRBQcgD06AC85BCdyCMqgCDB7BM3gFI+vJerHerPdpa8aazeyDP7A+fgB8LZ3K</latexit>



Loss cone

Shock

Up-streamDown-stream —
>

z

<latexit sha1_base64="41fiUQgyycPGBPOIG7FPAmSl5v8=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobtHiCFP4MWDIl71Ybx7Ed/GznLQxB8aPv6/iq4qPxFcacf5tjILi0vLK9lVe219Y3Mrt71TVXEqGVZYLGJZ96lCwSOsaK4F1hOJNPQF1vze1Siv3aFUPI5udD9BL6SdiAecUW2s8n0rl3cKzlhkHtwp5C8+7PPk/csutXKfzXbM0hAjzQRVquE6ifYGVGrOBA7tZqowoaxHO9gwGNEQlTcYDzokB8ZpkyCW5kWajN3fHQMaKtUPfVMZUt1Vs9nI/C9rpDo49QY8SlKNEZt8FKSC6JiMtiZtLpFp0TdAmeRmVsK6VFKmzW1scwR3duV5qB4V3OPCWdnJFy9hoizswT4cggsnUIRrKEEFGCA8wBM8W7fWo/VivU5KM9a0Zxf+yHr7AUy3kEc=</latexit>

#

<latexit sha1_base64="3k8/M7bEONzi6cqSTuRTBcwyEqw=">AAAB8HicbVC7SgNBFJ2Nr7i+opY2g0GwCrsiqIUYtLGMYB6SLGF2cjcZMjO7zMwGwpKvsLFQROz8EXsb8W+cJBaaeODC4Zz7DhPOtPG8Lye3sLi0vJJfddfWNza3Cts7NR2nikKVxjxWjZBo4ExC1TDDoZEoICLkUA/7V2O/PgClWSxvzTCBQJCuZBGjxFjprjUgyvTAkHah6JW8CfA88X9I8eLdPU9eP91Ku/DR6sQ0FSAN5UTrpu8lJshsO0Y5jNxWqiEhtE+60LRUEgE6yCYLj/CBVTo4ipUNafBE/V2REaH1UIQ2UxDT07PeWPzPa6YmOg0yJpPUgKTTQVHKsYnx+HrcYQqo4UNLCFXM7oppjyhCjf2Ra5/gz548T2pHJf+4dHbjFcuXaIo82kP76BD56ASV0TWqoCqiSKB79IieHOU8OM/OyzQ15/zU7KI/cN6+AXHNk9g=</latexit>

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>

�s

<latexit sha1_base64="sG2QWMf05vMOwuJzLoW9tbQz/oQ=">AAAB7nicbVDLSgNBEJz1GeMr6lGRwSB4CrsiqLegF48JmAckS5iddJIhs7PLTK8Qlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66u4JYCoOu++UsLa+srq1nNrKbW9s7u7m9/aqJEs2hwiMZ6XrADEihoIICJdRjDSwMJNSC/u3Yrz2ANiJS9ziIwQ9ZV4mO4AytVGsGgKxlWrm8W3AnoIvEm5F88WhU/n48HpVauc9mO+JJCAq5ZMY0PDdGP2UaBZcwzDYTAzHjfdaFhqWKhWD8dHLukJ5apU07kbalkE7U3xMpC40ZhIHtDBn2zLw3Fv/zGgl2rvxUqDhBUHy6qJNIihEd/07bQgNHObCEcS3srZT3mGYcbUJZG4I3//IiqZ4XvIvCddmmcUOmyJBDckLOiEcuSZHckRKpEE765Im8kFcndp6dN+d92rrkzGYOyB84Hz9BRJM9</latexit>

will the shock catch the particle?

�s > vz ⇠ cos#

<latexit sha1_base64="mONp5xDcjY6n852y1ELvRoQMBSk=">AAACC3icbVDLSgMxFM3UV62vUZeKhBbBVZkRQd1I0Y3LFuwDOsOQSdM2NJkMSaZQhy4FN/6KGxcWcesPuPMb/AnTx0JbD1w4nHNvcu8JY0aVdpwvK7O0vLK6ll3PbWxube/Yu3s1JRKJSRULJmQjRIowGpGqppqRRiwJ4iEj9bB3M/brfSIVFdGdHsTE56gT0TbFSBspsPNeSDQKFLyC/eAeeopy6GGhoNdHUneNBwO74BSdCeAicWekUDocVb4fjkblwP70WgInnEQaM6RU03Vi7afmPYoZGea8RJEY4R7qkKahEeJE+enkliE8NkoLtoU0FWk4UX9PpIgrNeCh6eRId9W8Nxb/85qJbl/4KY3iRJMITz9qJwxqAcfBwBaVBGs2MARhSc2uEHeRRFib+HImBHf+5EVSOy26Z8XLiknjGkyRBQcgD06AC85BCdyCMqgCDB7BM3gFI+vJerHerPdpa8aazeyDP7A+fgB8LZ3K</latexit>

1� 1

2�2
s

⇠

<latexit sha1_base64="DKYfjbsDsjqS6/SaEYsjIRjtGng=">AAACCHicbVDLSsNAFJ3UV62vqLhy4WAR3FiSIqi7ogtdVrAPaGKYTCft0JkkzEyEErLTjb/ixoUiLtz4CW7EtT/i9LHQ1gMXDufcy733+DGjUlnWl5GbmZ2bX8gvFpaWV1bXzPWNuowSgUkNRywSTR9JwmhIaooqRpqxIIj7jDT83tnAb9wQIWkUXql+TFyOOiENKEZKS565Y8MD6AQC4dTO0jJ0zhHnyJPX5Qw6knLPLFolawg4TewxKVYq31tvn8Ft1TM/nHaEE05ChRmSsmVbsXJTJBTFjGQFJ5EkRriHOqSlaYg4kW46fCSDe1ppwyASukIFh+rviRRxKfvc150cqa6c9Abif14rUcGxm9IwThQJ8WhRkDCoIjhIBbapIFixviYIC6pvhbiLdCpKZ1fQIdiTL0+TerlkH5ZOLnUap2CEPNgGu2Af2OAIVMAFqIIawOAOPIAn8GzcG4/Gi/E6as0Z45lN8AfG+w+5TpxO</latexit>



Loss cone

Shock

Up-streamDown-stream —
>

z

<latexit sha1_base64="41fiUQgyycPGBPOIG7FPAmSl5v8=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobtHiCFP4MWDIl71Ybx7Ed/GznLQxB8aPv6/iq4qPxFcacf5tjILi0vLK9lVe219Y3Mrt71TVXEqGVZYLGJZ96lCwSOsaK4F1hOJNPQF1vze1Siv3aFUPI5udD9BL6SdiAecUW2s8n0rl3cKzlhkHtwp5C8+7PPk/csutXKfzXbM0hAjzQRVquE6ifYGVGrOBA7tZqowoaxHO9gwGNEQlTcYDzokB8ZpkyCW5kWajN3fHQMaKtUPfVMZUt1Vs9nI/C9rpDo49QY8SlKNEZt8FKSC6JiMtiZtLpFp0TdAmeRmVsK6VFKmzW1scwR3duV5qB4V3OPCWdnJFy9hoizswT4cggsnUIRrKEEFGCA8wBM8W7fWo/VivU5KM9a0Zxf+yHr7AUy3kEc=</latexit>

#

<latexit sha1_base64="3k8/M7bEONzi6cqSTuRTBcwyEqw=">AAAB8HicbVC7SgNBFJ2Nr7i+opY2g0GwCrsiqIUYtLGMYB6SLGF2cjcZMjO7zMwGwpKvsLFQROz8EXsb8W+cJBaaeODC4Zz7DhPOtPG8Lye3sLi0vJJfddfWNza3Cts7NR2nikKVxjxWjZBo4ExC1TDDoZEoICLkUA/7V2O/PgClWSxvzTCBQJCuZBGjxFjprjUgyvTAkHah6JW8CfA88X9I8eLdPU9eP91Ku/DR6sQ0FSAN5UTrpu8lJshsO0Y5jNxWqiEhtE+60LRUEgE6yCYLj/CBVTo4ipUNafBE/V2REaH1UIQ2UxDT07PeWPzPa6YmOg0yJpPUgKTTQVHKsYnx+HrcYQqo4UNLCFXM7oppjyhCjf2Ra5/gz548T2pHJf+4dHbjFcuXaIo82kP76BD56ASV0TWqoCqiSKB79IieHOU8OM/OyzQ15/zU7KI/cN6+AXHNk9g=</latexit>

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>

�s

<latexit sha1_base64="sG2QWMf05vMOwuJzLoW9tbQz/oQ=">AAAB7nicbVDLSgNBEJz1GeMr6lGRwSB4CrsiqLegF48JmAckS5iddJIhs7PLTK8Qlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66u4JYCoOu++UsLa+srq1nNrKbW9s7u7m9/aqJEs2hwiMZ6XrADEihoIICJdRjDSwMJNSC/u3Yrz2ANiJS9ziIwQ9ZV4mO4AytVGsGgKxlWrm8W3AnoIvEm5F88WhU/n48HpVauc9mO+JJCAq5ZMY0PDdGP2UaBZcwzDYTAzHjfdaFhqWKhWD8dHLukJ5apU07kbalkE7U3xMpC40ZhIHtDBn2zLw3Fv/zGgl2rvxUqDhBUHy6qJNIihEd/07bQgNHObCEcS3srZT3mGYcbUJZG4I3//IiqZ4XvIvCddmmcUOmyJBDckLOiEcuSZHckRKpEE765Im8kFcndp6dN+d92rrkzGYOyB84Hz9BRJM9</latexit>

will the shock catch the particle?

�s > vz ⇠ cos#

<latexit sha1_base64="mONp5xDcjY6n852y1ELvRoQMBSk=">AAACC3icbVDLSgMxFM3UV62vUZeKhBbBVZkRQd1I0Y3LFuwDOsOQSdM2NJkMSaZQhy4FN/6KGxcWcesPuPMb/AnTx0JbD1w4nHNvcu8JY0aVdpwvK7O0vLK6ll3PbWxube/Yu3s1JRKJSRULJmQjRIowGpGqppqRRiwJ4iEj9bB3M/brfSIVFdGdHsTE56gT0TbFSBspsPNeSDQKFLyC/eAeeopy6GGhoNdHUneNBwO74BSdCeAicWekUDocVb4fjkblwP70WgInnEQaM6RU03Vi7afmPYoZGea8RJEY4R7qkKahEeJE+enkliE8NkoLtoU0FWk4UX9PpIgrNeCh6eRId9W8Nxb/85qJbl/4KY3iRJMITz9qJwxqAcfBwBaVBGs2MARhSc2uEHeRRFib+HImBHf+5EVSOy26Z8XLiknjGkyRBQcgD06AC85BCdyCMqgCDB7BM3gFI+vJerHerPdpa8aazeyDP7A+fgB8LZ3K</latexit>

1� 1

2�2
s

⇠

<latexit sha1_base64="DKYfjbsDsjqS6/SaEYsjIRjtGng=">AAACCHicbVDLSsNAFJ3UV62vqLhy4WAR3FiSIqi7ogtdVrAPaGKYTCft0JkkzEyEErLTjb/ixoUiLtz4CW7EtT/i9LHQ1gMXDufcy733+DGjUlnWl5GbmZ2bX8gvFpaWV1bXzPWNuowSgUkNRywSTR9JwmhIaooqRpqxIIj7jDT83tnAb9wQIWkUXql+TFyOOiENKEZKS565Y8MD6AQC4dTO0jJ0zhHnyJPX5Qw6knLPLFolawg4TewxKVYq31tvn8Ft1TM/nHaEE05ChRmSsmVbsXJTJBTFjGQFJ5EkRriHOqSlaYg4kW46fCSDe1ppwyASukIFh+rviRRxKfvc150cqa6c9Abif14rUcGxm9IwThQJ8WhRkDCoIjhIBbapIFixviYIC6pvhbiLdCpKZ1fQIdiTL0+TerlkH5ZOLnUap2CEPNgGu2Af2OAIVMAFqIIawOAOPIAn8GzcG4/Gi/E6as0Z45lN8AfG+w+5TpxO</latexit>

�! 1

2�2
s

< 1� cos# ⇠ #2

2

<latexit sha1_base64="XPfHGoJoNpieiglHtD6lKHp+vtA="></latexit>



Loss cone

Shock

Up-streamDown-stream —
>

z

<latexit sha1_base64="41fiUQgyycPGBPOIG7FPAmSl5v8=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobtHiCFP4MWDIl71Ybx7Ed/GznLQxB8aPv6/iq4qPxFcacf5tjILi0vLK9lVe219Y3Mrt71TVXEqGVZYLGJZ96lCwSOsaK4F1hOJNPQF1vze1Siv3aFUPI5udD9BL6SdiAecUW2s8n0rl3cKzlhkHtwp5C8+7PPk/csutXKfzXbM0hAjzQRVquE6ifYGVGrOBA7tZqowoaxHO9gwGNEQlTcYDzokB8ZpkyCW5kWajN3fHQMaKtUPfVMZUt1Vs9nI/C9rpDo49QY8SlKNEZt8FKSC6JiMtiZtLpFp0TdAmeRmVsK6VFKmzW1scwR3duV5qB4V3OPCWdnJFy9hoizswT4cggsnUIRrKEEFGCA8wBM8W7fWo/VivU5KM9a0Zxf+yHr7AUy3kEc=</latexit>

#

<latexit sha1_base64="3k8/M7bEONzi6cqSTuRTBcwyEqw=">AAAB8HicbVC7SgNBFJ2Nr7i+opY2g0GwCrsiqIUYtLGMYB6SLGF2cjcZMjO7zMwGwpKvsLFQROz8EXsb8W+cJBaaeODC4Zz7DhPOtPG8Lye3sLi0vJJfddfWNza3Cts7NR2nikKVxjxWjZBo4ExC1TDDoZEoICLkUA/7V2O/PgClWSxvzTCBQJCuZBGjxFjprjUgyvTAkHah6JW8CfA88X9I8eLdPU9eP91Ku/DR6sQ0FSAN5UTrpu8lJshsO0Y5jNxWqiEhtE+60LRUEgE6yCYLj/CBVTo4ipUNafBE/V2REaH1UIQ2UxDT07PeWPzPa6YmOg0yJpPUgKTTQVHKsYnx+HrcYQqo4UNLCFXM7oppjyhCjf2Ra5/gz548T2pHJf+4dHbjFcuXaIo82kP76BD56ASV0TWqoCqiSKB79IieHOU8OM/OyzQ15/zU7KI/cN6+AXHNk9g=</latexit>

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>

�s

<latexit sha1_base64="sG2QWMf05vMOwuJzLoW9tbQz/oQ=">AAAB7nicbVDLSgNBEJz1GeMr6lGRwSB4CrsiqLegF48JmAckS5iddJIhs7PLTK8Qlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66u4JYCoOu++UsLa+srq1nNrKbW9s7u7m9/aqJEs2hwiMZ6XrADEihoIICJdRjDSwMJNSC/u3Yrz2ANiJS9ziIwQ9ZV4mO4AytVGsGgKxlWrm8W3AnoIvEm5F88WhU/n48HpVauc9mO+JJCAq5ZMY0PDdGP2UaBZcwzDYTAzHjfdaFhqWKhWD8dHLukJ5apU07kbalkE7U3xMpC40ZhIHtDBn2zLw3Fv/zGgl2rvxUqDhBUHy6qJNIihEd/07bQgNHObCEcS3srZT3mGYcbUJZG4I3//IiqZ4XvIvCddmmcUOmyJBDckLOiEcuSZHckRKpEE765Im8kFcndp6dN+d92rrkzGYOyB84Hz9BRJM9</latexit>

will the shock catch the particle?

�s > vz ⇠ cos#

<latexit sha1_base64="mONp5xDcjY6n852y1ELvRoQMBSk=">AAACC3icbVDLSgMxFM3UV62vUZeKhBbBVZkRQd1I0Y3LFuwDOsOQSdM2NJkMSaZQhy4FN/6KGxcWcesPuPMb/AnTx0JbD1w4nHNvcu8JY0aVdpwvK7O0vLK6ll3PbWxube/Yu3s1JRKJSRULJmQjRIowGpGqppqRRiwJ4iEj9bB3M/brfSIVFdGdHsTE56gT0TbFSBspsPNeSDQKFLyC/eAeeopy6GGhoNdHUneNBwO74BSdCeAicWekUDocVb4fjkblwP70WgInnEQaM6RU03Vi7afmPYoZGea8RJEY4R7qkKahEeJE+enkliE8NkoLtoU0FWk4UX9PpIgrNeCh6eRId9W8Nxb/85qJbl/4KY3iRJMITz9qJwxqAcfBwBaVBGs2MARhSc2uEHeRRFib+HImBHf+5EVSOy26Z8XLiknjGkyRBQcgD06AC85BCdyCMqgCDB7BM3gFI+vJerHerPdpa8aazeyDP7A+fgB8LZ3K</latexit>

1� 1

2�2
s

⇠

<latexit sha1_base64="DKYfjbsDsjqS6/SaEYsjIRjtGng=">AAACCHicbVDLSsNAFJ3UV62vqLhy4WAR3FiSIqi7ogtdVrAPaGKYTCft0JkkzEyEErLTjb/ixoUiLtz4CW7EtT/i9LHQ1gMXDufcy733+DGjUlnWl5GbmZ2bX8gvFpaWV1bXzPWNuowSgUkNRywSTR9JwmhIaooqRpqxIIj7jDT83tnAb9wQIWkUXql+TFyOOiENKEZKS565Y8MD6AQC4dTO0jJ0zhHnyJPX5Qw6knLPLFolawg4TewxKVYq31tvn8Ft1TM/nHaEE05ChRmSsmVbsXJTJBTFjGQFJ5EkRriHOqSlaYg4kW46fCSDe1ppwyASukIFh+rviRRxKfvc150cqa6c9Abif14rUcGxm9IwThQJ8WhRkDCoIjhIBbapIFixviYIC6pvhbiLdCpKZ1fQIdiTL0+TerlkH5ZOLnUap2CEPNgGu2Af2OAIVMAFqIIawOAOPIAn8GzcG4/Gi/E6as0Z45lN8AfG+w+5TpxO</latexit>

�! 1

2�2
s

< 1� cos# ⇠ #2

2

<latexit sha1_base64="XPfHGoJoNpieiglHtD6lKHp+vtA="></latexit>

# >
1

�s

<latexit sha1_base64="UqzHXtkMPcwZL7BCZBMDCpeYgfs=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSB4CrsSUC8hKqh4imAekA2hdzKbDJnZXWZmA2HJzYtf4D948aCoV3/Bm3/j5HHQxIKGoqqb7i4v4kxp2/625uYXFpeWUyvp1bX1jc3M1nZFhbEktExCHsqaB4pyFtCyZprTWiQpCI/Tqte9GPrVHpWKhcGd7ke0IaAdMJ8R0EZqZvbcHkjdoRpwAbu+BJI4g8S9AiGgqQbNTNbO2SPgWeJMSLZYuMw/vp/dlJqZL7cVkljQQBMOStUdO9KNxOxghNNB2o0VjYB0oU3rhgYgqGokoz8G+MAoLeyH0lSg8Uj9PZGAUKovPNMpQHfUtDcU//PqsfZPGgkLoljTgIwX+THHOsTDUHCLSUo07xsCRDJzKyYdMGFoE13ahOBMvzxLKkc5J587vTVpnKMxUmgX7aND5KBjVETXqITKiKB79IRe0Kv1YD1bb9bHuHXOmszsoD+wPn8AjLCcEw==</latexit>

1

�s

<latexit sha1_base64="bwisuxgq0/JrYnbGz+Tq5T0ANoc=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsxIQd1IVVBxVcE+oDOUTJppQ5PMkGTEMsx3uHPjQhG34n+4829MHwttPXDhcM693HtPEDOqtON8W7mFxaXllfxqYW19Y3PL3i42VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwGFyO/eU+kopG408OY+Bz1BA0pRtpIHbvohRLh1M1S7wpxjjoq69glp+yMAeeJOyWl6ull5fHz7KbWsb+8boQTToTGDCnVdp1Y+ymSmmJGsoKXKBIjPEA90jZUIE6Un45vz+C+UbowjKQpoeFY/T2RIq7UkAemkyPdV7PeSPzPayc6PPZTKuJEE4Eni8KEQR3BURCwSyXBmg0NQVhScyvEfWTC0CauggnBnX15njQOy26lfHJr0jgHE+TBLtgDB8AFR6AKrkEN1AEGD+AJvIBXK7OerTfrfdKas6YzO+APrI8fAQOXYg==</latexit>

loss cone



Anisotropy

Consequences:



Anisotropy

Consequences:



Anisotropy

Consequences:

 particles that just crossed the shock (down—>up) are within the loss cone (~1/Γs)



Anisotropy

Consequences:
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 particles deflected out of the loss cone are very quickly caught by the shock



Anisotropy

Consequences:

 particles that just crossed the shock (down—>up) are within the loss cone (~1/Γs)

 particles deflected out of the loss cone are very quickly caught by the shock

 it can be shown that the deflection outside of the loss cone is at most ~1/Γs



Anisotropy

Consequences:

 particles that just crossed the shock (down—>up) are within the loss cone (~1/Γs)

 particles deflected out of the loss cone are very quickly caught by the shock

 it can be shown that the deflection outside of the loss cone is at most ~1/Γs

 Upstream particles are all directed within a cone of opening angle ~2/Γs



Anisotropy

Consequences:

 particles that just crossed the shock (down—>up) are within the loss cone (~1/Γs)

 particles deflected out of the loss cone are very quickly caught by the shock

 it can be shown that the deflection outside of the loss cone is at most ~1/Γs

 Upstream particles are all directed within a cone of opening angle ~2/Γs

The particle distribution function 
upstream of the shock is very anisotropic 

—> the transport is NOT diffusive



Anisotropy

Consequences:

 particles that just crossed the shock (down—>up) are within the loss cone (~1/Γs)

 particles deflected out of the loss cone are very quickly caught by the shock

 it can be shown that the deflection outside of the loss cone is at most ~1/Γs

 Upstream particles are all directed within a cone of opening angle ~2/Γs

The particle distribution function 
upstream of the shock is very anisotropic 

—> the transport is NOT diffusive

it can be demonstrate that also downstream particles are highly anisotropic



Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream

 diffusive transport —> isotropy

✘
✘

non-



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

this particle goes 
downstream



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

this particle goes 
downstream

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

this particle goes 
upstream



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

E0
i = E0

f

<latexit sha1_base64="AaQNF8TLwW/+9+OxGdQmojY6id0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgCGFXBLUQghKwjGAekKzL7ORuMmT2wcysEJYUNjb+hmBjoYitH2Hnh9g7eSCaeODCmXPuZe49XsyZVJb1aWTm5hcWl7LLuZXVtfUNc3OrJqNEUKjSiEei4REJnIVQVUxxaMQCSOBxqHu986FfvwEhWRReqX4MTkA6IfMZJUpLrpkvu+w6bcWCBTDAp7js+j9P1yxYRWsEPEvsCSmU9r8e7qEQV1zzo9WOaBJAqCgnUjZtK1ZOSoRilMMg10okxIT2SAeamoYkAOmkoyMGeFcrbexHQleo8Ej9PZGSQMp+4OnOgKiunPaG4n9eM1H+sZOyME4UhHT8kZ9wrCI8TAS3mQCqeF8TQgXTu2LaJYJQpXPL6RDs6ZNnSe2gaB8WTy51GmdojCzKox20h2x0hEroAlVQFVF0ix7RM3ox7own49V4G7dmjMnMNvoD4/0bJDubeg==</latexit>

primed quantities are in the downstream frame

this particle goes 
downstream

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

this particle goes 
upstream



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

E0
i = E0

f

<latexit sha1_base64="AaQNF8TLwW/+9+OxGdQmojY6id0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgCGFXBLUQghKwjGAekKzL7ORuMmT2wcysEJYUNjb+hmBjoYitH2Hnh9g7eSCaeODCmXPuZe49XsyZVJb1aWTm5hcWl7LLuZXVtfUNc3OrJqNEUKjSiEei4REJnIVQVUxxaMQCSOBxqHu986FfvwEhWRReqX4MTkA6IfMZJUpLrpkvu+w6bcWCBTDAp7js+j9P1yxYRWsEPEvsCSmU9r8e7qEQV1zzo9WOaBJAqCgnUjZtK1ZOSoRilMMg10okxIT2SAeamoYkAOmkoyMGeFcrbexHQleo8Ej9PZGSQMp+4OnOgKiunPaG4n9eM1H+sZOyME4UhHT8kZ9wrCI8TAS3mQCqeF8TQgXTu2LaJYJQpXPL6RDs6ZNnSe2gaB8WTy51GmdojCzKox20h2x0hEroAlVQFVF0ix7RM3ox7own49V4G7dmjMnMNvoD4/0bJDubeg==</latexit>

primed quantities are in the downstream frame

�rel (Ei � �relpz,i) =

<latexit sha1_base64="vcSWMPccqB2Rg1mqzutW/ZBwtk4="></latexit>

= �rel (Ef � �relpz,f )

<latexit sha1_base64="gbeFSwTH+M1n4QIxMne5THqoSlU="></latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

this particle goes 
downstream

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

this particle goes 
upstream



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

E0
i = E0

f

<latexit sha1_base64="AaQNF8TLwW/+9+OxGdQmojY6id0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgCGFXBLUQghKwjGAekKzL7ORuMmT2wcysEJYUNjb+hmBjoYitH2Hnh9g7eSCaeODCmXPuZe49XsyZVJb1aWTm5hcWl7LLuZXVtfUNc3OrJqNEUKjSiEei4REJnIVQVUxxaMQCSOBxqHu986FfvwEhWRReqX4MTkA6IfMZJUpLrpkvu+w6bcWCBTDAp7js+j9P1yxYRWsEPEvsCSmU9r8e7qEQV1zzo9WOaBJAqCgnUjZtK1ZOSoRilMMg10okxIT2SAeamoYkAOmkoyMGeFcrbexHQleo8Ej9PZGSQMp+4OnOgKiunPaG4n9eM1H+sZOyME4UhHT8kZ9wrCI8TAS3mQCqeF8TQgXTu2LaJYJQpXPL6RDs6ZNnSe2gaB8WTy51GmdojCzKox20h2x0hEroAlVQFVF0ix7RM3ox7own49V4G7dmjMnMNvoD4/0bJDubeg==</latexit>

primed quantities are in the downstream frame

�rel (Ei � �relpz,i) =

<latexit sha1_base64="vcSWMPccqB2Rg1mqzutW/ZBwtk4="></latexit>

= �rel (Ef � �relpz,f )

<latexit sha1_base64="gbeFSwTH+M1n4QIxMne5THqoSlU="></latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

✘ ✘

this particle goes 
downstream

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

this particle goes 
upstream



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

E0
i = E0

f

<latexit sha1_base64="AaQNF8TLwW/+9+OxGdQmojY6id0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgCGFXBLUQghKwjGAekKzL7ORuMmT2wcysEJYUNjb+hmBjoYitH2Hnh9g7eSCaeODCmXPuZe49XsyZVJb1aWTm5hcWl7LLuZXVtfUNc3OrJqNEUKjSiEei4REJnIVQVUxxaMQCSOBxqHu986FfvwEhWRReqX4MTkA6IfMZJUpLrpkvu+w6bcWCBTDAp7js+j9P1yxYRWsEPEvsCSmU9r8e7qEQV1zzo9WOaBJAqCgnUjZtK1ZOSoRilMMg10okxIT2SAeamoYkAOmkoyMGeFcrbexHQleo8Ej9PZGSQMp+4OnOgKiunPaG4n9eM1H+sZOyME4UhHT8kZ9wrCI8TAS3mQCqeF8TQgXTu2LaJYJQpXPL6RDs6ZNnSe2gaB8WTy51GmdojCzKox20h2x0hEroAlVQFVF0ix7RM3ox7own49V4G7dmjMnMNvoD4/0bJDubeg==</latexit>

primed quantities are in the downstream frame

�rel (Ei � �relpz,i) =

<latexit sha1_base64="vcSWMPccqB2Rg1mqzutW/ZBwtk4="></latexit>

= �rel (Ef � �relpz,f )

<latexit sha1_base64="gbeFSwTH+M1n4QIxMne5THqoSlU="></latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

✘ ✘

this particle goes 
downstream

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

this particle goes 
upstream



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

E0
i = E0

f

<latexit sha1_base64="AaQNF8TLwW/+9+OxGdQmojY6id0=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMgCGFXBLUQghKwjGAekKzL7ORuMmT2wcysEJYUNjb+hmBjoYitH2Hnh9g7eSCaeODCmXPuZe49XsyZVJb1aWTm5hcWl7LLuZXVtfUNc3OrJqNEUKjSiEei4REJnIVQVUxxaMQCSOBxqHu986FfvwEhWRReqX4MTkA6IfMZJUpLrpkvu+w6bcWCBTDAp7js+j9P1yxYRWsEPEvsCSmU9r8e7qEQV1zzo9WOaBJAqCgnUjZtK1ZOSoRilMMg10okxIT2SAeamoYkAOmkoyMGeFcrbexHQleo8Ej9PZGSQMp+4OnOgKiunPaG4n9eM1H+sZOyME4UhHT8kZ9wrCI8TAS3mQCqeF8TQgXTu2LaJYJQpXPL6RDs6ZNnSe2gaB8WTy51GmdojCzKox20h2x0hEroAlVQFVF0ix7RM3ox7own49V4G7dmjMnMNvoD4/0bJDubeg==</latexit>

primed quantities are in the downstream frame

�rel (Ei � �relpz,i) =

<latexit sha1_base64="vcSWMPccqB2Rg1mqzutW/ZBwtk4="></latexit>

= �rel (Ef � �relpz,f )

<latexit sha1_base64="gbeFSwTH+M1n4QIxMne5THqoSlU="></latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 1� �relµi

1� �relµf

<latexit sha1_base64="M+hSmcJc9UkgbTnLhnbae9msY9A="></latexit>

✘ ✘

this particle goes 
downstream

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

this particle goes 
upstream



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)
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<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 1� �relµi

1� �relµf

<latexit sha1_base64="M+hSmcJc9UkgbTnLhnbae9msY9A="></latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 1� �relµi

1� �relµf

<latexit sha1_base64="M+hSmcJc9UkgbTnLhnbae9msY9A="></latexit>
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<latexit sha1_base64="cWr913WdoSmDMTuXm6OZEOBGvt0="></latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 1� �relµi

1� �relµf

<latexit sha1_base64="M+hSmcJc9UkgbTnLhnbae9msY9A="></latexit>
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<latexit sha1_base64="cWr913WdoSmDMTuXm6OZEOBGvt0="></latexit>
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<latexit sha1_base64="XeQNmRDTNJ7LLK9pk3OpoWgl55M="></latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 1� �relµi

1� �relµf

<latexit sha1_base64="M+hSmcJc9UkgbTnLhnbae9msY9A="></latexit>
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<latexit sha1_base64="cWr913WdoSmDMTuXm6OZEOBGvt0="></latexit>
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<latexit sha1_base64="XeQNmRDTNJ7LLK9pk3OpoWgl55M="></latexit>

up —> down
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�s
< #i <

2

�s
�! 1 < #i�s < 2

<latexit sha1_base64="O7MUyzewKOqjwZ1A7pB7kDFpojs="></latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 1� �relµi

1� �relµf

<latexit sha1_base64="M+hSmcJc9UkgbTnLhnbae9msY9A="></latexit>

=
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⇣
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<latexit sha1_base64="cWr913WdoSmDMTuXm6OZEOBGvt0="></latexit>

=
2 + �2

s#
2
i

2 + �2
s#

2
f

<latexit sha1_base64="XeQNmRDTNJ7LLK9pk3OpoWgl55M="></latexit>

down —> up 0 < #f <
1

�s
�! 0 < #f�s < 1

<latexit sha1_base64="hSAw1wWrUe0fKEI5GampkeayaUk="></latexit>

up —> down
1

�s
< #i <

2

�s
�! 1 < #i�s < 2

<latexit sha1_base64="O7MUyzewKOqjwZ1A7pB7kDFpojs="></latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 2 + �2

s#
2
i

2 + �2
s#

2
f

<latexit sha1_base64="Yp7MPXP12OEwe3DUSlZ7P98+Qxw="></latexit>

0 < #f�s < 1

<latexit sha1_base64="zLW9zGUaOMXWImeRxesEm/+6iKQ=">AAACBnicbVC7SgNBFJ2Nr5j4WLUUYTAKVmFXBBUsghZaRjAPSMJydzKbDJnZXWZmAyGksvFXbCwUtRX8Azs/RGsnj0ITD1w4nHPvzL3HjzlT2nE+rdTc/MLiUno5k11ZXVu3NzbLKkokoSUS8UhWfVCUs5CWNNOcVmNJQficVvzOxdCvdKlULApvdC+mDQGtkAWMgDaSZ+9gB5/hehekblMNXoDrlyAEeMrIrmfnnLwzAp4l7oTkCntfL+/d7HfRsz/qzYgkgoaacFCq5jqxbvTN64xwOsjUE0VjIB1o0ZqhIQiqGv3RGQO8b5QmDiJpKtR4pP6e6INQqid80ylAt9W0NxT/82qJDk4afRbGiaYhGX8UJBzrCA8zwU0mKdG8ZwgQycyumLRBAtEmuYwJwZ0+eZaUD/PuUf702qRxjsZIo220iw6Qi45RAV2hIiohgm7RPXpET9ad9WA9W6/j1pQ1mdlCf2C9/QDe1ptI</latexit>

1 < #i�s < 2

<latexit sha1_base64="/ilTY1ePDD6CAWBX9tnhA2J8Zjo=">AAACBXicbVC7SgNBFJ31GeMrKthoMRgEq7AbBBUsQiy0TMA8ILssdyeTZMjM7jIzGwghjY2/YpNCEVsbv8DOxm9x8ig08cCFwzn3ztx7gpgzpW37y1paXlldW09tpDe3tnd2M3v7VRUlktAKiXgk6wEoyllIK5ppTuuxpCACTmtB92bs13pUKhaF97ofU09AO2QtRkAbyc8cO/gauz2QukM1+Ay7tyAE+MrIeT+TtXP2BHiRODOSLRyWv9mo+FHyM59uMyKJoKEmHJRqOHasvYF5nRFOh2k3UTQG0oU2bRgagqDKG0yuGOJTozRxK5KmQo0n6u+JAQil+iIwnQJ0R817Y/E/r5Ho1qU3YGGcaBqS6UethGMd4XEkuMkkJZr3DQEimdkVkw5IINoElzYhOPMnL5JqPuec567KJo0imiKFjtAJOkMOukAFdIdKqIIIekBP6Bm9WI/WyHq13qatS9Zs5gD9gfX+A6pLmns=</latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 2 + �2

s#
2
i

2 + �2
s#

2
f

<latexit sha1_base64="Yp7MPXP12OEwe3DUSlZ7P98+Qxw="></latexit>

0 < #f�s < 1

<latexit sha1_base64="zLW9zGUaOMXWImeRxesEm/+6iKQ=">AAACBnicbVC7SgNBFJ2Nr5j4WLUUYTAKVmFXBBUsghZaRjAPSMJydzKbDJnZXWZmAyGksvFXbCwUtRX8Azs/RGsnj0ITD1w4nHPvzL3HjzlT2nE+rdTc/MLiUno5k11ZXVu3NzbLKkokoSUS8UhWfVCUs5CWNNOcVmNJQficVvzOxdCvdKlULApvdC+mDQGtkAWMgDaSZ+9gB5/hehekblMNXoDrlyAEeMrIrmfnnLwzAp4l7oTkCntfL+/d7HfRsz/qzYgkgoaacFCq5jqxbvTN64xwOsjUE0VjIB1o0ZqhIQiqGv3RGQO8b5QmDiJpKtR4pP6e6INQqid80ylAt9W0NxT/82qJDk4afRbGiaYhGX8UJBzrCA8zwU0mKdG8ZwgQycyumLRBAtEmuYwJwZ0+eZaUD/PuUf702qRxjsZIo220iw6Qi45RAV2hIiohgm7RPXpET9ad9WA9W6/j1pQ1mdlCf2C9/QDe1ptI</latexit>

1 < #i�s < 2

<latexit sha1_base64="/ilTY1ePDD6CAWBX9tnhA2J8Zjo=">AAACBXicbVC7SgNBFJ31GeMrKthoMRgEq7AbBBUsQiy0TMA8ILssdyeTZMjM7jIzGwghjY2/YpNCEVsbv8DOxm9x8ig08cCFwzn3ztx7gpgzpW37y1paXlldW09tpDe3tnd2M3v7VRUlktAKiXgk6wEoyllIK5ppTuuxpCACTmtB92bs13pUKhaF97ofU09AO2QtRkAbyc8cO/gauz2QukM1+Ay7tyAE+MrIeT+TtXP2BHiRODOSLRyWv9mo+FHyM59uMyKJoKEmHJRqOHasvYF5nRFOh2k3UTQG0oU2bRgagqDKG0yuGOJTozRxK5KmQo0n6u+JAQil+iIwnQJ0R817Y/E/r5Ho1qU3YGGcaBqS6UethGMd4XEkuMkkJZr3DQEimdkVkw5IINoElzYhOPMnL5JqPuec567KJo0imiKFjtAJOkMOukAFdIdKqIIIekBP6Bm9WI/WyHq13qatS9Zs5gD9gfX+A6pLmns=</latexit>

naively…

1 <
Ef

Ei
< 3

<latexit sha1_base64="z+Ko6FL0mr8aM7tnOZxkNEFjDfs=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsgqsyowUVRKqiiKsK9gHtUDJppg3NPEgyQhlm40/4AW5cKOJK8DPc+Temj4W2HriXwzn3ktzjRpxJZVnfRmZmdm5+IbuYW1peWV0z1zeqMowFoRUS8lDUXSwpZwGtKKY4rUeCYt/ltOb2LgZ+7Z4KycLgTvUj6vi4EzCPEay01DK3bHSCmp7AJLlsealuLNXKQcvMWwVrCDRN7DHJl06vio8fZzfllvnVbIck9mmgCMdSNmwrUk6ChWKE0zTXjCWNMOnhDm1oGmCfSicZHpCiXa20kRcKXYFCQ/X3RoJ9Kfu+qyd9rLpy0huI/3mNWHlHTsKCKFY0IKOHvJgjFaJBGqjNBCWK9zXBRDD9V0S6WKehdGY5HYI9efI0qe4X7GLh+FancQ4jZGEbdmAPbDiEElxDGSpAIIUneIFX48F4Nt6M99FoxhjvbMIfGJ8/GYyXxQ==</latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 2 + �2

s#
2
i

2 + �2
s#

2
f

<latexit sha1_base64="Yp7MPXP12OEwe3DUSlZ7P98+Qxw="></latexit>

0 < #f�s < 1

<latexit sha1_base64="zLW9zGUaOMXWImeRxesEm/+6iKQ=">AAACBnicbVC7SgNBFJ2Nr5j4WLUUYTAKVmFXBBUsghZaRjAPSMJydzKbDJnZXWZmAyGksvFXbCwUtRX8Azs/RGsnj0ITD1w4nHPvzL3HjzlT2nE+rdTc/MLiUno5k11ZXVu3NzbLKkokoSUS8UhWfVCUs5CWNNOcVmNJQficVvzOxdCvdKlULApvdC+mDQGtkAWMgDaSZ+9gB5/hehekblMNXoDrlyAEeMrIrmfnnLwzAp4l7oTkCntfL+/d7HfRsz/qzYgkgoaacFCq5jqxbvTN64xwOsjUE0VjIB1o0ZqhIQiqGv3RGQO8b5QmDiJpKtR4pP6e6INQqid80ylAt9W0NxT/82qJDk4afRbGiaYhGX8UJBzrCA8zwU0mKdG8ZwgQycyumLRBAtEmuYwJwZ0+eZaUD/PuUf702qRxjsZIo220iw6Qi45RAV2hIiohgm7RPXpET9ad9WA9W6/j1pQ1mdlCf2C9/QDe1ptI</latexit>

1 < #i�s < 2

<latexit sha1_base64="/ilTY1ePDD6CAWBX9tnhA2J8Zjo=">AAACBXicbVC7SgNBFJ31GeMrKthoMRgEq7AbBBUsQiy0TMA8ILssdyeTZMjM7jIzGwghjY2/YpNCEVsbv8DOxm9x8ig08cCFwzn3ztx7gpgzpW37y1paXlldW09tpDe3tnd2M3v7VRUlktAKiXgk6wEoyllIK5ppTuuxpCACTmtB92bs13pUKhaF97ofU09AO2QtRkAbyc8cO/gauz2QukM1+Ay7tyAE+MrIeT+TtXP2BHiRODOSLRyWv9mo+FHyM59uMyKJoKEmHJRqOHasvYF5nRFOh2k3UTQG0oU2bRgagqDKG0yuGOJTozRxK5KmQo0n6u+JAQil+iIwnQJ0R817Y/E/r5Ho1qU3YGGcaBqS6UethGMd4XEkuMkkJZr3DQEimdkVkw5IINoElzYhOPMnL5JqPuec567KJo0imiKFjtAJOkMOukAFdIdKqIIIekBP6Bm9WI/WyHq13qatS9Zs5gD9gfX+A6pLmns=</latexit>

naively…

1 <
Ef

Ei
< 3

<latexit sha1_base64="z+Ko6FL0mr8aM7tnOZxkNEFjDfs=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsgqsyowUVRKqiiKsK9gHtUDJppg3NPEgyQhlm40/4AW5cKOJK8DPc+Temj4W2HriXwzn3ktzjRpxJZVnfRmZmdm5+IbuYW1peWV0z1zeqMowFoRUS8lDUXSwpZwGtKKY4rUeCYt/ltOb2LgZ+7Z4KycLgTvUj6vi4EzCPEay01DK3bHSCmp7AJLlsealuLNXKQcvMWwVrCDRN7DHJl06vio8fZzfllvnVbIck9mmgCMdSNmwrUk6ChWKE0zTXjCWNMOnhDm1oGmCfSicZHpCiXa20kRcKXYFCQ/X3RoJ9Kfu+qyd9rLpy0huI/3mNWHlHTsKCKFY0IKOHvJgjFaJBGqjNBCWK9zXBRDD9V0S6WKehdGY5HYI9efI0qe4X7GLh+FancQ4jZGEbdmAPbDiEElxDGSpAIIUneIFX48F4Nt6M99FoxhjvbMIfGJ8/GYyXxQ==</latexit>

as for non-relativistic shocks, particles always 
gain energy, but now the gain can be large!



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 2 + �2

s#
2
i

2 + �2
s#

2
f

<latexit sha1_base64="Yp7MPXP12OEwe3DUSlZ7P98+Qxw="></latexit>

0 < #f�s < 1

<latexit sha1_base64="zLW9zGUaOMXWImeRxesEm/+6iKQ=">AAACBnicbVC7SgNBFJ2Nr5j4WLUUYTAKVmFXBBUsghZaRjAPSMJydzKbDJnZXWZmAyGksvFXbCwUtRX8Azs/RGsnj0ITD1w4nHPvzL3HjzlT2nE+rdTc/MLiUno5k11ZXVu3NzbLKkokoSUS8UhWfVCUs5CWNNOcVmNJQficVvzOxdCvdKlULApvdC+mDQGtkAWMgDaSZ+9gB5/hehekblMNXoDrlyAEeMrIrmfnnLwzAp4l7oTkCntfL+/d7HfRsz/qzYgkgoaacFCq5jqxbvTN64xwOsjUE0VjIB1o0ZqhIQiqGv3RGQO8b5QmDiJpKtR4pP6e6INQqid80ylAt9W0NxT/82qJDk4afRbGiaYhGX8UJBzrCA8zwU0mKdG8ZwgQycyumLRBAtEmuYwJwZ0+eZaUD/PuUf702qRxjsZIo220iw6Qi45RAV2hIiohgm7RPXpET9ad9WA9W6/j1pQ1mdlCf2C9/QDe1ptI</latexit>

1 < #i�s < 2

<latexit sha1_base64="/ilTY1ePDD6CAWBX9tnhA2J8Zjo=">AAACBXicbVC7SgNBFJ31GeMrKthoMRgEq7AbBBUsQiy0TMA8ILssdyeTZMjM7jIzGwghjY2/YpNCEVsbv8DOxm9x8ig08cCFwzn3ztx7gpgzpW37y1paXlldW09tpDe3tnd2M3v7VRUlktAKiXgk6wEoyllIK5ppTuuxpCACTmtB92bs13pUKhaF97ofU09AO2QtRkAbyc8cO/gauz2QukM1+Ay7tyAE+MrIeT+TtXP2BHiRODOSLRyWv9mo+FHyM59uMyKJoKEmHJRqOHasvYF5nRFOh2k3UTQG0oU2bRgagqDKG0yuGOJTozRxK5KmQo0n6u+JAQil+iIwnQJ0R817Y/E/r5Ho1qU3YGGcaBqS6UethGMd4XEkuMkkJZr3DQEimdkVkw5IINoElzYhOPMnL5JqPuec567KJo0imiKFjtAJOkMOukAFdIdKqIIIekBP6Bm9WI/WyHq13qatS9Zs5gD9gfX+A6pLmns=</latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 2 + �2

s#
2
i

2 + �2
s#

2
f

<latexit sha1_base64="Yp7MPXP12OEwe3DUSlZ7P98+Qxw="></latexit>

0 < #f�s < 1

<latexit sha1_base64="zLW9zGUaOMXWImeRxesEm/+6iKQ=">AAACBnicbVC7SgNBFJ2Nr5j4WLUUYTAKVmFXBBUsghZaRjAPSMJydzKbDJnZXWZmAyGksvFXbCwUtRX8Azs/RGsnj0ITD1w4nHPvzL3HjzlT2nE+rdTc/MLiUno5k11ZXVu3NzbLKkokoSUS8UhWfVCUs5CWNNOcVmNJQficVvzOxdCvdKlULApvdC+mDQGtkAWMgDaSZ+9gB5/hehekblMNXoDrlyAEeMrIrmfnnLwzAp4l7oTkCntfL+/d7HfRsz/qzYgkgoaacFCq5jqxbvTN64xwOsjUE0VjIB1o0ZqhIQiqGv3RGQO8b5QmDiJpKtR4pP6e6INQqid80ylAt9W0NxT/82qJDk4afRbGiaYhGX8UJBzrCA8zwU0mKdG8ZwgQycyumLRBAtEmuYwJwZ0+eZaUD/PuUf702qRxjsZIo220iw6Qi45RAV2hIiohgm7RPXpET9ad9WA9W6/j1pQ1mdlCf2C9/QDe1ptI</latexit>

1 < #i�s < 2

<latexit sha1_base64="/ilTY1ePDD6CAWBX9tnhA2J8Zjo=">AAACBXicbVC7SgNBFJ31GeMrKthoMRgEq7AbBBUsQiy0TMA8ILssdyeTZMjM7jIzGwghjY2/YpNCEVsbv8DOxm9x8ig08cCFwzn3ztx7gpgzpW37y1paXlldW09tpDe3tnd2M3v7VRUlktAKiXgk6wEoyllIK5ppTuuxpCACTmtB92bs13pUKhaF97ofU09AO2QtRkAbyc8cO/gauz2QukM1+Ay7tyAE+MrIeT+TtXP2BHiRODOSLRyWv9mo+FHyM59uMyKJoKEmHJRqOHasvYF5nRFOh2k3UTQG0oU2bRgagqDKG0yuGOJTozRxK5KmQo0n6u+JAQil+iIwnQJ0R817Y/E/r5Ho1qU3YGGcaBqS6UethGMd4XEkuMkkJZr3DQEimdkVkw5IINoElzYhOPMnL5JqPuec567KJo0imiKFjtAJOkMOukAFdIdKqIIIekBP6Bm9WI/WyHq13qatS9Zs5gD9gfX+A6pLmns=</latexit>

it can be shown that:

Ef

Ei
⇡ 2 ! �E

E
⇡ 1

<latexit sha1_base64="6C7E+0sATunMa1Lp+yzicnKi0EM="></latexit>



Energy gain in a cycle
Up-stream frameEi

<latexit sha1_base64="HXSLCR/eUoZGV2ZZazWPImN0nYY=">AAAB6nicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Iqi3EBE8JmgekCxhdjKbDJmZXWZmhbDkE7x4UMSrV//CL/DmxW9x8jhoYkFDUdVNd1cQc6aN6345maXlldW17HpuY3Nreye/u1fXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcjf3GPVWaRfLODGPqC9yTLGQEGyvdXndYJ19wi+4EaJF4M1IoHVS/2Xv5o9LJf7a7EUkElYZwrHXLc2Pjp1gZRjgd5dqJpjEmA9yjLUslFlT76eTUETq2SheFkbIlDZqovydSLLQeisB2Cmz6et4bi/95rcSEF37KZJwYKsl0UZhwZCI0/ht1maLE8KElmChmb0WkjxUmxqaTsyF48y8vkvpp0TsrXlZtGmWYIguHcAQn4ME5lOAGKlADAj14gCd4drjz6Lw4r9PWjDOb2Yc/cN5+APVXkU4=</latexit>

Ef

<latexit sha1_base64="0FRbMfo6H1Rq47c2EMrc0Gro3f4=">AAAB6nicbVDLSgNBEOz1GRMfUY9eBqPgKeyKoN6CIniMaB6QLGF2MpsMmZldZmYDYcknePGgiFe/wR/wD7z5IXp28jhoYkFDUdVNd1cQc6aN6346C4tLyyurmbVsbn1jcyu/vVPVUaIIrZCIR6oeYE05k7RimOG0HiuKRcBpLehdjvxanyrNInlnBjH1Be5IFjKCjZVur1phK19wi+4YaJ54U1IoHXy9vfdz3+VW/qPZjkgiqDSEY60bnhsbP8XKMMLpMNtMNI0x6eEObVgqsaDaT8enDtGhVdoojJQtadBY/T2RYqH1QAS2U2DT1bPeSPzPayQmPPNTJuPEUEkmi8KEIxOh0d+ozRQlhg8swUQxeysiXawwMTadrA3Bm315nlSPi95J8fzGpnEBE2RgD/bhCDw4hRJcQxkqQKAD9/AITw53Hpxn52XSuuBMZ3bhD5zXH9PzkfM=</latexit>

#i

<latexit sha1_base64="w46+4tYxzw2Qxyy3vjOQIHLSxF4=">AAAB8nicbVDLSgMxFM34rPVVFdy4CRbBVZkRQd2VunHZgn3AdCiZNNOGZpIhuVMoQz/DjQtF3Opf+AXu3Pgtpo+Fth4IHM659+beEyaCG3DdL2dldW19YzO3ld/e2d3bLxwcNoxKNWV1qoTSrZAYJrhkdeAgWCvRjMShYM1wcDvxm0OmDVfyHkYJC2LSkzzilICV/PaQaOgzIB3eKRTdkjsFXibenBTLx7Vv/l75qHYKn+2uomnMJFBBjPE9N4EgswM5FWycb6eGJYQOSI/5lkoSMxNk05XH+MwqXRwpbZ8EPFV/d2QkNmYUh7YyJtA3i95E/M/zU4iug4zLJAUm6eyjKBUYFJ7cj7tcMwpiZAmhmttdMe0TTSjYlPI2BG/x5GXSuCh5l6Wbmk2jgmbIoRN0is6Rh65QGd2hKqojihR6QE/o2QHn0XlxXmelK8685wj9gfP2A3HclRQ=</latexit>

#f

<latexit sha1_base64="/KnzDwqAQ0utKPwIs9Hfj/wHxjE=">AAAB8nicbVDLSgMxFM34rK2Pqks3wSq4KjMiqLuiG5cV7AOmQ8mkmTY0kwzJnUIZ+hluXCji1rU/4B+480N0bfpYaOuBwOGce2/uPWEiuAHX/XSWlldW19ZzG/nC5tb2TnF3r25UqimrUSWUbobEMMElqwEHwZqJZiQOBWuE/eux3xgwbbiSdzBMWBCTruQRpwSs5LcGREOPAWlH7WLJLbsT4EXizUipcvT19j4ofFfbxY9WR9E0ZhKoIMb4nptAkNmBnAo2yrdSwxJC+6TLfEsliZkJssnKI3xslQ6OlLZPAp6ovzsyEhszjENbGRPomXlvLP7n+SlEF0HGZZICk3T6UZQKDAqP78cdrhkFMbSEUM3trpj2iCYUbEp5G4I3f/IiqZ+WvbPy5a1N4wpNkUMH6BCdIA+dowq6QVVUQxQpdI8e0ZMDzoPz7LxMS5ecWc8++gPn9QdQeJW5</latexit>

�rel = (1� �2
rel)

�1/2

<latexit sha1_base64="aWQ8p9nsgdLBEyZuoLYXbJBbrZE=">AAACEHicbVBNS8NAEN34bf2KevSyKGJFrEkR1INQ9KDHCrYWmlo220m7uJuE3Y0QQn+CF/GfePGgiFeP3vpv3H4ctPpg4PHeDDPz/JgzpR2nZ01MTk3PzM7N5xYWl5ZX7NW1qooSSaFCIx7Jmk8UcBZCRTPNoRZLIMLncOPfnff9m3uQikXhtU5jaAjSDlnAKNFGato73gURgjQzCbyLT3He3fd80CPhtrh7m+27B8Vu095yCs4A+C9xR2SrtOntPfVKablpf3mtiCYCQk05UaruOrFuZERqRjl0c16iICb0jrShbmhIBKhGNnioi7eN0sJBJE2FGg/UnxMZEUqlwjedguiOGvf64n9ePdHBcSNjYZxoCOlwUZBwrCPcTwe3mASqeWoIoZKZWzHtEEmoNhnmTAju+Mt/SbVYcA8LJ1cmjTM0xBzaQJsoj1x0hEroEpVRBVH0gJ7RK3qzHq0X6936GLZOWKOZdfQL1uc3XSqehA==</latexit>

pz,i(f) ⇠ Ei(f)µi(f)

<latexit sha1_base64="KpcyNV0e2p770wDHuNkKi1T/8vE=">AAACDHicbVBLSwMxGMzWV62vqkcvwSK0oGVXBPVWfIDHCvYB7bJk02wbmmSXJCvUpT/Ai//DkxcPinj15sWb4N/wbvo4aOtAYDIzH8k3fsSo0rb9aaVmZufmF9KLmaXlldW17PpGVYWxxKSCQxbKuo8UYVSQiqaakXokCeI+IzW/ezrwa9dEKhqKK92LiMtRW9CAYqSN5GVzkZfc7NJ8UOjDpqIcnnvJ+MbjMTUpu2gPAaeJMya5UuH7fe/s677sZT+arRDHnAiNGVKq4diRdhMkNcWM9DPNWJEI4S5qk4ahAnGi3GS4TB/uGKUFg1CaIzQcqr8nEsSV6nHfJDnSHTXpDcT/vEasgyM3oSKKNRF49FAQM6hDOGgGtqgkWLOeIQhLav4KcQdJhLXpL2NKcCZXnibV/aJzUDy+NG2cgBHSYAtsgzxwwCEogQtQBhWAwS14AE/g2bqzHq0X63UUTVnjmU3wB9bbDyeRnjU=</latexit>

µi(f) = cos#i(f)

<latexit sha1_base64="7G1SkXa+j+ETdbuqxBSfI8k8KqA=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4KQFIZdEdRCCGphGcE8ILsss5PZZMjM7jIzGwhLehs/xMbGQhFbSxs7wd+wd/IoNPHAhcM5987ce/yYUaks69PILCwuLa9kV3Nr6xubW+b2Tl1GicCkhiMWiaaPJGE0JDVFFSPNWBDEfUYafu9i5Df6REgahTdqEBOXo05IA4qR0pJn5h2eeCktBqUhPIMOjiR0+kioLlFoqntmwSpbY8B5Yk9JoVL6fj+4/LqveuaH045wwkmoMENStmwrVm6qX6WYkWHOSSSJEe6hDmlpGiJOpJuObxnCfa20YRAJXaGCY/X3RIq4lAPu606OVFfOeiPxP6+VqODETWkYJ4qEePJRkDCoIjgKBrapIFixgSYIC6p3hbiLBMJKx5fTIdizJ8+T+mHZPiqfXus0zsEEWbAH8qAIbHAMKuAKVEENYHALHsATeDbujEfjxXidtGaM6cwu+APj7Qcu0J5N</latexit>

Ef

Ei
⇠ 2 + �2

s#
2
i

2 + �2
s#

2
f

<latexit sha1_base64="Yp7MPXP12OEwe3DUSlZ7P98+Qxw="></latexit>

0 < #f�s < 1

<latexit sha1_base64="zLW9zGUaOMXWImeRxesEm/+6iKQ=">AAACBnicbVC7SgNBFJ2Nr5j4WLUUYTAKVmFXBBUsghZaRjAPSMJydzKbDJnZXWZmAyGksvFXbCwUtRX8Azs/RGsnj0ITD1w4nHPvzL3HjzlT2nE+rdTc/MLiUno5k11ZXVu3NzbLKkokoSUS8UhWfVCUs5CWNNOcVmNJQficVvzOxdCvdKlULApvdC+mDQGtkAWMgDaSZ+9gB5/hehekblMNXoDrlyAEeMrIrmfnnLwzAp4l7oTkCntfL+/d7HfRsz/qzYgkgoaacFCq5jqxbvTN64xwOsjUE0VjIB1o0ZqhIQiqGv3RGQO8b5QmDiJpKtR4pP6e6INQqid80ylAt9W0NxT/82qJDk4afRbGiaYhGX8UJBzrCA8zwU0mKdG8ZwgQycyumLRBAtEmuYwJwZ0+eZaUD/PuUf702qRxjsZIo220iw6Qi45RAV2hIiohgm7RPXpET9ad9WA9W6/j1pQ1mdlCf2C9/QDe1ptI</latexit>

1 < #i�s < 2

<latexit sha1_base64="/ilTY1ePDD6CAWBX9tnhA2J8Zjo=">AAACBXicbVC7SgNBFJ31GeMrKthoMRgEq7AbBBUsQiy0TMA8ILssdyeTZMjM7jIzGwghjY2/YpNCEVsbv8DOxm9x8ig08cCFwzn3ztx7gpgzpW37y1paXlldW09tpDe3tnd2M3v7VRUlktAKiXgk6wEoyllIK5ppTuuxpCACTmtB92bs13pUKhaF97ofU09AO2QtRkAbyc8cO/gauz2QukM1+Ay7tyAE+MrIeT+TtXP2BHiRODOSLRyWv9mo+FHyM59uMyKJoKEmHJRqOHasvYF5nRFOh2k3UTQG0oU2bRgagqDKG0yuGOJTozRxK5KmQo0n6u+JAQil+iIwnQJ0R817Y/E/r5Ho1qU3YGGcaBqS6UethGMd4XEkuMkkJZr3DQEimdkVkw5IINoElzYhOPMnL5JqPuec567KJo0imiKFjtAJOkMOukAFdIdKqIIIekBP6Bm9WI/WyHq13qatS9Zs5gD9gfX+A6pLmns=</latexit>

it can be shown that:

Ef

Ei
⇡ 2 ! �E

E
⇡ 1

<latexit sha1_base64="6C7E+0sATunMa1Lp+yzicnKi0EM="></latexit>

the energy gain is large!



First shock crossing: the initial boost
So far, we always considered particles entering the upstream 

region crossing the shock from the downstream one —> particle 
velocity upstream is very close to the shock normal (loss cone)



First shock crossing: the initial boost
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with respect to the shock normal!



First shock crossing: the initial boost
So far, we always considered particles entering the upstream 

region crossing the shock from the downstream one —> particle 
velocity upstream is very close to the shock normal (loss cone)

first interaction with the shock
 —> the particle can move at any angle 

with respect to the shock normal!

Ef

Ei
= �2

rel (1� �relµi)
�
1 + �relµ

0
f

�

<latexit sha1_base64="5iwhZHr9T4WYFaX7msnL5m7+rN8="></latexit>



First shock crossing: the initial boost
So far, we always considered particles entering the upstream 

region crossing the shock from the downstream one —> particle 
velocity upstream is very close to the shock normal (loss cone)

first interaction with the shock
 —> the particle can move at any angle 

with respect to the shock normal!

Ef

Ei
= �2

rel (1� �relµi)
�
1 + �relµ

0
f

�

<latexit sha1_base64="5iwhZHr9T4WYFaX7msnL5m7+rN8="></latexit>

⇡ �2
rel ⇠ �2

s

<latexit sha1_base64="dhDcBSRrzfJd1mc2pTjjULs6Msc=">AAACD3icbVC7SgNBFJ31GeMramkzGJRUYTcI0S5ooaWCSYRsDHcnkzg4j2VmVgxL/sDG2r+wsVDE1tZO9GOcPARfBy4czrmXe++JYs6M9f03b2JyanpmNjOXnV9YXFrOrazWjEo0oVWiuNKnERjKmaRVyyynp7GmICJO69HF/sCvX1JtmJInthfTpoCuZB1GwDqpldsKIY61usLhAQgBrVRT3j8r4dAw8aWZs1Irl/eL/hD4LwnGJF/ZKHy8l19uj1q517CtSCKotISDMY3Aj20zBW0Z4bSfDRNDYyAX0KUNRyUIaprp8J8+3nRKG3eUdiUtHqrfJ1IQxvRE5DoF2HPz2xuI/3mNxHZ2mimTcWKpJKNFnYRjq/AgHNxmmhLLe44A0czdisk5aCDWRZh1IQS/X/5LaqVisF3cPXZp7KERMmgdbaACClAZVdAhOkJVRNA1ukMP6NG78e69J+951DrhjWfW0A94L5+BvKAQ</latexit>



First shock crossing: the initial boost
So far, we always considered particles entering the upstream 

region crossing the shock from the downstream one —> particle 
velocity upstream is very close to the shock normal (loss cone)

first interaction with the shock
 —> the particle can move at any angle 

with respect to the shock normal!

Ef

Ei
= �2

rel (1� �relµi)
�
1 + �relµ

0
f

�

<latexit sha1_base64="5iwhZHr9T4WYFaX7msnL5m7+rN8="></latexit>

⇡ �2
rel ⇠ �2

s

<latexit sha1_base64="dhDcBSRrzfJd1mc2pTjjULs6Msc=">AAACD3icbVC7SgNBFJ31GeMramkzGJRUYTcI0S5ooaWCSYRsDHcnkzg4j2VmVgxL/sDG2r+wsVDE1tZO9GOcPARfBy4czrmXe++JYs6M9f03b2JyanpmNjOXnV9YXFrOrazWjEo0oVWiuNKnERjKmaRVyyynp7GmICJO69HF/sCvX1JtmJInthfTpoCuZB1GwDqpldsKIY61usLhAQgBrVRT3j8r4dAw8aWZs1Irl/eL/hD4LwnGJF/ZKHy8l19uj1q517CtSCKotISDMY3Aj20zBW0Z4bSfDRNDYyAX0KUNRyUIaprp8J8+3nRKG3eUdiUtHqrfJ1IQxvRE5DoF2HPz2xuI/3mNxHZ2mimTcWKpJKNFnYRjq/AgHNxmmhLLe44A0czdisk5aCDWRZh1IQS/X/5LaqVisF3cPXZp7KERMmgdbaACClAZVdAhOkJVRNA1ukMP6NG78e69J+951DrhjWfW0A94L5+BvKAQ</latexit>

very large boost of the energy at the first crossing!



Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream

 diffusive transport —> isotropy


 energy gain per cycle —> small

✘
✘

non-

✘ large �acc = �E/E ⇠ 1

<latexit sha1_base64="y3PSQWyzaqO4O4QerjDM2B0RlSc=">AAACCXicbVDLSgMxFM34rPU16tJNaBEEoc6IoC6EohZcVrAP6AxDJk3b0CQzJBlhGLp149bPcONCEbf+gbv+jeljoa0HLpyccy+594Qxo0o7ztBaWFxaXlnNreXXNza3tu2d3bqKEolJDUcsks0QKcKoIDVNNSPNWBLEQ0YaYf965DceiFQ0Evc6jYnPUVfQDsVIGymwoXdDmEZBhjAewMvpE1aOK9BTlEM3sItOyRkDzhN3Sorlgnf0PCyn1cD+9toRTjgRGjOkVMt1Yu1nSGqKGRnkvUSRGOE+6pKWoQJxovxsfMkAHhilDTuRNCU0HKu/JzLElUp5aDo50j01643E/7xWojvnfkZFnGgi8OSjTsKgjuAoFtimkmDNUkMQltTsCnEPSYS1CS9vQnBnT54n9ZOSe1q6uDNpXIEJcmAfFMAhcMEZKINbUAU1gMEjeAFv4N16sl6tD+tz0rpgTWf2wB9YXz/NDZt4</latexit>

�acc = �E/E ⇠ �2
s

<latexit sha1_base64="EqTmZixqNEw3zoMQjCgMW8u8I34=">AAACEnicbVDLSgMxFM34rPVVdekmVARFqDNFUBdCUYsuK1hb6NThTpq2ocnMkGSEMvQb3PRX3LhQxK0rd/0b08dCWw9cODnnXnLv8SPOlLbtgTU3v7C4tJxaSa+urW9sZra2H1QYS0LLJOShrPqgKGcBLWumOa1GkoLwOa34nauhX3miUrEwuNfdiNYFtALWZAS0kbzMoXtNuQYvAUJ6+AKPn7h4XMSuYgK7NyAEeOox72X27Jw9Ap4lzoTsFbLuUX9Q6Ja8zLfbCEksaKAJB6Vqjh3pegJSM8JpL+3GikZAOtCiNUMDEFTVk9FJPbxvlAZuhtJUoPFI/T2RgFCqK3zTKUC31bQ3FP/zarFuntUTFkSxpgEZf9SMOdYhHuaDG0xSonnXECCSmV0xaYMEok2KaROCM33yLHnI55yT3PmdSeMSjZFCuyiLDpCDTlEB3aISKiOCntELekPvVt96tT6sz3HrnDWZ2UF/YH39AL/jn0I=</latexit>

1st crossing

all others



Escape probability per cycle

UP DOWN

�0
s = �2 =

�s

3

<latexit sha1_base64="L+48qk77EJfkCZm9JJ+YoMhEgTo=">AAACF3icbVC7SgNBFJ31GeMraiFiMxgEq7AbBWMhBG0sI5gHJOsyO7mbDJl9MDMrhGX/wsZfsbFQxFLttLH1M5w8Ck08MHA451zu3ONGnEllmh/GzOzc/MJiZim7vLK6tp7b2KzJMBYUqjTkoWi4RAJnAVQVUxwakQDiuxzqbu984NdvQEgWBleqH4Htk07APEaJ0pKTK7RcUMSR10krEsyHFJ/ikVQcME8QmowjaXKYOrm8WTCHwNPEGpN8ufT1uv35vVNxcu+tdkhjHwJFOZGyaZmRshMiFKMc0mwrlhAR2iMdaGoaEB+knQzvSvG+VtrYC4V+gcJD9fdEQnwp+76rkz5RXTnpDcT/vGasvJKdsCCKFQR0tMiLOVYhHpSE20wAVbyvCaGC6b9i2iW6C6WrzOoSrMmTp0mtWLCOCieXuo0zNEIG7aI9dIAsdIzK6AJVUBVRdIvu0SN6Mu6MB+PZeBlFZ4zxzBb6A+PtB/r/o5k=</latexit>



Escape probability per cycle

UP DOWN

�0
s = �2 =

�s

3

<latexit sha1_base64="L+48qk77EJfkCZm9JJ+YoMhEgTo=">AAACF3icbVC7SgNBFJ31GeMraiFiMxgEq7AbBWMhBG0sI5gHJOsyO7mbDJl9MDMrhGX/wsZfsbFQxFLttLH1M5w8Ck08MHA451zu3ONGnEllmh/GzOzc/MJiZim7vLK6tp7b2KzJMBYUqjTkoWi4RAJnAVQVUxwakQDiuxzqbu984NdvQEgWBleqH4Htk07APEaJ0pKTK7RcUMSR10krEsyHFJ/ikVQcME8QmowjaXKYOrm8WTCHwNPEGpN8ufT1uv35vVNxcu+tdkhjHwJFOZGyaZmRshMiFKMc0mwrlhAR2iMdaGoaEB+knQzvSvG+VtrYC4V+gcJD9fdEQnwp+76rkz5RXTnpDcT/vGasvJKdsCCKFQR0tMiLOVYhHpSE20wAVbyvCaGC6b9i2iW6C6WrzOoSrMmTp0mtWLCOCieXuo0zNEIG7aI9dIAsdIzK6AJVUBVRdIvu0SN6Mu6MB+PZeBlFZ4zxzBb6A+PtB/r/o5k=</latexit>

the particle downstream has to invert its motion (strong scattering 
required) and has to catch the shock that moves away at c/3



Escape probability per cycle

UP DOWN

�0
s = �2 =

�s

3

<latexit sha1_base64="L+48qk77EJfkCZm9JJ+YoMhEgTo=">AAACF3icbVC7SgNBFJ31GeMraiFiMxgEq7AbBWMhBG0sI5gHJOsyO7mbDJl9MDMrhGX/wsZfsbFQxFLttLH1M5w8Ck08MHA451zu3ONGnEllmh/GzOzc/MJiZim7vLK6tp7b2KzJMBYUqjTkoWi4RAJnAVQVUxwakQDiuxzqbu984NdvQEgWBleqH4Htk07APEaJ0pKTK7RcUMSR10krEsyHFJ/ikVQcME8QmowjaXKYOrm8WTCHwNPEGpN8ufT1uv35vVNxcu+tdkhjHwJFOZGyaZmRshMiFKMc0mwrlhAR2iMdaGoaEB+knQzvSvG+VtrYC4V+gcJD9fdEQnwp+76rkz5RXTnpDcT/vGasvJKdsCCKFQR0tMiLOVYhHpSE20wAVbyvCaGC6b9i2iW6C6WrzOoSrMmTp0mtWLCOCieXuo0zNEIG7aI9dIAsdIzK6AJVUBVRdIvu0SN6Mu6MB+PZeBlFZ4zxzBb6A+PtB/r/o5k=</latexit>

the particle downstream has to invert its motion (strong scattering 
required) and has to catch the shock that moves away at c/3

the escape probability per cycle is large!



Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream

 diffusive transport —> isotropy


 energy gain per cycle —> small


 escape probability per cycle —> small


✘
✘

non-

✘ large �acc = �E/E ⇠ 1

<latexit sha1_base64="y3PSQWyzaqO4O4QerjDM2B0RlSc=">AAACCXicbVDLSgMxFM34rPU16tJNaBEEoc6IoC6EohZcVrAP6AxDJk3b0CQzJBlhGLp149bPcONCEbf+gbv+jeljoa0HLpyccy+594Qxo0o7ztBaWFxaXlnNreXXNza3tu2d3bqKEolJDUcsks0QKcKoIDVNNSPNWBLEQ0YaYf965DceiFQ0Evc6jYnPUVfQDsVIGymwoXdDmEZBhjAewMvpE1aOK9BTlEM3sItOyRkDzhN3Sorlgnf0PCyn1cD+9toRTjgRGjOkVMt1Yu1nSGqKGRnkvUSRGOE+6pKWoQJxovxsfMkAHhilDTuRNCU0HKu/JzLElUp5aDo50j01643E/7xWojvnfkZFnGgi8OSjTsKgjuAoFtimkmDNUkMQltTsCnEPSYS1CS9vQnBnT54n9ZOSe1q6uDNpXIEJcmAfFMAhcMEZKINbUAU1gMEjeAFv4N16sl6tD+tz0rpgTWf2wB9YXz/NDZt4</latexit>

�acc = �E/E ⇠ �2
s

<latexit sha1_base64="EqTmZixqNEw3zoMQjCgMW8u8I34=">AAACEnicbVDLSgMxFM34rPVVdekmVARFqDNFUBdCUYsuK1hb6NThTpq2ocnMkGSEMvQb3PRX3LhQxK0rd/0b08dCWw9cODnnXnLv8SPOlLbtgTU3v7C4tJxaSa+urW9sZra2H1QYS0LLJOShrPqgKGcBLWumOa1GkoLwOa34nauhX3miUrEwuNfdiNYFtALWZAS0kbzMoXtNuQYvAUJ6+AKPn7h4XMSuYgK7NyAEeOox72X27Jw9Ap4lzoTsFbLuUX9Q6Ja8zLfbCEksaKAJB6Vqjh3pegJSM8JpL+3GikZAOtCiNUMDEFTVk9FJPbxvlAZuhtJUoPFI/T2RgFCqK3zTKUC31bQ3FP/zarFuntUTFkSxpgEZf9SMOdYhHuaDG0xSonnXECCSmV0xaYMEok2KaROCM33yLHnI55yT3PmdSeMSjZFCuyiLDpCDTlEB3aISKiOCntELekPvVt96tT6sz3HrnDWZ2UF/YH39AL/jn0I=</latexit>

1st crossing

all others

✘ large Pesc ⇡ 0.5

<latexit sha1_base64="HpqKl8plS3pEKQX/3iG5BfO5M4g=">AAAB/HicbVDLSgMxFM3UV62v0YIbN8EiuCozoqi7UjcuW7APaIchk2ba0EwyJBlxGOqvuHGhSLd+gV/gzo3fYvpYaOuBC4dz7uXee4KYUaUd58vKrayurW/kNwtb2zu7e/b+QVOJRGLSwIIJ2Q6QIoxy0tBUM9KOJUFRwEgrGN5M/NY9kYoKfqfTmHgR6nMaUoy0kXy7WPMzovAIdlEcS/EAnfKFb5ecsjMFXCbunJQqh/VvOq5+1Hz7s9sTOIkI15ghpTquE2svQ1JTzMio0E0UiREeoj7pGMpRRJSXTY8fwROj9GAopCmu4VT9PZGhSKk0CkxnhPRALXoT8T+vk+jwyssojxNNOJ4tChMGtYCTJGCPSoI1Sw1BWFJzK8QDJBHWJq+CCcFdfHmZNM/K7nn5um7SqIIZ8uAIHINT4IJLUAG3oAYaAIMUPIEX8Go9Ws/WmzWeteas+UwR/IH1/gOBiJe9</latexit>



Spectrum of accelerated particles

non-relativistic shocks —>

small

small



Spectrum of accelerated particles

s = 1 +
Pesc

�acc

<latexit sha1_base64="L1K3nt9tx6HATu4/NQTAH06+BZE=">AAACDXicbVDJSgNBEO1xjXGLevTSGAVBCDMSUA9KXBDxFMEskBmGnk5N0qRnobtHCEN+wItHf8OLiCJevXvzb+wsB018UPD6vSq66nkxZ1KZ5rcxNT0zOzefWcguLi2vrObW1qsySgSFCo14JOoekcBZCBXFFId6LIAEHoea1znv+7U7EJJF4a3qxuAEpBUyn1GitOTmtiU+xhbew7YvCE3LbgqS9nqpfQFcETclVL/cXN4smAPgSWKNSL50cll8fDm9Lru5L7sZ0SSAUFFOpGxYZqyclAjFKIde1k4kxIR2SAsamoYkAOmkg2t6eEcrTexHQleo8ED9PZGSQMpu4OnOgKi2HPf64n9eI1H+oZOyME4UhHT4kZ9wrCLcjwY3mQCqeFcTQgXTu2LaJjoWpQPM6hCs8ZMnSXW/YBULRzc6jTM0RAZtoi20iyx0gEroCpVRBVF0j57QK3ozHoxn4934GLZOGaOZDfQHxucPL1meBg==</latexit>

non-relativistic shocks —>

small

small



Spectrum of accelerated particles

s = 1 +
Pesc

�acc

<latexit sha1_base64="L1K3nt9tx6HATu4/NQTAH06+BZE=">AAACDXicbVDJSgNBEO1xjXGLevTSGAVBCDMSUA9KXBDxFMEskBmGnk5N0qRnobtHCEN+wItHf8OLiCJevXvzb+wsB018UPD6vSq66nkxZ1KZ5rcxNT0zOzefWcguLi2vrObW1qsySgSFCo14JOoekcBZCBXFFId6LIAEHoea1znv+7U7EJJF4a3qxuAEpBUyn1GitOTmtiU+xhbew7YvCE3LbgqS9nqpfQFcETclVL/cXN4smAPgSWKNSL50cll8fDm9Lru5L7sZ0SSAUFFOpGxYZqyclAjFKIde1k4kxIR2SAsamoYkAOmkg2t6eEcrTexHQleo8ED9PZGSQMpu4OnOgKi2HPf64n9eI1H+oZOyME4UhHT4kZ9wrCLcjwY3mQCqeFcTQgXTu2LaJjoWpQPM6hCs8ZMnSXW/YBULRzc6jTM0RAZtoi20iyx0gEroCpVRBVF0j57QK3ozHoxn4934GLZOGaOZDfQHxucPL1meBg==</latexit>

non-relativistic shocks —>

small

small
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very roughly: s is of the order of 2

more sophisticated approaches are needed to give a more accurate answer



Relativistic Shocks: Particle Acceleration and Magnetization 5

The spectrum is shown in Fig. 1 for di↵erent equations of state, as a function
of the shock four-velocity �u�u.

Fig. 1 Spectral index according to Eq. (2) (Keshet and Waxman 2005, curves) and to
a numerical eigenfunction method (Kirk et al. 2000, symbols), as a function of �u�u, for
three di↵erent types of shocks (Kirk and Du↵y 1999): a strong shock with the Jüttner/Synge
equation of state (solid curve and crosses), a strong shock with fixed adiabatic index � = 4/3
(dashed curve and x-marks), and for a relativistic gas where �u�d = 1/3 (dash-dotted curve
and circles).

The above analyses assumed that the waves scattering the particles move,
on average, with the bulk fluid velocity. More accurately, one should replace
� by the mean velocity of the waves that are scattering the particles. In the
shock precursor (see §3.1), the scattering waves are expected to be slower than
the incoming flow, leading to a softer spectrum (smaller �u in Eq. 2).

Small-angle scattering can be parameterized by the angular di↵usion func-
tion D ⌘ h(�✓)2/�ti, where ✓ is the angle of the particle velocity, taken here
with respect to the shock normal, and angular brackets denote an ensemble
average. The function D = D(✓, p, z) should be specified on both sides of the
shock, and in general depends on ✓, on the particle momentum p, and on its
distance z from the shock front.

For scattering o↵ waves with a small coherence length � ⌧ rL, where
rL = (pc/eB) is the Larmor radius, roughly (rL/�)2 uncorrelated scatter-
ing events are needed in order to produce an appreciable deflection, so D ⇠
r2Lc/� / p2 (Achterberg et al. 2001; Pelletier et al. 2009). Here, B is the
magnetic field, and e is the electron’s charge. Simulations (Sironi et al. 2013)
confirm this scaling at early times; some implications are discussed in Section
4. The precise dependence of D upon z is not well known. It is thought that

Spectrum of accelerated particles

Sironi, Keshet, Lemoine (2015)
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Key aspects of DSA

at non-relativistic shocks

UP DOWN

ld ld

particles are accelerated through a series of cycles up—>down—>up stream

 diffusive transport —> isotropy


 energy gain per cycle —> small


 escape probability per cycle —> small


 spectral slope —> E-s

✘
✘

non-

✘ large �acc = �E/E ⇠ 1
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1st crossing

all others

✘ large Pesc ⇡ 0.5

<latexit sha1_base64="HpqKl8plS3pEKQX/3iG5BfO5M4g=">AAAB/HicbVDLSgMxFM3UV62v0YIbN8EiuCozoqi7UjcuW7APaIchk2ba0EwyJBlxGOqvuHGhSLd+gV/gzo3fYvpYaOuBC4dz7uXee4KYUaUd58vKrayurW/kNwtb2zu7e/b+QVOJRGLSwIIJ2Q6QIoxy0tBUM9KOJUFRwEgrGN5M/NY9kYoKfqfTmHgR6nMaUoy0kXy7WPMzovAIdlEcS/EAnfKFb5ecsjMFXCbunJQqh/VvOq5+1Hz7s9sTOIkI15ghpTquE2svQ1JTzMio0E0UiREeoj7pGMpRRJSXTY8fwROj9GAopCmu4VT9PZGhSKk0CkxnhPRALXoT8T+vk+jwyssojxNNOJ4tChMGtYCTJGCPSoI1Sw1BWFJzK8QDJBHWJq+CCcFdfHmZNM/K7nn5um7SqIIZ8uAIHINT4IJLUAG3oAYaAIMUPIEX8Go9Ws/WmzWeteas+UwR/IH1/gOBiJe9</latexit>

s ' 2.2

<latexit sha1_base64="IXaM3uTxE2RgzlkmBGcCaYcSprQ=">AAAB83icbVDLSgMxFM34rOOr6tJNsAiuhpkiqAux6MZlBfuAzlAyaaYNTTIxyQhl6G+4caGoW7/DvRvxb0wfC209cOFwzr3ce08sGdXG97+dhcWl5ZXVwpq7vrG5tV3c2a3rNFOY1HDKUtWMkSaMClIz1DDSlIogHjPSiPtXI79xT5Smqbg1A0kijrqCJhQjY6VQw1BTTu5g2Su3iyXf88eA8ySYktLFh3suX7/carv4GXZSnHEiDGZI61bgSxPlSBmKGRm6YaaJRLiPuqRlqUCc6Cgf3zyEh1bpwCRVtoSBY/X3RI641gMe206OTE/PeiPxP6+VmeQ0yqmQmSECTxYlGYMmhaMAYIcqgg0bWIKwovZWiHtIIWxsTK4NIZh9eZ7Uy15w7J3d+KXKJZigAPbBATgCATgBFXANqqAGMJDgATyBZydzHp0X523SuuBMZ/bAHzjvP/CEk/s=</latexit>



Acceleration time

simple consideration

since �acc = �E/E ⇠ 1
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Particles downstream of the shock have a large probability to never come 
back (acceleration is difficult!), but we consider here the most optimistic 

condition, i.e., particles for which tdown << tup
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<latexit sha1_base64="TvLuUiy6bTNfyAAapBX3T923ofw=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQS924rGAv0A4lk55pQzOZkGQKZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTtLyyura+u5DXdza3tnN7+3X9NJqihUacIT1QiJBs4EVA0zHBpSAYlDDvWwfzPO6wNQmiXi3gwlBDHpChYxSoy16q0B0Kw8aucLXtGbCC+CP4PC9Yd7Jd++3Eo7/9nqJDSNQRjKidZN35MmyIgyjHIYua1UgyS0T7rQtChIDDrIJuOO8LF1OjhKlH3C4In7uyMjsdbDOLSVMTE9PZ+Nzf+yZmqiiyBjQqYGBJ1+FKUcmwSPd8cdpoAaPrRAqGJ2Vkx7RBFq7IVcewR/fuVFqJ0W/bPi5Z1XKJXRVDl0iI7QCfLROSqhW1RBVURRHz2gJ/TsSOfReXFep6VLzqznAP2R8/4DwzyS3Q==</latexit>

Bk

<latexit sha1_base64="6uJYSmWiMgecOm90w+9I2Bh6FsA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tDoOgheFOBLUL0cIygvmA5Ah7m0myZG/v3N0LhCO/w8ZCEQsb/4mNneDfsHfzUWjig4HHezPMzPMjzpR2nE8rtbC4tLySXs2srW9sbmW3dyoqjCXFMg15KGs+UciZwLJmmmMtkkgCn2PV712O/GofpWKhuNWDCL2AdARrM0q0kbxiM2lERBLOkQ+b2ZyTd8aw54k7JbnC0ff78dXXa6mZ/Wi0QhoHKDTlRKm660TaS4jUjHIcZhqxwojQHulg3VBBAlReMj56aB8YpWW3Q2lKaHus/p5ISKDUIPBNZ0B0V816I/E/rx7r9rmXMBHFGgWdLGrH3NahPUrAbjGJVPOBIYRKZm61addkQLXJKWNCcGdfnieVk7x7mr+4MWkUYYI07ME+HIILZ1CAayhBGSjcwT08wpPVtx6sZ+tl0pqypjO78AfW2w+RwpZn</latexit>

B?

<latexit sha1_base64="/JNeOHEvJkI6OBtFLaJkItTWZyo=">AAAB8HicbVDLSgMxFL3js9ZXVXDjJlgEV2VGBHVX6sZlC/YhbSmZNNOGJpmQZIQy9CvcuFDEreBf+AXu3Pgtpo+Fth64cDjnXu69J1ScGev7X97S8srq2npmI7u5tb2zm9vbr5k40YRWScxj3QixoZxJWrXMctpQmmIRcloPB9djv35PtWGxvLVDRdsC9ySLGMHWSXelTtpSVKtRJ5f3C/4EaJEEM5IvHla+2Xvpo9zJfba6MUkElZZwbEwz8JVtp1hbRjgdZVuJoQqTAe7RpqMSC2ra6eTgETpxShdFsXYlLZqovydSLIwZitB1Cmz7Zt4bi/95zcRGl+2USZVYKsl0UZRwZGM0/h51mabE8qEjmGjmbkWkjzUm1mWUdSEE8y8vktpZITgvXFVcGiWYIgNHcAynEMAFFOEGylAFAgIe4AmePe09ei/e67R1yZvNHMAfeG8/2N2UKQ==</latexit>

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>



Residence time upstream
Up-stream frame

~B

<latexit sha1_base64="TvLuUiy6bTNfyAAapBX3T923ofw=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQS924rGAv0A4lk55pQzOZkGQKZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTtLyyura+u5DXdza3tnN7+3X9NJqihUacIT1QiJBs4EVA0zHBpSAYlDDvWwfzPO6wNQmiXi3gwlBDHpChYxSoy16q0B0Kw8aucLXtGbCC+CP4PC9Yd7Jd++3Eo7/9nqJDSNQRjKidZN35MmyIgyjHIYua1UgyS0T7rQtChIDDrIJuOO8LF1OjhKlH3C4In7uyMjsdbDOLSVMTE9PZ+Nzf+yZmqiiyBjQqYGBJ1+FKUcmwSPd8cdpoAaPrRAqGJ2Vkx7RBFq7IVcewR/fuVFqJ0W/bPi5Z1XKJXRVDl0iI7QCfLROSqhW1RBVURRHz2gJ/TsSOfReXFep6VLzqznAP2R8/4DwzyS3Q==</latexit>

Bk

<latexit sha1_base64="6uJYSmWiMgecOm90w+9I2Bh6FsA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tDoOgheFOBLUL0cIygvmA5Ah7m0myZG/v3N0LhCO/w8ZCEQsb/4mNneDfsHfzUWjig4HHezPMzPMjzpR2nE8rtbC4tLySXs2srW9sbmW3dyoqjCXFMg15KGs+UciZwLJmmmMtkkgCn2PV712O/GofpWKhuNWDCL2AdARrM0q0kbxiM2lERBLOkQ+b2ZyTd8aw54k7JbnC0ff78dXXa6mZ/Wi0QhoHKDTlRKm660TaS4jUjHIcZhqxwojQHulg3VBBAlReMj56aB8YpWW3Q2lKaHus/p5ISKDUIPBNZ0B0V816I/E/rx7r9rmXMBHFGgWdLGrH3NahPUrAbjGJVPOBIYRKZm61addkQLXJKWNCcGdfnieVk7x7mr+4MWkUYYI07ME+HIILZ1CAayhBGSjcwT08wpPVtx6sZ+tl0pqypjO78AfW2w+RwpZn</latexit>

B?

<latexit sha1_base64="/JNeOHEvJkI6OBtFLaJkItTWZyo=">AAAB8HicbVDLSgMxFL3js9ZXVXDjJlgEV2VGBHVX6sZlC/YhbSmZNNOGJpmQZIQy9CvcuFDEreBf+AXu3Pgtpo+Fth64cDjnXu69J1ScGev7X97S8srq2npmI7u5tb2zm9vbr5k40YRWScxj3QixoZxJWrXMctpQmmIRcloPB9djv35PtWGxvLVDRdsC9ySLGMHWSXelTtpSVKtRJ5f3C/4EaJEEM5IvHla+2Xvpo9zJfba6MUkElZZwbEwz8JVtp1hbRjgdZVuJoQqTAe7RpqMSC2ra6eTgETpxShdFsXYlLZqovydSLIwZitB1Cmz7Zt4bi/95zcRGl+2USZVYKsl0UZRwZGM0/h51mabE8qEjmGjmbkWkjzUm1mWUdSEE8y8vktpZITgvXFVcGiWYIgNHcAynEMAFFOEGylAFAgIe4AmePe09ei/e67R1yZvNHMAfeG8/2N2UKQ==</latexit>

RL ⇠ p

qB?
=

�mv

qB?

<latexit sha1_base64="mOJy1+vWkU9JT7J4/mFK+7ztvIY="></latexit>

Larmor radius

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>



Residence time upstream
Up-stream frame

~B

<latexit sha1_base64="TvLuUiy6bTNfyAAapBX3T923ofw=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQS924rGAv0A4lk55pQzOZkGQKZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTtLyyura+u5DXdza3tnN7+3X9NJqihUacIT1QiJBs4EVA0zHBpSAYlDDvWwfzPO6wNQmiXi3gwlBDHpChYxSoy16q0B0Kw8aucLXtGbCC+CP4PC9Yd7Jd++3Eo7/9nqJDSNQRjKidZN35MmyIgyjHIYua1UgyS0T7rQtChIDDrIJuOO8LF1OjhKlH3C4In7uyMjsdbDOLSVMTE9PZ+Nzf+yZmqiiyBjQqYGBJ1+FKUcmwSPd8cdpoAaPrRAqGJ2Vkx7RBFq7IVcewR/fuVFqJ0W/bPi5Z1XKJXRVDl0iI7QCfLROSqhW1RBVURRHz2gJ/TsSOfReXFep6VLzqznAP2R8/4DwzyS3Q==</latexit>

Bk

<latexit sha1_base64="6uJYSmWiMgecOm90w+9I2Bh6FsA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tDoOgheFOBLUL0cIygvmA5Ah7m0myZG/v3N0LhCO/w8ZCEQsb/4mNneDfsHfzUWjig4HHezPMzPMjzpR2nE8rtbC4tLySXs2srW9sbmW3dyoqjCXFMg15KGs+UciZwLJmmmMtkkgCn2PV712O/GofpWKhuNWDCL2AdARrM0q0kbxiM2lERBLOkQ+b2ZyTd8aw54k7JbnC0ff78dXXa6mZ/Wi0QhoHKDTlRKm660TaS4jUjHIcZhqxwojQHulg3VBBAlReMj56aB8YpWW3Q2lKaHus/p5ISKDUIPBNZ0B0V816I/E/rx7r9rmXMBHFGgWdLGrH3NahPUrAbjGJVPOBIYRKZm61addkQLXJKWNCcGdfnieVk7x7mr+4MWkUYYI07ME+HIILZ1CAayhBGSjcwT08wpPVtx6sZ+tl0pqypjO78AfW2w+RwpZn</latexit>

B?

<latexit sha1_base64="/JNeOHEvJkI6OBtFLaJkItTWZyo=">AAAB8HicbVDLSgMxFL3js9ZXVXDjJlgEV2VGBHVX6sZlC/YhbSmZNNOGJpmQZIQy9CvcuFDEreBf+AXu3Pgtpo+Fth64cDjnXu69J1ScGev7X97S8srq2npmI7u5tb2zm9vbr5k40YRWScxj3QixoZxJWrXMctpQmmIRcloPB9djv35PtWGxvLVDRdsC9ySLGMHWSXelTtpSVKtRJ5f3C/4EaJEEM5IvHla+2Xvpo9zJfba6MUkElZZwbEwz8JVtp1hbRjgdZVuJoQqTAe7RpqMSC2ra6eTgETpxShdFsXYlLZqovydSLIwZitB1Cmz7Zt4bi/95zcRGl+2USZVYKsl0UZRwZGM0/h51mabE8qEjmGjmbkWkjzUm1mWUdSEE8y8vktpZITgvXFVcGiWYIgNHcAynEMAFFOEGylAFAgIe4AmePe09ei/e67R1yZvNHMAfeG8/2N2UKQ==</latexit>

a particle is overrun by the shock when it is deflected by an amount Δθ~1/Γs

RL ⇠ p

qB?
=

�mv

qB?

<latexit sha1_base64="mOJy1+vWkU9JT7J4/mFK+7ztvIY="></latexit>

Larmor radius

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>



Residence time upstream
Up-stream frame

~B

<latexit sha1_base64="TvLuUiy6bTNfyAAapBX3T923ofw=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQS924rGAv0A4lk55pQzOZkGQKZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTtLyyura+u5DXdza3tnN7+3X9NJqihUacIT1QiJBs4EVA0zHBpSAYlDDvWwfzPO6wNQmiXi3gwlBDHpChYxSoy16q0B0Kw8aucLXtGbCC+CP4PC9Yd7Jd++3Eo7/9nqJDSNQRjKidZN35MmyIgyjHIYua1UgyS0T7rQtChIDDrIJuOO8LF1OjhKlH3C4In7uyMjsdbDOLSVMTE9PZ+Nzf+yZmqiiyBjQqYGBJ1+FKUcmwSPd8cdpoAaPrRAqGJ2Vkx7RBFq7IVcewR/fuVFqJ0W/bPi5Z1XKJXRVDl0iI7QCfLROSqhW1RBVURRHz2gJ/TsSOfReXFep6VLzqznAP2R8/4DwzyS3Q==</latexit>

Bk

<latexit sha1_base64="6uJYSmWiMgecOm90w+9I2Bh6FsA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tDoOgheFOBLUL0cIygvmA5Ah7m0myZG/v3N0LhCO/w8ZCEQsb/4mNneDfsHfzUWjig4HHezPMzPMjzpR2nE8rtbC4tLySXs2srW9sbmW3dyoqjCXFMg15KGs+UciZwLJmmmMtkkgCn2PV712O/GofpWKhuNWDCL2AdARrM0q0kbxiM2lERBLOkQ+b2ZyTd8aw54k7JbnC0ff78dXXa6mZ/Wi0QhoHKDTlRKm660TaS4jUjHIcZhqxwojQHulg3VBBAlReMj56aB8YpWW3Q2lKaHus/p5ISKDUIPBNZ0B0V816I/E/rx7r9rmXMBHFGgWdLGrH3NahPUrAbjGJVPOBIYRKZm61addkQLXJKWNCcGdfnieVk7x7mr+4MWkUYYI07ME+HIILZ1CAayhBGSjcwT08wpPVtx6sZ+tl0pqypjO78AfW2w+RwpZn</latexit>

B?

<latexit sha1_base64="/JNeOHEvJkI6OBtFLaJkItTWZyo=">AAAB8HicbVDLSgMxFL3js9ZXVXDjJlgEV2VGBHVX6sZlC/YhbSmZNNOGJpmQZIQy9CvcuFDEreBf+AXu3Pgtpo+Fth64cDjnXu69J1ScGev7X97S8srq2npmI7u5tb2zm9vbr5k40YRWScxj3QixoZxJWrXMctpQmmIRcloPB9djv35PtWGxvLVDRdsC9ySLGMHWSXelTtpSVKtRJ5f3C/4EaJEEM5IvHla+2Xvpo9zJfba6MUkElZZwbEwz8JVtp1hbRjgdZVuJoQqTAe7RpqMSC2ra6eTgETpxShdFsXYlLZqovydSLIwZitB1Cmz7Zt4bi/95zcRGl+2USZVYKsl0UZRwZGM0/h51mabE8qEjmGjmbkWkjzUm1mWUdSEE8y8vktpZITgvXFVcGiWYIgNHcAynEMAFFOEGylAFAgIe4AmePe09ei/e67R1yZvNHMAfeG8/2N2UKQ==</latexit>

a particle is overrun by the shock when it is deflected by an amount Δθ~1/Γs

RL ⇠ p

qB?
=

�mv

qB?

<latexit sha1_base64="mOJy1+vWkU9JT7J4/mFK+7ztvIY="></latexit>

Larmor radius

⌧L =
2⇡RL

v
=

2⇡�m

qB?
=

2⇡E

qB?

<latexit sha1_base64="S6OlV6W6T8ys7sOLohTzxU3rU9s="></latexit>

gyration time —>

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>



Residence time upstream
Up-stream frame

~B

<latexit sha1_base64="TvLuUiy6bTNfyAAapBX3T923ofw=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQS924rGAv0A4lk55pQzOZkGQKZehDuHGhiAs3vol7N+LbmF4W2vpD4OP/zyHnnFBypo3nfTtLyyura+u5DXdza3tnN7+3X9NJqihUacIT1QiJBs4EVA0zHBpSAYlDDvWwfzPO6wNQmiXi3gwlBDHpChYxSoy16q0B0Kw8aucLXtGbCC+CP4PC9Yd7Jd++3Eo7/9nqJDSNQRjKidZN35MmyIgyjHIYua1UgyS0T7rQtChIDDrIJuOO8LF1OjhKlH3C4In7uyMjsdbDOLSVMTE9PZ+Nzf+yZmqiiyBjQqYGBJ1+FKUcmwSPd8cdpoAaPrRAqGJ2Vkx7RBFq7IVcewR/fuVFqJ0W/bPi5Z1XKJXRVDl0iI7QCfLROSqhW1RBVURRHz2gJ/TsSOfReXFep6VLzqznAP2R8/4DwzyS3Q==</latexit>

Bk

<latexit sha1_base64="6uJYSmWiMgecOm90w+9I2Bh6FsA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tDoOgheFOBLUL0cIygvmA5Ah7m0myZG/v3N0LhCO/w8ZCEQsb/4mNneDfsHfzUWjig4HHezPMzPMjzpR2nE8rtbC4tLySXs2srW9sbmW3dyoqjCXFMg15KGs+UciZwLJmmmMtkkgCn2PV712O/GofpWKhuNWDCL2AdARrM0q0kbxiM2lERBLOkQ+b2ZyTd8aw54k7JbnC0ff78dXXa6mZ/Wi0QhoHKDTlRKm660TaS4jUjHIcZhqxwojQHulg3VBBAlReMj56aB8YpWW3Q2lKaHus/p5ISKDUIPBNZ0B0V816I/E/rx7r9rmXMBHFGgWdLGrH3NahPUrAbjGJVPOBIYRKZm61addkQLXJKWNCcGdfnieVk7x7mr+4MWkUYYI07ME+HIILZ1CAayhBGSjcwT08wpPVtx6sZ+tl0pqypjO78AfW2w+RwpZn</latexit>

B?

<latexit sha1_base64="/JNeOHEvJkI6OBtFLaJkItTWZyo=">AAAB8HicbVDLSgMxFL3js9ZXVXDjJlgEV2VGBHVX6sZlC/YhbSmZNNOGJpmQZIQy9CvcuFDEreBf+AXu3Pgtpo+Fth64cDjnXu69J1ScGev7X97S8srq2npmI7u5tb2zm9vbr5k40YRWScxj3QixoZxJWrXMctpQmmIRcloPB9djv35PtWGxvLVDRdsC9ySLGMHWSXelTtpSVKtRJ5f3C/4EaJEEM5IvHla+2Xvpo9zJfba6MUkElZZwbEwz8JVtp1hbRjgdZVuJoQqTAe7RpqMSC2ra6eTgETpxShdFsXYlLZqovydSLIwZitB1Cmz7Zt4bi/95zcRGl+2USZVYKsl0UZRwZGM0/h51mabE8qEjmGjmbkWkjzUm1mWUdSEE8y8vktpZITgvXFVcGiWYIgNHcAynEMAFFOEGylAFAgIe4AmePe09ei/e67R1yZvNHMAfeG8/2N2UKQ==</latexit>

a particle is overrun by the shock when it is deflected by an amount Δθ~1/Γs

RL ⇠ p

qB?
=

�mv

qB?

<latexit sha1_base64="mOJy1+vWkU9JT7J4/mFK+7ztvIY="></latexit>

Larmor radius

⌧L =
2⇡RL

v
=

2⇡�m

qB?
=

2⇡E

qB?

<latexit sha1_base64="S6OlV6W6T8ys7sOLohTzxU3rU9s="></latexit>

gyration time —>

tup ⇠ �#

2⇡
⌧L ⇠ 1

�s

E

qB?
=

1

�s⌦?

<latexit sha1_base64="D2RXCQ41a4gRdca7XbDSwc3YgNs="></latexit>

residence time 
upstream —>

gyration 
frequency

v

<latexit sha1_base64="xnjlV5UBBAw6nDPk9qxPoaKNYl0=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZEdSDGPTiMQGzQDKEnk5N0qZnobsnEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevquJUMqywWMSy7lOFgkdY0VwLrCcSaegLrPm9m3Fe66NUPI7u9CBBL6SdiAecUW2scr+VyzsFZyKyCO4M8lcf9mXy/mWXWrnPZjtmaYiRZoIq1XCdRHtDKjVnAkd2M1WYUNajHWwYjGiIyhtOBh2RI+O0SRBL8yJNJu7vjiENlRqEvqkMqe6q+Wxs/pc1Uh2ce0MeJanGiE0/ClJBdEzGW5M2l8i0GBigTHIzK2FdKinT5ja2OYI7v/IiVE8K7mnhouzki9cwVRYO4BCOwYUzKMItlKACDBAe4AmerXvr0XqxXqelGWvWsw9/ZL39AEankEM=</latexit>



Acceleration rate
1

E

dE

dt
⇠ 1

tup

�E

E

<latexit sha1_base64="Wm2iOEnH+dVNySV1ejSA3b5njfo="></latexit>



Acceleration rate
1

E

dE

dt
⇠ 1

tup

�E

E

<latexit sha1_base64="Wm2iOEnH+dVNySV1ejSA3b5njfo="></latexit>

⇠ 1

tup

<latexit sha1_base64="WnbXbfN4BJLbQpg+23eSdbA+ZEc=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoO6qbkRcVLAP6Awlk2ba0CQzJBmhhAG/wr0bF4q49Tvc+Q3+hOljoa0HLhzOuZd774lSRpX2vC9nbn5hcWm5sFJcXVvf2HS3tusqySQmNZywRDYjpAijgtQ01Yw0U0kQjxhpRP3Lod+4J1LRRNzpQUpCjrqCxhQjbaW2uxsoymEQS4SNnxvdNlma52235JW9EeAs8SekVDl/vKlcy+9q2/0MOgnOOBEaM6RUy/dSHRokNcWM5MUgUyRFuI+6pGWpQJyo0IzOz+GBVTowTqQtoeFI/T1hEFdqwCPbyZHuqWlvKP7ntTIdn4aGijTTRODxojhjUCdwmAXsUEmwZgNLEJbU3gpxD9kotE2saEPwp1+eJfWjsn9cPru1aVyAMQpgD+yDQ+CDE1ABV6AKagADA57AC3h1Hpxn5815H7fOOZOZHfAHzscPQtGZXQ==</latexit>

~1



Acceleration rate
1

E

dE

dt
⇠ 1

tup

�E

E

<latexit sha1_base64="Wm2iOEnH+dVNySV1ejSA3b5njfo="></latexit>

⇠ �s⌦?

<latexit sha1_base64="rf2H7FFcuMuy4dGQph7Hd70EEXU=">AAACBXicbVA9SwNBEN3z2/h1KthosSiCVbgTQe2CFtoZwXxALhxzm0lc3L07dveEcKSx8a/YpFDE1sZfYGfjb3GTWGj0wcDjvRlm5kWp4Np43oczMTk1PTM7N19YWFxaXnFX16o6yRTDCktEouoRaBQ8xorhRmA9VQgyEliLbk4Hfu0WleZJfGW6KTYldGLe5gyMlUJ3K9Bc0uAMpIRQ0+BCYgfCPEhRpb3Q3fGK3hD0L/G/yU5p4/KT90/eyqH7HrQSlkmMDROgdcP3UtPMQRnOBPYKQaYxBXYDHWxYGoNE3cyHX/TorlVatJ0oW7GhQ/XnRA5S666MbKcEc63HvYH4n9fITPuomfM4zQzGbLSonQlqEjqIhLa4QmZE1xJgittbKbsGBczY4Ao2BH/85b+kul/0D4rHlzaNEzLCHNkk22SP+OSQlMg5KZMKYeSOPJBH8uTcO33n2XkZtU443zPr5Bec1y8gHZwR</latexit>

⇠ 1

tup

<latexit sha1_base64="WnbXbfN4BJLbQpg+23eSdbA+ZEc=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoO6qbkRcVLAP6Awlk2ba0CQzJBmhhAG/wr0bF4q49Tvc+Q3+hOljoa0HLhzOuZd774lSRpX2vC9nbn5hcWm5sFJcXVvf2HS3tusqySQmNZywRDYjpAijgtQ01Yw0U0kQjxhpRP3Lod+4J1LRRNzpQUpCjrqCxhQjbaW2uxsoymEQS4SNnxvdNlma52235JW9EeAs8SekVDl/vKlcy+9q2/0MOgnOOBEaM6RUy/dSHRokNcWM5MUgUyRFuI+6pGWpQJyo0IzOz+GBVTowTqQtoeFI/T1hEFdqwCPbyZHuqWlvKP7ntTIdn4aGijTTRODxojhjUCdwmAXsUEmwZgNLEJbU3gpxD9kotE2saEPwp1+eJfWjsn9cPru1aVyAMQpgD+yDQ+CDE1ABV6AKagADA57AC3h1Hpxn5815H7fOOZOZHfAHzscPQtGZXQ==</latexit>

~1



Acceleration rate
1

E

dE

dt
⇠ 1

tup

�E

E

<latexit sha1_base64="Wm2iOEnH+dVNySV1ejSA3b5njfo="></latexit>

⇠ �s⌦?

<latexit sha1_base64="rf2H7FFcuMuy4dGQph7Hd70EEXU=">AAACBXicbVA9SwNBEN3z2/h1KthosSiCVbgTQe2CFtoZwXxALhxzm0lc3L07dveEcKSx8a/YpFDE1sZfYGfjb3GTWGj0wcDjvRlm5kWp4Np43oczMTk1PTM7N19YWFxaXnFX16o6yRTDCktEouoRaBQ8xorhRmA9VQgyEliLbk4Hfu0WleZJfGW6KTYldGLe5gyMlUJ3K9Bc0uAMpIRQ0+BCYgfCPEhRpb3Q3fGK3hD0L/G/yU5p4/KT90/eyqH7HrQSlkmMDROgdcP3UtPMQRnOBPYKQaYxBXYDHWxYGoNE3cyHX/TorlVatJ0oW7GhQ/XnRA5S666MbKcEc63HvYH4n9fITPuomfM4zQzGbLSonQlqEjqIhLa4QmZE1xJgittbKbsGBczY4Ao2BH/85b+kul/0D4rHlzaNEzLCHNkk22SP+OSQlMg5KZMKYeSOPJBH8uTcO33n2XkZtU443zPr5Bec1y8gHZwR</latexit>

most optimistic case: no energy losses

⇠ 1

tup

<latexit sha1_base64="WnbXbfN4BJLbQpg+23eSdbA+ZEc=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoO6qbkRcVLAP6Awlk2ba0CQzJBmhhAG/wr0bF4q49Tvc+Q3+hOljoa0HLhzOuZd774lSRpX2vC9nbn5hcWm5sFJcXVvf2HS3tusqySQmNZywRDYjpAijgtQ01Yw0U0kQjxhpRP3Lod+4J1LRRNzpQUpCjrqCxhQjbaW2uxsoymEQS4SNnxvdNlma52235JW9EeAs8SekVDl/vKlcy+9q2/0MOgnOOBEaM6RUy/dSHRokNcWM5MUgUyRFuI+6pGWpQJyo0IzOz+GBVTowTqQtoeFI/T1hEFdqwCPbyZHuqWlvKP7ntTIdn4aGijTTRODxojhjUCdwmAXsUEmwZgNLEJbU3gpxD9kotE2saEPwp1+eJfWjsn9cPru1aVyAMQpgD+yDQ+CDE1ABV6AKagADA57AC3h1Hpxn5815H7fOOZOZHfAHzscPQtGZXQ==</latexit>

~1



Acceleration rate
1

E

dE

dt
⇠ 1

tup

�E

E

<latexit sha1_base64="Wm2iOEnH+dVNySV1ejSA3b5njfo="></latexit>

⇠ �s⌦?

<latexit sha1_base64="rf2H7FFcuMuy4dGQph7Hd70EEXU=">AAACBXicbVA9SwNBEN3z2/h1KthosSiCVbgTQe2CFtoZwXxALhxzm0lc3L07dveEcKSx8a/YpFDE1sZfYGfjb3GTWGj0wcDjvRlm5kWp4Np43oczMTk1PTM7N19YWFxaXnFX16o6yRTDCktEouoRaBQ8xorhRmA9VQgyEliLbk4Hfu0WleZJfGW6KTYldGLe5gyMlUJ3K9Bc0uAMpIRQ0+BCYgfCPEhRpb3Q3fGK3hD0L/G/yU5p4/KT90/eyqH7HrQSlkmMDROgdcP3UtPMQRnOBPYKQaYxBXYDHWxYGoNE3cyHX/TorlVatJ0oW7GhQ/XnRA5S666MbKcEc63HvYH4n9fITPuomfM4zQzGbLSonQlqEjqIhLa4QmZE1xJgittbKbsGBczY4Ao2BH/85b+kul/0D4rHlzaNEzLCHNkk22SP+OSQlMg5KZMKYeSOPJBH8uTcO33n2XkZtU443zPr5Bec1y8gHZwR</latexit>

most optimistic case: no energy losses

tage ⇡
Rs

c
�! tage = tup(Emax)

<latexit sha1_base64="rydtBIuchL1Cl2SX4Kz5MP+j20w="></latexit>

⇠ 1

tup

<latexit sha1_base64="WnbXbfN4BJLbQpg+23eSdbA+ZEc=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoO6qbkRcVLAP6Awlk2ba0CQzJBmhhAG/wr0bF4q49Tvc+Q3+hOljoa0HLhzOuZd774lSRpX2vC9nbn5hcWm5sFJcXVvf2HS3tusqySQmNZywRDYjpAijgtQ01Yw0U0kQjxhpRP3Lod+4J1LRRNzpQUpCjrqCxhQjbaW2uxsoymEQS4SNnxvdNlma52235JW9EeAs8SekVDl/vKlcy+9q2/0MOgnOOBEaM6RUy/dSHRokNcWM5MUgUyRFuI+6pGWpQJyo0IzOz+GBVTowTqQtoeFI/T1hEFdqwCPbyZHuqWlvKP7ntTIdn4aGijTTRODxojhjUCdwmAXsUEmwZgNLEJbU3gpxD9kotE2saEPwp1+eJfWjsn9cPru1aVyAMQpgD+yDQ+CDE1ABV6AKagADA57AC3h1Hpxn5815H7fOOZOZHfAHzscPQtGZXQ==</latexit>

~1



Acceleration rate
1

E

dE

dt
⇠ 1

tup

�E

E

<latexit sha1_base64="Wm2iOEnH+dVNySV1ejSA3b5njfo="></latexit>

⇠ �s⌦?

<latexit sha1_base64="rf2H7FFcuMuy4dGQph7Hd70EEXU=">AAACBXicbVA9SwNBEN3z2/h1KthosSiCVbgTQe2CFtoZwXxALhxzm0lc3L07dveEcKSx8a/YpFDE1sZfYGfjb3GTWGj0wcDjvRlm5kWp4Np43oczMTk1PTM7N19YWFxaXnFX16o6yRTDCktEouoRaBQ8xorhRmA9VQgyEliLbk4Hfu0WleZJfGW6KTYldGLe5gyMlUJ3K9Bc0uAMpIRQ0+BCYgfCPEhRpb3Q3fGK3hD0L/G/yU5p4/KT90/eyqH7HrQSlkmMDROgdcP3UtPMQRnOBPYKQaYxBXYDHWxYGoNE3cyHX/TorlVatJ0oW7GhQ/XnRA5S666MbKcEc63HvYH4n9fITPuomfM4zQzGbLSonQlqEjqIhLa4QmZE1xJgittbKbsGBczY4Ao2BH/85b+kul/0D4rHlzaNEzLCHNkk22SP+OSQlMg5KZMKYeSOPJBH8uTcO33n2XkZtU443zPr5Bec1y8gHZwR</latexit>

most optimistic case: no energy losses

tage ⇡
Rs

c
�! tage = tup(Emax)

<latexit sha1_base64="rydtBIuchL1Cl2SX4Kz5MP+j20w="></latexit>

Rs

c
=

Emax

�sqB?
�! Emax ⇡ �sqB?Rs

<latexit sha1_base64="qm3Uj5V+FXVkubGtMWB6Gw7Lgkw="></latexit>

⇠ 1

tup

<latexit sha1_base64="WnbXbfN4BJLbQpg+23eSdbA+ZEc=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoO6qbkRcVLAP6Awlk2ba0CQzJBmhhAG/wr0bF4q49Tvc+Q3+hOljoa0HLhzOuZd774lSRpX2vC9nbn5hcWm5sFJcXVvf2HS3tusqySQmNZywRDYjpAijgtQ01Yw0U0kQjxhpRP3Lod+4J1LRRNzpQUpCjrqCxhQjbaW2uxsoymEQS4SNnxvdNlma52235JW9EeAs8SekVDl/vKlcy+9q2/0MOgnOOBEaM6RUy/dSHRokNcWM5MUgUyRFuI+6pGWpQJyo0IzOz+GBVTowTqQtoeFI/T1hEFdqwCPbyZHuqWlvKP7ntTIdn4aGijTTRODxojhjUCdwmAXsUEmwZgNLEJbU3gpxD9kotE2saEPwp1+eJfWjsn9cPru1aVyAMQpgD+yDQ+CDE1ABV6AKagADA57AC3h1Hpxn5815H7fOOZOZHfAHzscPQtGZXQ==</latexit>

~1



Acceleration rate
1

E

dE

dt
⇠ 1

tup

�E

E

<latexit sha1_base64="Wm2iOEnH+dVNySV1ejSA3b5njfo="></latexit>

⇠ �s⌦?

<latexit sha1_base64="rf2H7FFcuMuy4dGQph7Hd70EEXU=">AAACBXicbVA9SwNBEN3z2/h1KthosSiCVbgTQe2CFtoZwXxALhxzm0lc3L07dveEcKSx8a/YpFDE1sZfYGfjb3GTWGj0wcDjvRlm5kWp4Np43oczMTk1PTM7N19YWFxaXnFX16o6yRTDCktEouoRaBQ8xorhRmA9VQgyEliLbk4Hfu0WleZJfGW6KTYldGLe5gyMlUJ3K9Bc0uAMpIRQ0+BCYgfCPEhRpb3Q3fGK3hD0L/G/yU5p4/KT90/eyqH7HrQSlkmMDROgdcP3UtPMQRnOBPYKQaYxBXYDHWxYGoNE3cyHX/TorlVatJ0oW7GhQ/XnRA5S666MbKcEc63HvYH4n9fITPuomfM4zQzGbLSonQlqEjqIhLa4QmZE1xJgittbKbsGBczY4Ao2BH/85b+kul/0D4rHlzaNEzLCHNkk22SP+OSQlMg5KZMKYeSOPJBH8uTcO33n2XkZtU443zPr5Bec1y8gHZwR</latexit>

most optimistic case: no energy losses

tage ⇡
Rs

c
�! tage = tup(Emax)

<latexit sha1_base64="rydtBIuchL1Cl2SX4Kz5MP+j20w="></latexit>

Rs

c
=

Emax

�sqB?
�! Emax ⇡ �sqB?Rs

<latexit sha1_base64="qm3Uj5V+FXVkubGtMWB6Gw7Lgkw="></latexit>

non-relativistic shock —> Emax ⇡ qBusRs

<latexit sha1_base64="55n09q7vZ7a2pr4v/2Tc8+RNghQ=">AAACBHicbVDLSsNAFJ3UV62vqMuKDBbBVUlEUHelIrhsxT6gDWEynbRDJ8k4M5GW0IUL/RU3LhQRuvIj3PkN/oTTx0JbD1w4nHMv997jcUalsqwvI7WwuLS8kl7NrK1vbG6Z2ztVGcUCkwqOWCTqHpKE0ZBUFFWM1LkgKPAYqXndi5FfuyNC0ii8UX1OnAC1Q+pTjJSWXDN76SYB6g1gE3Euoh68hUUYuxJeu9I1c1beGgPOE3tKcoW9Yfn7YX9Ycs3PZivCcUBChRmSsmFbXDkJEopiRgaZZiwJR7iL2qShaYgCIp1k/MQAHmqlBf1I6AoVHKu/JxIUSNkPPN0ZINWRs95I/M9rxMo/cxIa8liREE8W+TGDKoKjRGCLCoIV62uCsKD6Vog7SCCsdG4ZHYI9+/I8qR7n7ZP8eVmnUQQTpEEWHIAjYINTUABXoAQqAIN78ARewKvxaDwbb8b7pDVlTGd2wR8YHz9mEJsC</latexit>

⇠ 1

tup

<latexit sha1_base64="WnbXbfN4BJLbQpg+23eSdbA+ZEc=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoO6qbkRcVLAP6Awlk2ba0CQzJBmhhAG/wr0bF4q49Tvc+Q3+hOljoa0HLhzOuZd774lSRpX2vC9nbn5hcWm5sFJcXVvf2HS3tusqySQmNZywRDYjpAijgtQ01Yw0U0kQjxhpRP3Lod+4J1LRRNzpQUpCjrqCxhQjbaW2uxsoymEQS4SNnxvdNlma52235JW9EeAs8SekVDl/vKlcy+9q2/0MOgnOOBEaM6RUy/dSHRokNcWM5MUgUyRFuI+6pGWpQJyo0IzOz+GBVTowTqQtoeFI/T1hEFdqwCPbyZHuqWlvKP7ntTIdn4aGijTTRODxojhjUCdwmAXsUEmwZgNLEJbU3gpxD9kotE2saEPwp1+eJfWjsn9cPru1aVyAMQpgD+yDQ+CDE1ABV6AKagADA57AC3h1Hpxn5815H7fOOZOZHfAHzscPQtGZXQ==</latexit>

~1



Acceleration rate
1

E

dE

dt
⇠ 1

tup

�E

E

<latexit sha1_base64="Wm2iOEnH+dVNySV1ejSA3b5njfo="></latexit>

⇠ �s⌦?

<latexit sha1_base64="rf2H7FFcuMuy4dGQph7Hd70EEXU=">AAACBXicbVA9SwNBEN3z2/h1KthosSiCVbgTQe2CFtoZwXxALhxzm0lc3L07dveEcKSx8a/YpFDE1sZfYGfjb3GTWGj0wcDjvRlm5kWp4Np43oczMTk1PTM7N19YWFxaXnFX16o6yRTDCktEouoRaBQ8xorhRmA9VQgyEliLbk4Hfu0WleZJfGW6KTYldGLe5gyMlUJ3K9Bc0uAMpIRQ0+BCYgfCPEhRpb3Q3fGK3hD0L/G/yU5p4/KT90/eyqH7HrQSlkmMDROgdcP3UtPMQRnOBPYKQaYxBXYDHWxYGoNE3cyHX/TorlVatJ0oW7GhQ/XnRA5S666MbKcEc63HvYH4n9fITPuomfM4zQzGbLSonQlqEjqIhLa4QmZE1xJgittbKbsGBczY4Ao2BH/85b+kul/0D4rHlzaNEzLCHNkk22SP+OSQlMg5KZMKYeSOPJBH8uTcO33n2XkZtU443zPr5Bec1y8gHZwR</latexit>

most optimistic case: no energy losses

tage ⇡
Rs

c
�! tage = tup(Emax)

<latexit sha1_base64="rydtBIuchL1Cl2SX4Kz5MP+j20w="></latexit>

Rs

c
=

Emax

�sqB?
�! Emax ⇡ �sqB?Rs

<latexit sha1_base64="qm3Uj5V+FXVkubGtMWB6Gw7Lgkw="></latexit>

non-relativistic shock —> Emax ⇡ qBusRs

<latexit sha1_base64="55n09q7vZ7a2pr4v/2Tc8+RNghQ=">AAACBHicbVDLSsNAFJ3UV62vqMuKDBbBVUlEUHelIrhsxT6gDWEynbRDJ8k4M5GW0IUL/RU3LhQRuvIj3PkN/oTTx0JbD1w4nHMv997jcUalsqwvI7WwuLS8kl7NrK1vbG6Z2ztVGcUCkwqOWCTqHpKE0ZBUFFWM1LkgKPAYqXndi5FfuyNC0ii8UX1OnAC1Q+pTjJSWXDN76SYB6g1gE3Euoh68hUUYuxJeu9I1c1beGgPOE3tKcoW9Yfn7YX9Ycs3PZivCcUBChRmSsmFbXDkJEopiRgaZZiwJR7iL2qShaYgCIp1k/MQAHmqlBf1I6AoVHKu/JxIUSNkPPN0ZINWRs95I/M9rxMo/cxIa8liREE8W+TGDKoKjRGCLCoIV62uCsKD6Vog7SCCsdG4ZHYI9+/I8qR7n7ZP8eVmnUQQTpEEWHIAjYINTUABXoAQqAIN78ARewKvxaDwbb8b7pDVlTGd2wR8YHz9mEJsC</latexit>

⇠ 1

tup

<latexit sha1_base64="WnbXbfN4BJLbQpg+23eSdbA+ZEc=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgqsyIoO6qbkRcVLAP6Awlk2ba0CQzJBmhhAG/wr0bF4q49Tvc+Q3+hOljoa0HLhzOuZd774lSRpX2vC9nbn5hcWm5sFJcXVvf2HS3tusqySQmNZywRDYjpAijgtQ01Yw0U0kQjxhpRP3Lod+4J1LRRNzpQUpCjrqCxhQjbaW2uxsoymEQS4SNnxvdNlma52235JW9EeAs8SekVDl/vKlcy+9q2/0MOgnOOBEaM6RUy/dSHRokNcWM5MUgUyRFuI+6pGWpQJyo0IzOz+GBVTowTqQtoeFI/T1hEFdqwCPbyZHuqWlvKP7ntTIdn4aGijTTRODxojhjUCdwmAXsUEmwZgNLEJbU3gpxD9kotE2saEPwp1+eJfWjsn9cPru1aVyAMQpgD+yDQ+CDE1ABV6AKagADA57AC3h1Hpxn5815H7fOOZOZHfAHzscPQtGZXQ==</latexit>

~1



Next class



Next class
let’s focus on DSA at non-relativistic shocks (it exists!)



Next class
let’s focus on DSA at non-relativistic shocks (it exists!)

and try to see if Zwicky was right! 


